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1. Introduction

Among the most fundamental objects of study in commutative ring theory
are the prime and the primary ideals. Prime and primary ideals are aso
quite useful in the study of noncommutative rings. Prime ideals were
defined over noncommutative rings as early as 1928 by W. Krull [1], as
follows:

Anideal P inan arbitrary ring R issaidto beaprimeided if P! R and,
for ideals Aand B of R satisfying AB I P impliesthat Al P or
BI P.

He aso defined prime rings as follows: Let R be an arbitrary ring. If the
zero ideal of R isprime, wecal R aprimering.

In Section 2 of this paper, we generalize the concept of prime ideals in
noncommutative rings to the concept of primary ideals in noncommutative
rings asfollows:

Anidea P inan arbitrary ring R is said to be a primary ideal if P! R
and, for ideals Aand B of R satisfying AB i P impliesthat either
Al P or for some positive integer n, B" ={b"T R| bl B}i P. We

also define the primary ring. Thus we say that an arbitrary ring R is
primary if the zero ideal of R isprimary.

We show that our definition of primary ideal in an arbitrary ring is a
generalization of the definition of primary ideal in a commutative ring. We
also give an equivaent definition of primary ideals over noncommutative
rings. Thus we show that an ideal P is primary in an arbitrary ring R if
and only if the quotient ring R/P isaprimary ring.

In the beginning of Section 3 we define the radical annihilator of an R-
module M, asfollows: for an R-module M, the radical annihilator of M

is denoted by rann(M) and is defined by raan(M)={r| ri R and

r"T ann(M ) for some positive integer n}. Then we introduce the concept
of primary modules. Thus we say that an R-module N is primary if

N10 and rann(N)=rann(N) for every nonzero submodule N | N.
We also show that this definition of a primary module is a generalization of
the definition of a prime module - which are modules all of whose nonzero
submodules have the same annihilator - in an arbitrary ring, asit is known
in the commutative rings.
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Finally in Section 4, we study some properties of primary submodules
and show that if fisanisomorphism froman R-module B to an R-module

D, then aproper submodule C of D isprimary if andonlyif f *(C) is
a primary submodule of B.

Throughout this paper, we will work exclusively with left modules and
all rings are assumed to be rings with identity.

2. Primary Ideals over Noncommutative Rings

We first recall the following definitions [1],[2]:

Definition 2.1 Anideal P inan arbitrary ring R issaid to be a prime ideal
if P!R and, forideals Aand B of R saisfying AB i P impliesthat
Ai Por Bi P.

Definition 2.2 Let R bean arbitrary ring. If the zero ideal of R isprime,
wecdal R aprimering.

Now we introduce the following definitions.
Definition 2.3 Anideal P inan arbitrary ring R is said to be a primary
ideal if P! R and, for ideals Aand B of R satisfying AB i P implies
that either AT P or for some positive integer n, B" ={b"T R|
bl B} P.
Definition 24 Let R be an arbitrary ring. If the zero idedl of R is
primary, we call R aprimary ring. That isif A and B areideals such
that AB =0, then A=0 or B isanil ideal.

Remark 2.5 It is clear that every prime ideal in an arbitrary ring R is
primary, but the converseisnot true. Becauseif pisaprimeinteger, then

the principal ideal (p") in Z, when n is a positive integer, (p") isa
primary ideal, but it is not necessarily prime. For example the ideal (4) is
primary ideal in Z , but it isnot primeideal in Z.

The following results show that our definition of primary ideals in an
arbitrary ring is a generalization of the definition of primary idea in a
commutative ring.

Theorem 2.6 Let P beanided inan arbitrary ring R suchthat P! R.

If for al abl R; abl P impliesthat (al P or b"1 P for some
positive integer n), (1)
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then P isprimary. Conversely, if P isprimary and R iscommutative,
then P satisfies condition (1).

Proof. Suppose that P isanided inan arbitrary ring R suchthat P! R
and that P satisfies condition (1). Let | and J be ideals such that

JiP, J'tP and J"EP for every positive integer n, then there
exists an element jT J suchthat j"I P for every positive integer n.

Now forevery i1 1, ijT 131 P, whence i1 P or j"1 P for some
positive integer n. Since "I P for every positive integer n, we must
have i1 Pforal il 1; thatis, |1 P. Therefore P is primary ideal

of R. Conversdly, if P isanyideal and abl P, then the principal ideal
(ab) is contained in P. If R is commutative, then (a)(b)i (ab),
whence (a)(b)i P. If P isprimary, theneither (a)i P or (b)"i P

for some positive integer n, whence al P or b"T P for some positive
integer n. O

Remark 2.7 Commutivity is a necessary condition for the converse in the
previous theorem.
Proof. Let R betheringof 2" 2 matricesover the set of real numbers,

04
then P =0 is a primary ideal of R. However a :aé) g , and
b 15
ad 00 _ . N _ N
b= = are eements in R with abl P but neither al P nor
& 05
b"1 P for any positive integer n. O

Now we give another equivalent definition of primary ideals over
noncommutative rings.
Proposition 2.8 P isaprimary ideal over an arbitrary ring R if and only
if R/P isaprimary ring.
Proof. It is easy to check that if P is a primary ideal over an arbitrary
ring R, then R/P isaprimary ring. Now suppose that R/P isa
primary ring. Let O:R® R/P be the canonical epimorphism. If | and
J areidealsof R suchthat 131 P, then O(), O@) areideds of
R/P suchthat O(1)0@J)=0(3)=0. Since R/P is primary ring,
either O(1)=0 or O"(J)=0 for some positive integer n;  that is,
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| i P or J"I P for some positive integer n. Therefore, P isa
primary ideal of R. O

3. Primary M odules over Noncommutative Rings
We first recall the following definitions [3], [4]:
Definition 3.1 Let M bean R-module. The annihilator of M, denoted

by ann(M) andisdefinedby ann(M)={r| rT R and rM =0}.
Definition 3.2 An  R-module N is prime if N!0 and

ann(N) = ann(N) for every nonzero submodule N | N.
Definition 3.3 Let M bean R-module. The radical annihilator of M is
denoted by rann(M) and is defined by ~ rann(M)={r| r1 R and

r"T ann(M ) for some positive integer n}.

Remark 3.4 Itisclear that ann(M) isasubset of rann(M) for any R-
module M, but the converse is not necessarily true. Consider the
following example:

Let R=Z and M=2Z,. Then ann(Z,) = 4Z, but rann(Z,)=22Z.

Now we define the primary modules over noncommutative rings as
follows:
Definition 3.5 An R-module N is primary if NtO ad

rann(N ) =rann(N ) for every nonzero submodule N | N.

Remark 3.6 Every prime moduleis primary, but the converseis not true.
Proof. Let P beaprime R-module of aring R Let N0 bea

submodule of P. Let ri rann(P), then r"T ann(P)=ann(N) for
some positive integer n. Thus r1 rann(N). Hence rann(P) I rann(N).
Similarly, we can prove that rann(N)I rann(P).Therefore
rann(N ) =rann(P). Thus P isaprimary R-module. Now notethat Z4

is a primay Z-module, however it is not a prime Z-module.
O
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4. Primary Submodules over Noncommutative Rings

We define the primary submodules over noncommutative rings as follows:
Definition 4.1 Let M bean R-module. Let N be a submodule of M.
N is sad to be a primary submodule of M if N1tO and

rann(N ) =rann(N ) for every nonzero submodule N | N.

Proposition 42 Let f :B® D be an R-module isomorphism and
C(* D) asubmodule of D. Then C isaprimary submodule of D if and

only if f "*(C) isaprimary submodule of B.

Proof. Supposethat C isaprimary submoduleof D, then C 1t 0. Thus
f %(C)t0. Let N beanonzero submodule of f *(C). Then
f (N) is anonzero submodule of C . Since C is primary, then
rann(C) =rann(f (N)). Note that r1 rann(f *(C)) if and only if
r"f (C) =0 for some positive integer n if andonlyif f *(r"C) =0 for
some positive integer n if and only if r"C =0 for some positive integer
n ifandonlyif rl rann(C)=rann(f (N)) ifandonlyif r™f (N)=0
for some positive integer m if and only if f (r™N)=0 for some positive
integer m if and only if r™N =0 for some positive integer m if and
only if r1 rann(N). Therefore,  rann(f “*(C))=rann(N) and hence
f "*(C) isaprimary suomodule of B.

Conversely , Let f "*(C) be aprimary submodule of B, then f *(C)1 0.
Thus C1 0. Let C beanonzero submoduleof C, then f *(C) isa
nonzero submodule of f "*(C). Since f *(C) isa primary submodule of
B, then

rann(f "*(C)) =rann(f "*(C)). Note that sl rann(C) if and only if
s"C =0 for some positive integer n if and only if f "*(s"C)=0 for
some positive integer n if and only if s"f 1(C)=0 for some positive
integer n if and only if sT rann(f "*(C)) =rann(f "*(C)) if and only if
s™f "}(C)=0 for some positive integer m if and only if f *(s"C)=0
for some positive integer m if and only if s™C =0 for some positive
integer m ifandonly if sl raan(C). Thus rann(C)=rann(C) and
hence C isaprimary submodule of D. m
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Finally, weend this paper by the following result.
Proposition 4.3 If N isaprimary R-module, then inthe center of R
rann(N) isaprimeideal of the center of R.
Proof. Let rsi rann(N) with r,sl center of R and sl rann(N),

then s™N 1 0 for every postive integer m. But (rs)*N =0 for some
postive integer k. Thus r*(s*N)=0 for some positive integer k.

Therefore r1 rann(s“N) for some positive integer k. Since N =s*N 1 0
and N is a primary R-module, then rann(N)=rann(N). Thus
ri rann(N). Hence rann(N) isaprimeidea of R. o
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