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Abstract: In this paper, we prove that any bounded linear operator
on a separable Banach space is circle- cyclic if and only if it is
hypercyclic. As acontinuation of studying cyclic phenomena we define
and study anew concept called apower r-cyclic operator. We show
that any power r-cyclic operator is supercyclic, but the converse need
not be true in general. We give an example of a power r-cyclic
operator which is not hypercyclic. Also we give necessary and
sufficient conditions for the power r-cyclic operator to be hypercyclic
and we give necessary and sufficient conditions for the operator to be
power r-cyclic. Finaly, we get some results concerning some spectral
properties of power r-cyclic operators.
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1. Introduction.
Cyclic phenomena is considered as important phenomena in operator
theory, where cyclic, hypercyclic and supercyclic operators have been
studied by many mathematicians. The study of the cyclic phenomena
originated in paper by Birkhoff, 1929 [ 1]. He showed essentially the
hypercyclicity of the translation operator, while Mac Lane proved the
hypercyclicity of the differentiation operator in 1952 in [ 2]. However,
an example of ahypercyclic operator on Hilbert space was constructed
by Rolewicz in 1969 in [ 3]. Later on, starting from the eighties
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these phenomena have been widely explored. They were studied by C.
Kitai, J. Shapiro, S. Fledman and others. In 2002 and 2006 , A.
Naoum and Z. Jamil investigated cyclic phenomena of operators and
introduced new concepts, see[ 4] and [ 5]. In this paper we give a
positive answer to a question (conjecture) that was given by Jamil Z.
in [ 5]. Moreover, we define and study anew concept on linear
operators namely, apower r-cyclic operator.

Let X be aninfinite dimensional separable complex Banach space
and B(X) be the complex Banach algebra of bounded linear operators
on X

Following [ 6], wecall an operator TI B(X) hypercyclic if there
exists, x| H such that {T"x: n>0} is dense in X. In this case x is
said to be ahypercyclic vector for T.

Throughout this paper all linear spaces and algebras are assumed to

be defined over C, the field of complex numbers, and H will denote

an infinite dimensional separable complex Hilbert space. For TI B(H),

we define T" to be the Hilbert adjoint operator of T, and s p(T) to

be the set of al eigenvalues of T.

Following [ 7], wecall an operator Tl B(H) supercyclic if there exists

x| H such that {aT"x: n>0, al C} is dense in H. In this case x is

said to be asupercyclic vector for T.

In [5], and [ 4], A.Naoum and Z. Jamil introduced the following

definitions:

1) An operator Tl B(H) is said to be circle-cyclic if there exists x|
H such that {aT'x: n>0, al C, |o] = 1} is dense in H. In this
case X is said to be acircle-cyclic vector for T, [5].

2) An operator Tl B(H) is sad to be G-cyclic over amultiplication
semigroup S of © with identity if there exists x| H such that
{aT": n>0, al S is dense in H. In this case x is said to be a
G-cyclic vector for T over S [4].

In [ 5], Z Jamil proved that a weighted shift operator is
hypercyclic if and only if it is circle-cyclic. Also, she proved that the
closure of the set of all hypercyclic operators on H coincides with
the closure of the set of all circle-cyclic operators on H. She posed
the following question Does the set of all hypercyclic operators on H
coincides with the set of all circle-cyclic operators on H?. In this
paper we give apositive answer to this question. In fact, we show
that this is true for any infinite dimensional separable complex
Banach space X.
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As acontinuation of studying cyclic phenomena we define and
study anew concept called apower r-cyclic operator, and we study
some of its properties and its relation with the other concepts of the
cyclic phenomena.

In order to prove our results we need the following known results:
Theorem 1.1. [7] Suppose T: |?[Z] — | ?[Z] is a backward weighted
shift

with weight sequence < wn>nl z, and let m> 0 be fixed, and either
wn >m>0 for all n>0 or woh <m for all n<O0. Then T is a
hypercyclic operator if and only if there exists a%quence <nr > in

Z: nr — oo such that lImOWk =0 and I|mO w
r®¥ k=1 -k

Theorem 1.2. [7] Suppose T: | ?[Z]— | ?[Z]is abackward weighted shift

with weight sequence< wn>nI z, and let m> 0 be fixed, and either

wn >m> 0

for al n>0 oo wi< m for al n<O0. Then T is a supercyclic

operator if and only if there exists asequence <nr > in Z; nr — o
o o

such that |r|®m Ow, Oy =

¥ =1 k=1 "k

Theorem1.3.[ 5]

(i) Let x be ahypercyclic vector for Tl B(H), theninf {|| T"x||: n3 O}
= 0 and sup{|| T"x]|: n3 0} = co.

(i) The range of ahypercyclic operator is dense in aHilbert space H.

(iii) If TI B(H) and || T|| £1, then TT HC(H).

(iv) Let {Hi} be afamily of Hilbert spaces, let Ti| B(Hi) for alli. If
T=ATil BAAHI)), then Ti| HC(H i) for ali.

(v) T is hypercyclic if and only if for any two opensets U and V in
H there exists an n>0 such that T"(U)C V! .

(vi) Let TI HC(H). Then T does not have any eigenvalue.

2. The Relation Between Hypercyclic and Circle - Cyclic Operators
In this section we extend the definitions of circle-cyclic vector and
circle- cyclic operator for T in B(X), where X is again as above, a
separable Banach space. To prove our result of this section we need
the following corollary of [6].

Lemma2l1[6]
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Let X be an infinite dimensional separable complex Banach space
and let TI B(X). Then xi X is hypercyclic for T if and only if the
set {aT: k>0, dl C,|ao| =1} is dense in X,

The following Theorem is our result:
Theorem 2.2.
Let X be an infinite dimensional separable complex Banach space and
let Ti B(X). Then T is hypercyclic if and only if T is circle-cyclic.
Proof.

Use the definition of circle-cyclic and Lemma2.1 to get the result
3. Power r - Cyclic Operators
In this section we define the new concept of apower r-cyclic operator
and we study some of its properties and its relation with the other
concepts of cyclic phenomena.
Lemma 3.1 Let § = {al C:|ol =r} where r is a postive real
number.Then S={d": a1 S, n>0} is asemigroup with identity 1
under usual multiplication.
Proof.

Let o, "1 S Then |&"|=r"and |f"| = r™and hence |d" B =
r™™ Let 1 C (one can take y= r) be such that | y| =r™™. Now
clearly one can take o' "= y"™and hence o' "1 S Findly, since
o®=1, then 11 S Therefore, S is asemigroup with identity 1
Definition 3.2. Let S = {al C:|o|f =r} where r is apositive red
number. An operator Tl B(H) is said to be a power r-cyclic operator
if there exists x1 H such that {a"T"x: n>0, 1 S} is dense in H. In
this case x is said to be apower r-cyclic vector for T.

Notation

1- PCr(H) = {TI B(H): T is apower r —cyclic operator}.

2-PCr(T) = {xI H: x is apower r -cyclic vector for T}.

3- PS orbt(T; X) = {a"T'x: n>0, a1 S}.

4- HC(H) ={TI B(H): T is ahypercyclic operator}.

5- SC(H) = {TI B(H): T is asupercyclic operator}.

6- GCSH) = {TI B(H): T is aG-cyclic operator over asemigroup S}.

Proposition 3.3. (i) For any r >0, PCr(H) I SC(H).

(i) Let S be as in Lemma 3.1. Then PCr(H) I
GCSH).
Proof.
(i) Since {d"Tx: n>0, a1 S} | {BT"x:n>0, B C}, wehave PCr(H)
[ SC(H)
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(i) Since {a"Tx: n>0, a1 S} | {T%: n>0, Bi S}, and by Lemma
3.1 S is asemigrop under multiplication with identity 1, we get
PCr(H) I GCYH)

Theorem 3.4. For any r>0, TI PCr(H) if and only if rT1 HC(H)

Proof.

First note that for any al S, | a"| = r". Then we can assume that
o' = "B for some BI SL ={yn C: |y| = 1}. Hence{d"Tx: n>0, al
S} = {Br"Tx: n>0, p1 S1} = {B(rT)"x: n>0, B1 Sl}. Findly,
by using Theorem2.2 and this equality we have, rT1 HC(H) if and
only if rT is circle-cyclic if and only if {B(rT)"x: n>0, p1 Si}
is dense in H if and only if {a"T"x: n>0, a1 S} is dense in H if
and only if T1 PCr(H)

Corollary 3.5. Let r> 0. Then
(i) PC1(H) = HC(H).
(ii) For any r>0, T1 PCr(H), if andonlyif {r"T"x: n>0} is
dense inH.
(iii) For any xI PCr(T), inf {r"]] T]||: n3 0} = 0 and
sup{r" || T || : n3 O} = oo.
(iv) The range of T1 PCr(H) is dense in H.
(V) If TI B(H) and || T|| £ 1/r, then TT PCr(H).
(vi) Let {Hi} be afamily of Hilbert spaces, let Ti | B(Hi) for alli.
If T=ATil PCr(AH1)), then Til PCr(Hi) for all i.
(vii) T1 PCr(H), ifandonlyif for any two open sets U and V in
H there exists an n>0 such that (rM"(U) C V1 j.

Proof.

(i) Follows directly from Theorem 3.4.

(ii) Follows from Theorem 3.4 and the definitions of hypercyclic and
power r-cyclic operators.

(ilf)Use Theorem 3.4 and Theorem 1.3 (i).

(iv)By Theorem 3.4, rTI HC(H) and by Theorem 1.3 (ii), {(rM)x:
x| H}is dense in H. Let y1 H, then ryl H and it follows that
there is asequence < rTxn> converges to ry. Hence the sequence
< Txn > converges to y. Therefore, the range of T, {Tx: x| H} is
dense in H.

(v) Suppose that TI PCr(H). Then by Theorem 3.4, rTl HC(H). By
Theorem 1.3 (iii), || rT||>1 and so || T|| > Lr. Therefore, we
have (v).
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(vi)Use Theorem 3.4 and Theorem 1.3 (iv) to get the result.
(vii) Use Theorem 3.4 and Theorem 1.3 (iiv) to get the result

Proposition 3.6 For any r> 0 and any i S, Tl PCr(H) if andonly
if BT1 PCr(H).
Proof.

To prove the proposition it is enough to show that {o"T"x: n >0,
al Y= (P (BD%:n>0, n S}. Let y1 {d"T%:n>0, a1 S}. Theny
= o'T'x for some n>0 and some al . Then | o/B|=r and o/pl S.
Hence y = (of)"(BT)"x and soyl {y'(BT)™: n>0, n S}. The
converse follows from y'(BT)x = (B"T%, |y8] = r and 81

The following is an example of apower r-cyclic operator:

Example3.7. Let B: |%(N) —|%®) be abackward weighted shift with
weight wn=1 for al n1 M. Then Bl PCr(I%(®) for al r> 1.
Proof.

By [3], rBl HC(I %®)) for al r >1. Hence by Theorem 3.4,
Bl PCr(I%(m))

Theorem 3.8. Suppose T:1%Z) — | 4Z) is abackward weighted shift
with weight sequence <wn > nl z, and let m> 0 be fixed, and either
wn >m >0 for all n>0 or wah <m for all n<0. Then TI PCr((l
(z)) if and only if there exists asequence < nr > in Z; nr — o

D D
such that 1IMO W, = 0 and liM O = =0
r®¥ k=1 r® ¥ k=1 K

Proof.

Let TI PCr((1%Z)) then by Theorem3.4, rT| HC(?%Z)). But rT is a
backward weighted shift with weight sequence < rwn > nl z. Hence
by Theorem 1.1 there exists asequence < nr > IinZ; nr — o such

. .
that MO TW, = 0 and liMm O —— =
r®Y¥ k=1 re® ¥ =1 -k

Conversely, let T:1%Z) —1%Z) be abackward weighted shift with

weight sequence < wn > nl z, and for some postive real number r
n

. ~
there exists asequence < nr > inZ; nr— oo such that Ir!@rg 81 F'Wi
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n

. ~
=0 and lim le w = 0. Hence by Theorem 1.1, rT| HC(

%(Z)). Thus there exists xI I%(Z) such that {r"T"x: n>0} is dense in
I%(Z). Hence by Corollary 3.5, Tl PCr((1%Z))

Example3.9. Let T:1%Z) —1%Z) be abackward weighted shift with

1% n<0
weight sequence W, = i

1% n30
not hypercyclic and Ti PCr((14Z)) for all rl (¥,%).

. Then T is supercyclic but T is

Proof.

n n
i [im C W DL = Ilm L 2n =
Since TV 81 -k Qlwk n®¥(4”)( ) 0, then by Theorem

n
1.2, T is supercyclic. Also, h® ¥ oy Mk n®¥( ) oo, then by
Theorem 1.1, T is not hypercyclic. Now, for al rl (¥%,%), rT is a
ia n<O0

backward weighted shift with weight sequence b, = % % n3o

n
limO L lim@8") =
Hence bn > ). For al n> 0, and N ¥ oq P n®¥( ) 0.

Hence by theorem 1.1 Ti PCr((14Z)) for al rl (¥,%)

Example3.10. Let T:1%Z) — |%Z) be abackward weighted shift with
1% n<0
=1 :

" 1% n30

> 2 but T is not hypercyclic.

weight sequence Then Tl PCr((1%z)) for all r

Proof.
Let U=rT for any fixed r> 2, then U is abackward weighted
1% n<0
shift with weight sequence W, —%% qs o Hence rwn >1 for
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and Iimc_) — = Li@rg(%)" = 0, then by Theorem 3.8, Tl PCr((

0 .
Since MO G- = [iIM(2") = o, then by Theorem1.1, T is not
n®Y¥ k=1 "k n® ¥
hypercyclic

In the following theorem we study some of the spectral properties
of power r-cyclic operators, where we find that these properties are
similar to those of hypercyclic operators and their proofs are similar
to those for hypercyclic operators, [ 5].

Theorem 3.11.

(i) Let TI PCr(H), then T  does not have any eigenvalue.

(i) If T1 B(H) is afinite rank operator, then | + T1 PCr(H).

(iii)Let T1 B(H).

a)lf TI PCr(H), then for any non-constant polynomial P in T,
sp(PT)) =j.
b) If there is anon-constant polynomial P in T such that P(T) |
PCr(H), thenforsp(T)=]j.

Proof.

(i) Suppose that | is an eigenvalue of T, then there exists x | H
such that T x=1x. Hence (rT) x = (rl )x. This means that rl is
an eigenvalue of (rT). However, T| PCr (H), then by Theorem
34, rT1 HC(H) and by Theorem1.3. (vi), (rT)" does not have
any eigenvalue. Therefore, we have acontradiction. Hence T~ does
not have any eigenvalue.

(i) Since T is of afinite rank, so is T, but H is infinite
dimensional, then the kernel of T is anontrivial space. Hence 1
is an eigenvalue of (I+ T)". Then by (i), | + T1 PCr (H).

(ili)Let Q be anon-zero polynomial of complex coefficients and let
Q@ = P(Z)". By ByRef.[8], sp(P(T)) = Qs p(T)).

@ If TI PCr (H), then by (i), sp(T)=j . Therefore, s p(P(T))=] .
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(b) If there is a non-constant polynomial P in T such that
P(M1 PCr(H), then by (i), s p(P(T')) = j, and so Q(s p(T)) =] .
Hence sp(T) = j.

3. Conclusion.

In this paper we define the concept of a power r-cyclic operator, and
we find that this family of operators is different from the families of
hypercyclic and supercyclic operators. Also we show that this family
of operators has properties that are similar to those of the other
families. In fact the proofs of our results are similar to that for the
hypercyclic and G-cyclic operators. We think that more properties (for
example spectral properties) can be studied and new results can be
obtained.
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