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Abstract

In this paper, the kernel estimation of the conditional quantiles for a strictly
stationary stochastic process satisfying the strong mixing condition, which
was proposed by Abberger (1997) is studied. Under some mild conditions,
the joint asymptotic normality of the kernel estimation of several conditional
guantiles estimated at the same conditional point and the joint asymptotic nor-
mality of the kernel estimation of the same conditional quantile estimated at
different conditional points are established. The performance of the estima-
tions is tested by an application for a real life data .
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1 Introduction

In nonparametric estimation of the conditional distribution functi(y|x) of Y
given X = x, most investigation are concerned with the regression funati{xj, =

f_: yf(y|x)dy, the conditional mean of given valuex of a predictorX. However,

new insights about the underling structures can be gained by considering other as-
pects of the conditional distribution function.

The conditional quantileg,(x),0 < @ < 1, of Y given X = X, coupled with the
distribution functionF(y|x), are important in testing hypothesis and in constructing
confidence intervals.

The asymptotic properties of nonparametric estimation of conditional quantiles
using kernel or nearest neighbor methods has studied by several authors. For ex-
ample, for iid data Samanta (1989) studied the strong consistency and asymptotic
normality for a kernel - type nonparametric estimatogg(fx). Similar results as in
Samanta (1989) were obtained by Roussas (1969, 1991) for Markovian processes
and for mixing data were obtained by Abberger (1997), Berlinet (2000) and Cai
(2002).

Recently, some new methods of estimating conditional quantiles have been pro-
posed. The first, an approach using a check function is presented by Fan et al.
(1994). An alternative procedure is first to estimate the conditional distribution
function using the double kernel local linear technique, and then to invert the con-
ditional quantile, which was proposed by Yu and Jones (1998). However, some
estimators are producing conditional distribution functions that are not constrained
either to lie between zero and one or to be monotone increasing, Hall, et al. (1999)
proposed the Reweighted Nadaraya - Watson (RNW) estimator to overcome these
difficulties.

Our aim in this paper is to study the joint asymptotic properties of the kernel es-
timation of the conditional quantiles under@mixing condition. This mixing con-
dition ensures asymptotically vanishing memory of the strictly stationary process.
The a-mixing condition is satisfied if there exists a sequence of nonnegative num-
bers called mixing cd@cients (xx) such that for any setin o-{(Xy, Y1), ..., (Xn, Yn)}
and seB in o{(Xn.k» Ynik)s - - -}, IP(AN B) — P(A)P(B)| < ax andkirgo ax = 0.

The a-mixing condition is fulfilled for many stochastic processes, including
many time series models and it is weaker than many other mixing conditions. For
more details, see Roussas and loannides (1987) and De Gooiger and Zerom (2003).

Now, the kernel estimations of the conditional distribution function and the con-
ditional quantile function from Abberger (1997) are presented.

Let (X, Y1), (X2, Y2), ..., (Xn, Yn) be two-dimensional random variables from a
strictly stationary process distributed as the bivariate random varib¥ (ith
joint density functionf (x, y) and marginal density functiog(x) of X. Let F(y|x) be
the conditional distribution of given X = x. The conditionak— quantileq,(X) is



defined as
0.(X) = inflye RIF(y|X) > a}, O<a<l Q)

The estimator of the conditional distribution function is defined as follows

Yty K(%)I(%sy)
S KR
whereK is a kernel function{h,} is a sequence of positive numbers converges to

zero, and denotes the indicator function.

Using Equation (2) the estimator for the conditionalquantile in Equation (1)
is given by

Fn(yIX) =

(2)

Gen(X) = infly € RIFa(YIX) > @}, O<a <1 (3)
Let f(y|x) = 8F(,§§|X) = f(xy) be the conditional density function of given
X = x. The estimator of (y|X) is defined as
fa(X.y)
fa(ylx) = ,
where N
1 X=Xy Y-
fa(6y) = — K K ,
o(069) = o 2 KR PGS
and

300 = g DI KCR)

In this paper, the results of Abberger (1997) are considered and generalized
in two different ways. Firstly, The joint asymptotic normality of the kernel esti-
mation of several conditional quantiles estimated at the same conditional point for
strictly stationary processes is shown. Secondly, in the same manner the asymp-
totic normality of the kernel estimation of the same conditional quantile estimated
at different conditional points is established.

The paper is organized as follows. In the next section, the assumptions that
allow us to derive the main results are stated. The main results, Theorems 1 and 2
are stated in Section 3. In Section 4, a rule for the bandwidth selection is presented.
In Section 5, the performance of the conditional quantile estimation is tested by an
application to a real life data. The technical arguments and proofs are collected in
the appendix.



2 Assumptions

In this section, some regularity conditions that will be used in proving the asymp-
totic results in the paper are gathered together for easy reference.

Assumption (A1) The proces$§(X, Y)}i_;, € Rx R is ana-mixing process with the
mixing codficient satisfies

1 n-1
lim — ) a;=0.
nlnoo nhﬁ g @i 0

H?F(yIx)
ox?

Assumption (A2) For fixedy andx, 0 < F(y|x) < 1, F?O(y|x) = exists in

a neighborhood ox.

Assumption (A3) The kernel functiorK is a probability density function satisfying
the following:

i. K has a compact support;
ii. Kis symmetric probability density function;
lii. K is Lipschitz continuous.

Assumption (A4) The bandwidth h,} satisfies the following:

i. lim h,=0;
n—oo
i. lim nh, = o;
Nn—o0
ii. lim nkg = 0.

n—oo

Assumption (A5) let p = p(n), g = g(n) be positive numbers with + g < nfor all
suficiently largen and tending to infinity, and l&¢be the integral part af/(p + q),
where the following holds,

l. rl]mm =0;
. pr
i r!m - 0;
iii. lim 2 o(q) = O.



3 Main Results

In this section, the two main theorems in the paper are stated. The technical argu-
ments and proofs are collected in the Appendix.

Theorem 1. Suppose thag(x) > 0 andf(g,(x)[x) >0, i =12, 0<a; <@y <1,
then under the Assumptions A1-A5, the following holds

V(G 13 = G (0, G () — G ()71 — N(O, T),

where0 = (0,0)" and the covariance matrixis defined as

L K2u)duf Y12 Y12
=2 -7 ,
9(x) Y12 Y22
where
a'i(l - CUJ') . .
l1<i<j<2

Yii = >
L (0 () F (e, (1%
Theorem 2. Suppose thag(x) > 0 andf(q..n(X)Ix) >0, 1 =1,2, 0< @ < 1, then
under the Assumptions A1-A5, the following holds
d
VNha[(Gen(X1) = Ga(X2), Gun(X2) = Ga(¥2)) '] — N(O, D),
where0 = (0,0)" andD is a diagonal covariance matrix with thieifth element

o a(l-a) 0
" g() F2(0.(6)I%) Jwo

K2u)du i =12

4 Bandwidth Selection

The selection of the appropriate bandwidth is an important and basic problem in all
kernel smoothing techniques. It is critical to the performance of the nonparametric
kernel estimation. When the bandwidth is very small, the estimate will be very
close to the origin data, and therefore will be very wiggly. On the other hand, if the
bandwidth is very large, the estimate will be very smooth lying close to the mean of
all the data.
Gannoun, et al. (2003) developed the following rule for the optimal bandwidth
selection for the conditional quantile function,
1 3
) @

han = hmean 17 o
’ (</f>(<3[>‘1(a))2



where¢ and ® are respectively the standard normal density and distribution
function, andhnean is the bandwidth for the kernel estimation of the conditional
mean function and it is given by

1
W RV +p) |
T ANR(K)Ar ()129(%) )
whereRy(K) = [© K3(u)du, R, = [~ u?K(u) du, r(X) andv(x) are, respec-
tively the conditional mean and conditional variance and the one - step auto-
correlation co#icient.

(5)

5 Application

In this section, the performance of the conditional quantile estimator is tested via
an application to a real life data. The time series of Cisco data from Tsay (2000) is
considered. A time series plot of the data is shown in Figure 1. The data consists
of 2275 observation. We have used the first 2264 observation to construct 90%
prediction intervals for the last 12 observation. The Gaussian kernel is used and the
bandwidth is selected as described in Section 4.

The true values and the corresponding prediction intervals are listed in Table
1, and a plot of the tail of the time series together with the prediction intervals is
shown in Figure 2.

Table 1 shows that all the true values are contained in the corresponding predic-
tion intervals. The average length of the prediction intervals equals 6.51 which is
%3164 of the range of the data. This application indicates that the performance of
the conditional estimator in constructing prediction intervals is reasonably good.

Table 1: %90 prediction intervals for the Cisco data

i True value| Pred. Interval i True value| Pred. Interval
2264 | -2.128 | (-2.780, 3.665) 2270 1.872 (-2.863, 3.665)
2265 2.065 (-3.021, 3.864) 2271 0.715 (-2.955, 3.673)
2266 1.835 (-2.980, 3.756) 2272 0 (-2.662, 3.665)
2267 3.512 (-2.655, 3.665) 2273 0.887 (-2.869, 3.660)
2268 0.723 (-2.664, 3.665) 2274 0.059 (-2.919, 3.660)
2269| -1.452 | (-2.664, 3.665) 2275 0.879 (-2.820, 3.660)
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Figure 1: Time series plot of Cisco data.
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Figure 2: Time series plot of the tail of Cisco data together with the prediction
intervals for the last 12 observation .



Appendix

Here, just the details of the proof of Theorem 1 will be given. The proof of Theorem
2 will be omitted, since it is similar to that of Theorem 1.

Now, the following notations will be considered.
Let

Snr = Fn(yrlx) - EFn(yrlx), r=12,
x—XI

Wn.(x)_— i=1,2...,n,

and
Zi = Wni(x)l(Yisyr) - EWni(X)l(Yisyr)’ i=1, 2,....,n,r=12

Therefore,

S = D, Zi = (Fa(yal) — EFa(yal), Fa(y21X) — EFa(y21X)".

i=1

Set that

2
= Z CrSnr,

r=1
wherec, are constants, = 1, 2.

The proof of Theorem will be established through the following five lemmas.

Lemma 1. Under the Assumptions Al- A4, and as— o, the following holds

n-1 n

M) D] D WalIWni(COMI vy, vy 2y)| —

i=1 j=i+l
(i) fa(y1¥) — F(y1).

(/i) Gun(X) — Gu(X).

Proof.
(i) Suppose thakK(u) < M < o for all u € R. Following the same lines as in
Abberger (1997), we have

n-1 n
Z Z Wni(X)Wni(X)CO\(l(YiSyl)’ I(YjSYZ))

i=1 j=i+l

& & KU)K(U))
Z Z [>i, K(Ui )]ZC LUCENRIVER)

i=1 j=i+1




2 n-1 n
< Z Z K(UDK(U)) [Corl trsyn» lviyn)|

n =1 =it

2 n-1 .
n2h2 M? Z(n —1) |C0\'(|(Yisy1)’ l(Yijz))|
n i=1

8 n-1
—M? aj — 0,
nh2 ; !

IA

IA

by Assumption (Al).

(ii) Let L(x) be an upper bound f(}];'(X;Xy), yeR.

9(¥)

~ fa(xy)  f(xy)
35Rp|fn(yl><) f(yIx)| :;:ng ) a0

_ faxy)  fxy)  f(xy)  f(xy)
i 50~ a0 ¥ 609 o |
a(xy)  f(xy X[ 909
?pr g?]QX() )gnf(z() ;?lﬁp a(x) 11gn(x) 1'
SUBer ITn(X, y) = T(XY. a(x)
n(¥) L0560~ 1“

Now, if g(x) > 0, then an application of Theorem 1 in Samanta and Thavaneswaran
(1990) implies thatf,(yix) — f(y|x).

IA

(iii) Follows easily from Theorem 3 and Corrollary 2 in Abberger (1997).

Lemma 2. Under the Assumptions Al, A3, A4(i),(ii), and as— o, the follow-
ing is true

FOa - F@eX¥] (™

CovSn, Srp) — nhg(x) .

K2(u)du.

Proof.

CO\(Snla SnZ)

CnO\'(rllzn(Yle)’ Fn(Y2|X))
Z Z W”i(X)W”j(X)CO\(l (Yisya)» I(Y;syz))

i=1 j=1

n
D Wi (IIPCoM vy Lovisy)
i=1

n-1 n
2 D WaOWhi(ICOMI ey lovyeys)

i=1 j=i+l

+



= Al + Az.

L X — X
§ Kz( h I)CO\'(I(YiSYﬂ’ l(Yiﬁyz)) F 1-F -
— n —
A1 _ i=1 (yllx)[ (y2lx)] KZ(U)dU,

[Zn: KZ(X— Xi)]2 nmg(x) —o0
i=1 hn

by Theorem 1 in Abberger (1997).
By Lemma 1(i),A; — 0, asn — oo.

Lemma 3. Under the Assumptions of Lemma 2, andras— oo, the following is
true
Var(S,) — o2,

2y LFWML - Fiylx)] Fax)[L - Fyal¥] [
2 _ r 2
=) nhyg(x) L, KU 2000 )

Proof. The proof follows directly from Lemma 2.

K2(u)du.

[ee)

Now, let p, g andk be as in Assumption A5 and divide the $&t2,...,n} into
p large blocks and| small blocks and set

km+p-1
Ynrm = Z, km = (m_ 1)(p + Q) +1
i=knm
Im+g-1
Yom= . Zj»  In=(m-1)(p+q)+p+1,

j=lm
n
ank: Z Zy, m=12....k
I=k(p+g)+1

Also, set
k k
’ 144 1444
Snr = Zynrm, Snr = Z anm’ Snr = y;1rk’
m=1 m=1

and

2 2 2
Sp=>.6Sw  Sy=).aSh. S =) G
r=1 r=1 r=1



This implies that,

n
Sw = Zi =S} +Sh+Sy, (6)
and ,
Sn= ) GSuw=S,+S+Sy. (7)

Lemma 4. Under the Assumptions Al, A3, A4(i), (ii) and A5, andras— o, the
following is true

(i) E(S;)— 0,
(i) E(S)2 —s 0.

Proof. The proof of part (i) will be given and the proof of part (ii) will be similar.
Using the definitions of the notatior® andS, the following two equations are
obtained.

2
E(S))? =E() cSh) = Zc E(S};)? + 26:6,C0MSry. Spp). (8)
E(Sp)? = ZVar(ymmm D COMYni i) 9)
1<i<j<k

Now, letC denotes a positive constant.

Im+g-1

k
D Vartpm = ZVar( D
m=1 i=Im
k Im+q-1
= Z{ Z Var(Whi(X)! vi<y))
m=1 i=ly
2 > CoUWa(X) vy Whi(0) v, <50))
Im<i<j<lm+g-1
qu
< — 0, 10
< (10)
asn — oo by Assumption A5.
Also,
li+g-1 ita-

2 > CoMYuiYar) = 2 . COM Y Zu. Z Zy)

1<i<j<k I<i<j<k v=li 1=l



li+g-11j+0-1

2 Z Z Z CovUZ, Zy)

1<i<j<k = 1]
li+q-11j+q-1

=2 > > D CouWX) ey, WarlX)lvyn)
1<i<j<k V= 1T
n-p n

< CZ Z ICOMWAI () (v, <y2)> Whi(X)v;<y))]
=1 j=it1

< C Z ICOMWhi(X) vi<yn)> Whi(X) (v <y2))l — 0,(11)
I<i<j<n

asn — oo by Lemma 1.
Now, a combination of Equations (9), (10) and (11) implies that

E(S/)> — 0, asn— oo (12)

Now an application of Minkowski Inequality and Equation (12) implies that as
n— oo

2 2
[ESHAM2 = [EQ) | aSmA™ < > IGl[ES;)Y? — 0. (13)
r=1 r=1

Lemma 5. Under the assumptions A1-A5, andras— o,

(Fa(y1X) — EFa(yalX). Fa(y2lX) — EFa(y2X))T - N0, %),

where0 = (0,0)" andX is the covariance matrix with th& ()th elemento;,
1<i<j<2isgivenby

o = FOiXIL — F(yiI¥)] f"" K2(u)du

nhhg(x)
Proof.
Equation (7) implies tha®), = S, — (S + S}).
Therefore,

E(S)? = E(Sn)* + E(Syy + Sy')? = 2E(Su(Syy + Si))-
Now, by Lemma 4 and as — oo we obtain
[E(S;{ + S;]//)Z]l/Z < [E(S;]/)Z]l/Z + [ES:]//)Z]l/Z N O,

and
EISu(Sy + Syl < (E(SIIVE(S, + ST — o.



This implies that
E(S)? — E(Sn)*.

Now,
2
var(s)? = Var(z ¢.S,) = AVar(S,,) + c2var(S,,)
+ ZCO\’(Snl’ Sp) — 0%, as n— .
Therefore
E(S,)2 — 12 ¢ #0, c =0,
and
E(S),)? — 15, #0, ¢, =0,
where F(y9IL - Fli¥] [~
2 yr X - yr X f 2
= K=(u)du.
n nhyg(%) “
Since
E(S, r)2 Zvar(anm) +2 Z CoM(Ynri» Ynrj)
I<i<j<k
this implies

k
Z Var(ynrm) — T?, r = 1, 2.
Now, letY,m,m = 1,2,...,kr = 1,2 be independent random variables such

that Y, is distributed ag;ynrm and Xom = Yorm/Sh, whereZ Z Var(Ypm) —
k=1 m=1
0'2.

Following the same technique as in Roussas et al. (1992), we get that

k

izxm — N(0,1).
k=1

m=

[N

This means that

d
Z G Ynrm — N(O’ 0%),

k
1 m=1

M

=~
I

which impliesS/, LR N(O, o) and thereforeS, LR N(O, o2).
This implies that

2
> G (FalyX) ~ EFa(1¥)-> N(O. 02).

r=1



Now, an application of the Cra@n-Wold theorem completes the proof of the lemma.

Proof of Theorem 1.
Now, by expandind-,(q,,.n(X)|x) aroundq,, (x), i = 1, 2, we get

F(Qo; ()1%) = Fn(0la;,n(X)1X) = Fn(0e; (1X) + (Gai.n(%5) = Gu (X)) T, (X)1).
whered, (X) is some random point betweep »(x) andgy, (X).

This implies
F (qai (X)lX) - Fn(qai (X)|X)

qtli,n(x) - qai (X) = fn(qzi(x)lx) (14)
From Equation (14), we obtain that
F(qal(x)|x) - Fn(qal(x)lx)
G- ] | T o
" T R0 = Falu0Om, |
qaz,n(x) - qaz(x) a2 — " n\Mar
AL o xR
where
1
W T, () 0 e Vnhy(F (Ga, (9)1X) = Fr(Ga, (X)1X)) |
m VNR(F (0o, (X)1X) = Fr(0e, (X)1X))
From Corrollary 1 in Abberger (1997), the following holds
Vnhy(EFa(yIX) - F(yix)) = o(1). (15)

Now, a combination of Lemma 5 and Equation (15) implies that

Xn —5X ~ N(O, A), (16)

where0 = (0,0)" andA is the covariance matrix with thé ()th elements;;,
1<i<j<2isgivenby
F (0o (X)IX)[1 = F(Qo; (X)IX)] f KU du
9(¥) ) oo
_ [ ar(l-ay) ay(l- ) ] Jo K(w? du
| el -a2) @l ay) g(x)

ij =
(17)
Let
1 0
W= | @ (1) . ‘

F(Qa,(X)1X))




From Lemma 1, we have

o0, (91%) — F (g (91X), T = 1,2, (18)

Now, Equation (18) implies that
tr{(W, — W)T (W, — W)} —50.

Now, using Slutsky Theorem ( see Theorem 3.4.3 in Paranb and Julio (1993, pp.
130)), we obtain

WX —SWX

which completes the proof of the Theorem.
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