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consisting entirely of soft ultrafilters. soft sets; soft topological

space; soft ultrafilters;
compact semitopological

1. Introduction

Soft sets was introduced by the Russian Demetry Molodtsove 1999 [Molodtsov, 1999]
as a general mathematical tool for dealing with uncertain objects. Operations on soft
sets was introduced by P.K. Maji, R. Biswas and A. R. Roy 2003 [Maji and Roy, 2003].
Shabir and Nas 2011 [Shabir and Naz, 2011] introduced and studied the concept of

soft topological spaces over soft sets and some related concepts. In [Aygunoglu and Aygun, 2011]
Aygunoglu , Aygun introduced the soft product topology, E. Peygh and B. Samadi ,
A.Tayebi 2013 [Peyghan and Tayebi, 2012] introduced soft locally connected of a soft
point and soft connected spaces depending on soft disjoint non-null soft open sets. Let
(X, 1, A) be a soft topological space, let
B8(X,1,A) ={ u : u is asoft ultrafilter on X}.
A EL-Mabhouh and W. Mousa 2018 [EL-Mabhouh and Mousa, 2018] have shown
that (X, 1, A) is a weakly soft compactification of (X, 7, A) which is Hausdorff. In
this paper, We show that if (X, *) in addition is a semigroup, then 8(X, T, A) can be

given the structure of a semitopological semigroup where the operation is an

extension
of (*).

2000 Mathematics Subject Classification. 47A16, 37B99.
Key words and phrases. soft sets, soft topological space, soft ultrafilters,
semitopological semi-group .

IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0

53



http://creativecommons.org/licenses/by/4.0/
http://resportal.iugaza.edu.ps/journal.aspx?id=3
https://doi.org/10.33976/IUGNS.29.2/2021/4
mailto:mabhouh@iugaza.edu.ps

2. PRELIMINARIES

Definition 2.1. [Georgiou and Megaritis, 2014] Let X be an initial universe set and
A a set of parameters. A pair (F,A), where F is a map from A to P(X), is called
a soft set over X. In what follows by SS(X, A), we denote the family of all soft sets
(F,A) over X.

Definition 2.2. [Georgiou and Megaritis, 2014] The soft set (F, A), where F(a) = 0,
for every a € A is called the A— null soft set of SS(X,A) and denoted by 04. The
soft set (F, A), where F(a) = X, for every a € A is called the A—absolute soft set of
SS(X,A) and denoted by 14.

Definition 2.3. [Georgiou and Megaritis, 2014] Let (F, A), (G, A) € SS(X,A). We
say that (F, A) is a soft subset of (G, A) if F(a) C G(a) for everya € A. Symbolically,
we write (F, A) C (G, A). Also we say that the pairs (F, A), (G, A) are soft equal if

(F,A) C (G, A) and (G, A) C (F, A). Symbolically, we write (F,A) = (G, A).

Definition 2.4. [Georgiou and Megaritis, 2014] Let I be an arbitrary index set and
{(F;,A):ie I} CSS(X,A).

(1) The soft union of these sets is the soft set (F,A) € SS(X,A), where F :
A — P(X) defined by F(a) = U{(F;(a)) : i € I}, for all a € A and we write
(F,A)=U0{(Fi,A) 11 € I}.

(2) The soft intersection of these sets is the soft set (F,A) € SS(X,A), where
F:A— P(X) defined by F(a) = " {(Fi(a)):i € I}, for every a € A and we
write (F, A) = {(F;, A) 11 € I}

Proposition 2.1. [Georgiou and Megaritis, 2014] If (G, A), (H, A), (F1, A), (Fz, A) €
SS(X,A) such that
(F1,A) C (G, A) and (Fy, A) C (H, A), then (F1, A) N (Fy, A) C (G, A)N (H, A).
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Definition 2.5. [Pei and Miao, 2005] Let « € X. The soft set (F, A) over X, where
F(a) = {z} for all a € A, is called the singleton soft point and denoted by x4 or
(x, A).

Definition 2.6. [Georgiou and Megaritis, 2014] Let (F, A) € SS(X,A). The soft
complement of (F,A) is the soft set (H,A) € SS(X,A), where H : A — P(X)
defined by, H(a) = X \ F(a), for every a € A and we write (H, A) = (F, A)°.

Definition 2.7. [P. Wang and He, 2015] Let X be a nonempty set. A soft filter on
X is a non empty subset U C SS(X, A) such that :

(1) If (G, A),(H,A) €U, then (G,A)N(H,A) € U.

(2) If (G,A) €U and (G,A) C (H,A) € SS(X, A), then (H,A) e U.

(3) 04 ¢ U.
A soft ultrafilter on X is a soft filter which is not properly contained in any other soft
filter on X.

Proposition 2.2. [EL-Mabhouh and Mousa, 2018] Let x € X, and a € A be fized.
Let

eqo(r) ={(G,A) : z € G(a)}

Then eq(x) is a soft ultrafilter on X which is called the soft Principal ultrafilter on

X generated by x and a.

Proposition 2.3. [EL-Mabhouh and Mousa, 2018] Let x € X, and a € A be fized,

then eq(x) is the only soft principal ultrafilter containing (x, A).

Proposition 2.4. [EL-Mabhouh and Mousa, 2018] Let x € X, a € A be fized, and
(G,A) € SS(X,A) where Vb € A,



0 , otherwise.

Then the only soft ultrafilter containing (G, A) is e, (x).

Definition 2.8. [Georgiou and Megaritis, 2014] Let X be an initial universe set and
A be a set of parameters, and T C SS(X, A). We say that the family T defines a soft

topology on X if the following axioms are true:

(1) 04,14 € 7.

(2) If (G, A),(H,A) €T, then (G,A)N (H,A) eT.

(3) If (G4, A) € T for every i € I, then U{(G;,A):1 €1} €.
The triple (X, T, A) is called a soft topological space or soft space. The members of
T are called soft open sets on X. Also, a soft set (F,A) is called soft closed if the

complement (F, A)¢ € T.

Theorem 2.1. [EL-Mabhouh and Mousa, 2018] Let (X, 7, A) be a soft topological
space and let U C SS(X, A). Then the following statements are equivalent:

(1) U is a soft ultrafilter on (X, 1, A)

(2) U has the finite intersection property and for each (G, A) € SS(X, A)\U there
is some (H,A) € U such that (G,A) T (H,A) =04

(3) U is maximal with respect to finite intersection property, that is ; U is mazimal
member of {V C SS(X,A):V has the finite intersection property }

(4) U is a soft filter on (X, 7, A) and for all F € Pr(SS(X, A)), if UF € U then
FNUF#¢
(where Pr(S) is the collection of all finite subsets of S.)
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(5) U is a soft filter on (X, 7, A) and for all (G, A) € SS(X, A) either (G, A) e U
or (G,A) el

Remark 2.9. Two soft ultrafilters U and V on X are equal if and only iof U CV or
VCau.

Definition 2.10. [EL-Mabhouh and Mousa, 2018] Let (X, 7, A) be a soft topological

space, then

(1) B(X,7,A) ={U : U is a soft ultrafilter on X}.

(2) Given (G, A) € SS(X, A), (G, A) = {U € B(X, 7, A) : (G, A) € U}.
Theorem 2.2. [EL-Mabhouh and Mousa, 2018] Let (X, 7, A) be a soft topological
space. Then

(a) B(X,T,A) is a Hausdorff space .

(b) The sets of the form (G, A) are the clopen subsets of B(X, T, A).

Theorem 2.3. [EL-Mabhouh and Mousa, 2018] Let (X, 7, A) be a soft topological
space, and a € A be fized. Define e, : X — B(X, 7, A) such that for each x € X,
eq(x) is the soft principal ultrafilter defined in Proposition (2.2). Then

(a) Let (G, A) € SS(X,A) where Vb € A,
G(b) # 0 if b =a and G(b) = 0 otherwise.

—

Then e,(G(a)) = (G, A).
(b) If v € X, and (F,A) € SS(X, A) where ¥Yb € A,

0 , otherwise.




Then (/F,\A) = {eq(2)}.

(¢) The mapping e, is injective and
elX] =We(X):ae A} ={es(z) :a € Aand x € X}

is a dense subset of B(X, T, A) whose points are precisely the isolated points
of B(X,T,A).
(d) If (X, 7, A) is soft discrete topology, then e, is softly embedding.

Definition 2.11. [Clifford and Preston, 1961] A semigroup is a pair (S, *) where S

18 a nonempty set and * is a binary associative operation on S.

Definition 2.12. [Clifford and Preston, 1961] A group is a pair (S, *) such that
(1) (S,*) is a semigroup and
(2) there is an element e € S, called the identity, such that ex = xe = x for all
res.
(3) for each x € S there exists y € S such that xy = yxr = e. y is called the

inverse of x.

Definition 2.13. [Clifford and Preston, 1961] Let S be a semigroup. Then

(a) S is commutative if and only if vy = yx for all x,y € S.

(b) The center of S is {x € S: for all y € S,xy = yx}.

(c) Givenx € S, A\, : S — S is defined by \.(y) = zy.

(d) Given z € S, p, : S — S is defined by p,(y) = yz.
) L(S) = {\ i w € S}
)

R(S) ={pz:z € S}

(e
(f

Definition 2.14. [Clifford and Preston, 1961] Let S be a semigroup.

(a) An element xz € S is an idempotent if and only if xx = x.
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(b) E(S) ={z € S:xisan idempotent}.

(¢) T is a subsemigroup of S if and only if T C S, and T is a semigroup under
the restriction of the operation of S.

(d) T is a subgroup of S if and only if T C S, and T is a group under the
restriction of the operation of S.

(e) Lett € E(S). Then H(t) = U{G : G is a subgroup of S and t € G}.

Note that if G be a group with identity e, then E(G) = {e}.

Definition 2.15. [Clifford and Preston, 1961] Let (.S,.) be a semigroup with a topol-
ogy T defined on S. Then

(a) S is a right topological semigroup if p, - S — S is continuous for all x € S.
(b) S is a left topological semigroup A, : S — S is continuous for all v € S.
(c) S is a semitopological semigroup if it is a right topological semigroup which is

also a left topological semigroup.

3. EXTENDING THE OPERATION TO B(X, 7, A)

All semigroups in this section are assumed to have an identity. If (X, -) is a semi-
group without identity, we adjoint one element say 1 ¢ X. Then (X U {1},x*) is a
semigroup with identity 1 where

(1) 1x1=1.
(2) lxx=zxl=zforalxeX.

(3) xxy=ux-yforalxzyeX.

Definition 3.1. Let (X, %) be a semigroup. Let M, N C X. We define
Ms«N={mxs«n:meMmneN} If M =0 or N=0, then M x N =)

Definition 3.2. Let (X, *) be a semigroup. We define * on SS(X,A) by: for any
(F,A),(G,A) € SS(X,A), (F,A)#(G,A) = (H, A) where H(a) = F(a)*G(a)Va € A



Proposition 3.1. Let (X, x) be a semigroup then (SS(X, A), %) is a semigroup with
identity (1, A).

Proof. The operation # is binary. Also it is associative, since

[(F, A)4(G, A)4(C, A) = (H, A)4(C, A) = (D, A) where Ya € A

D(a) = H(a) = C(a) = [F(a) * G(a)] * C(a) = F(a) * [G(a) * C(a)).

This implies that (D, A) = (F, A)£[(G, A)J4(C, A)]. Also for each (F, A) € SS(X, A),
we have (F,A)4(1,A) = (F,A) and (1, A)4(F, A) = (F,A). Hence (1, A) is the
identity of (SS(X, A), £). O

Proposition 3.2. Let (X, %) be a semigroup, let M = {(z,A) : © € X}, then M is
a subsemigroup of (SS(X, A),*). When (X, x) is a group, then M is a subgroup of
(SS(X, A), #).

Proof. Let (z,A), (y,A) € M. Then (x, A)*(y, A) = (G, A) where

G(a) ={z} «{y} = {xxy} for all a € A.

This implies that (G, A) = (z xy, A) € M. When (X, *) is a group, then For each
(z, A) € M, there exists (z71, A) € M such that

(z, A)k(z71 A) = (271, A)%(z, A) = (1, A). O

Lemma 3.1. Let (X, %) be a semigroup, let (G, A),(H,A),(F,A) € SS(X,A). The

following statements are true:

(1) [(G, A) N (H, A)J+(F, A) C (G, A)*(F, A)f N [(H, A)#(F, A)].
(2) (F, (G, A) 1 (H, A)] E [(F, (G, AN [(F, A)*(H, A)].
(3) [(G, A) U (H, A)J*(F, A) = [(G, A)*(F, A)JU[(H, A)#(F, A)].
(4) (F, A)(G, Ay (H, A)] = [(F, A)(G, AU [(F, A)*(H, A)].
(5) If (G, A) C (H, A), then (G, A)%x(F,A) C (H, A)*(F, A).
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Proof. (1) Let a € A, then [G(a) N H(a)] * F(a) C [G(a) * F(a)] N [H(a) * F(a)).
Hence
(G, A) N (H, A)[+(F,A) E (G, A)x(F, A)| M [(H, A)*(F, A)].
(2) Similar to (1).
(3) Let a € A, [G(a) U H(a)] * F(a) = [G(a) * F(a)] U [H(a) * F(a)]. Hence
(G, A) U (H, A)J4(F, A) = [(G, A)4(F, A)| U [(H, A)*(F, A)).
(4) Similar to (3).
(5) Let @ € A, then [G(a) * F(a)] € H(a) * F(a). Hence, (G, A)%(F,A) C
(H, A)#(F, A).
O

Note that the equality in parts 1,2 of Lemma (3.1) do not hold as shown in the
following example.
Consider the semigroup (NU{0}, +) and the soft sets (G, A), (H, A), (F, A) € SS(NU
{0}, A), where A = {a,b}, and
G(a) = {0,1,2,3,4}, H(a) = {3,4,5}, F(a) = {0,1,5}.
Now [G(a) N H(a)] + F(a) = {3,4} + {0,1,5} = {3,4,5,8,9} but
(G(a) + F(a)] N [H(a) + F(a)] = [{0,1,2,3,4} + {0,1,5}] N [{3,4,5} + {0,1,5}]
=1{0,1,2,3,4,5,6,7,8,9} N {3,4,5,6,8,9,10} = {3,4,5,6,8,9}.
Hence [G(a) N H(a)] + F(a) # [G(a) + F(a)] N [H(a) + F(a)]. Consequently
(G A) N (H, A (F,A) 4 (G A)H(F, A N [(H, A)4(F, A).

Definition 3.3. Let (X, %) be a semigroup, let (G, A), (F,A) € SS(X,A). Define

(G, A F, A ={(M,A): (M, A)%(F,A) C (G, A)}yU{(G, A)}.

Definition 3.4. Let (X, 7, A) be a soft topological space. Given two soft ultrafilters
U,V on (X,1,A), define d @V to be the collection of all soft sets (G, A) such that



(G, A)(F,A)~'nU # O for some (F,A) € V. That is

URV ={(G,A): (GAF,ANnUAD for some (F,A) € V}

By Theorem (2.3), X can be considered as a subset of B(X, 7, A) where each z € X
can be identified with e, (z).

Theorem 3.1. Let (X, x) be a semigroup, let a € A be fized, and U,V € B(X, 1, A)
then

(a) UV e B(X,1,A).
(b) The operation @ is associative.
(¢) ® extends the operation * on X; that is, for any two soft principal ultrafilters

eq(), ea(y), we have e,(x) ® eq(y) = eq(T * y).

Proof. (a) We show U ® V satisfies all properties of soft ultrafilters.

(1) For all (F,A) € V, we have
0A(F, A"t ={(M,A) : (M,A)%(F,A) C 04} = {04}. Hence
0A(F,A)~ N =10. So
04 €U V. Also
14 €141, and 14 € V. So
141, NU # 0. Hence
lyceUDV.

(2) If (G4, A), (G2, A) e U @V, then (G, A)(S1, A)' NU # B and
(Ga, A)(Sa, A)" P NU # O for some (S1, A), (S2, A) € V.
Let (M, A), (Ms, A) € U such that (My, A)%(S1, A) C (G, A) and
(My, A)%(S3, A) C (Ga, A), so by parts 1,5 of Lemma (3.1) we get
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[(My, A) 11 (Ma, A)J4[(S1, A) 11 (S2, A)] T (My, A)%[(S1, 4) M (S2, A)| M

(My, A)%[(S1, A) M (Ss, A)]
C [(My, A)*(Sy, A)] M [(Ma, A)*(Ss, A)]

C (G, A) N (G, A).

So, [(G1, A)M(Ga, A)][(S1, A) M (S2, A)]7PNU # 0 and (S1, A)M(Sq, A) €
V. Hence (G1,A) N (G, A) e U @ V.

If (G,A) C (H, A) where (G, A) e URV, then (G, A)(S, A)~*NU # ( for
some (S, A) € V. Let (M, A) € U such that (M, A)%(S,A) C (G, A) C
(H,A). Hence (M,A) € (H,A)(S,A)~'. So (H,A)(S,A)'nu # 0.
Consequently (H,A) e Y @ V.

Let (G, A), (G, A) ¢ URV. Since (G, A) ¢ UV, then (G, A)(S,A)~'nN
U =0 for all (S,A) € V. Since (G,A)* ¢ U@V, then (G, A)¢(S,A)~1 N
U = for all (S,A) € V. Hence (G,A) and (G, A)° ¢ U which is a
contradiction to Theorem (2.1(5)). Thus (G, A) or (G,A)* €U V.
This shows that Y ® V € B(X, 7, A) and so ® defines a binary operation
on B(X, T, A).

(b) Let (G, A) € (U®V)®@W. Then for some (F, A) € W

(3.1)

(G, A)F, AN URV)#D

Let (T, A) e U ® V and (T, A)%(F, A) C (G, A). This implies that
(T, A)(S,A)"' NU # O for some (S, A) € V and (T, A)*(F, A) C (G, A) for
some (F, A) € W). Let (N, A) € U such that

(3.2)

(N, A)%(S,A) C (T, A)



Now (S, A) € [(S, A)4(F, A)](F, A)~', and so
(S, A)k(F, A)|(F,A)' NV #£0, (F,A) € W. Hence

(3.3) (S, AVE(F, A) e Vo W
Also (N, A) € U and from (3.1) and (3.2)
(N, A)H(S, AJ#(F, A)] = [(N, A)#(S, A)#(F, A)
C (T, A)HF, A)
C (G,A)
Hence
(3.4) (G, A)[(S, A)+(F, A N #0

Now combine (3.3) and (3.4) to obtain that (G, A) e U ® (V ® W). Hence,
URV)WCUR (VW)
So by Remark (2.8), we get that (/ @ V)W =UR (V@ W).
(c) Let z,y € X,a € A be fixed. Take (G, A) € SS(X, A) where Vb € A,

{z} ,b=a,

0 , otherwise .
\

Let (F, A) € SS(X, A) where Vb € A

{I*y} ab:av

0 , otherwise .
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Now (G, A) € (F, A)(y, A)7, since (G, A)*(y, A) = (F, A) and
(4, A) € ea(y), (G, A) € eq(x). So (F,A) € eq(x) @ €a(y).

Since the only soft ultrafilter contains (F, A) is e,(z * y), the final conclusion

follows.
U
Corollary 3.1. (B(X,7,A),®) is a semigroup.
Proof. Follows from Theorem (3.1). O

Proposition 3.3. Let a € A be fized, and e,(1) is the identity of (B(X,T,A),®)
where 1 is the identity of (X, ).

Proof. Let U € (B(X,7, A). We show that U = U @ eq(1). So let (G, A) € U, then
(G, A)(1,A) = (G, A) T (G, A) = (G,AL A NUAD, (1,A) € eq(1)
= (G, A) €U e,(1)
= UCUDe,(1)

= U=U®Re,(l), by Remark (2.8)

Next, we show U = e,(1) @U. So let (G, A) € U, then

(1 AJH(G, A) = (G, A) E (G, A) = ((1,4) € (G, A)H(G, A)™
= (G, A)4G, A Nea(1) £0,(G, A el
= (G,A)ee(l)xU
= UCe(l)U

= U =¢e,(1) ®U, by Remark (2.8)



Proposition 3.4. Let a € A be fized, and (X, *) be a semigroup with identity 1, then
M ={e.(x) : x € X} is a subsemigroup of (B(X,1,A),®). When (X, *) is a group,
then M is a subgroup of (B(X,T,A),®).

Proof. Let e,(x),e.(y) € M, then e,(z) @ e,(y) = eq(z xy) € M. When (X, %) is a
group, then for each e,(x) € S, there exists (e,(z))™! = e,(x™!) € M such that
ea(T) @ eq(z™) = e (z*271) = e4(1) and

eV @ eo(1) = eo(x7 % 1) = e,(1). O

Proposition 3.5. For allU € B(X, 1, A), the map
Mo B(X,1,A) = B(X, 7, A) such that \y(V) =U @V is continuous.

Proof. Let @ be a basic open set in B(X, 7, A). We show )\al((G,/E)) is open.

—

So let V € \,'((G, A)). Then

— —

(V) e (G, A) = UV e (G, A)
= (G,AcU®V

= (G,A)(F,A)™NU#D for some (F,A) €V

— L ——

We claim that (F, A) C \,;*((G, A)). To show this let W € (F, A). Then

(FLAVEW = (G AeUaW

= UWe (G, A)

= (W) € (G, A)

= We N ((G.A)

N

—_—

Thus (F, A) C )\, (G, A)).
So for each element V € )\&1((6,71)), there exists a basic open set (F,/E) such that
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— o —

Ve (F,A) C \,'((G,A)). This implies that ;' ((G, A)) is open and consequently

we get Ay is continuous. O

Proposition 3.6. For allli € B(X, 1, A), the map
pu  B(X,1,A) — B(X,1,A) such that py(V) =V QU is continuous.

Proof. Let m be a basic open set in B(X, 7, A). We show p&l((a\A)) is open.

—

So, let V € p;,'((G, A)). Then

o — —

ou(V) e (G,A) = VoUce (G, A)
= (G,A)evoeld

= (G, A)(F,A)™ NV #0 for some (F,A) €U.

Let (S, A) € V such that (S, A)*(F,A) C (G, A).

We claim that (S, A) C p,;*((G, A)). To show this, let W € (S, A), then

(S,A)eW = (G,AF A nW£D, (FA) el

= (G, A)ewal

—

= Wole (G, A)

L —

= pu(W) € (G, A)

Thus (S, 4) € p;' (G, A)).

So for each element V € p;,' ((G, A)), there exists a basic open set (S, A) such that:

—_—

Ve (S, 4) Cpy (G, A)).
This implies that pz;l((G,/E)) is open and cosequently, we get py, is continuous. [J

Proposition 3.7. Let a € A be fized, and x € (X, ), then e,(x) is an idempotent of
(B(X,1,A),®) if and only if x is an idempotent in (X, *).



Proof. Let e,(z) € (B(X,7,A),®). Then

eo(7) ®eq(x) = eu(r) & eu(r*xx) = ey(x)
& rxr=1

<z is an idempotent in (X, ).

Theorem 3.2. (B(X,7,A),®) is a semitopological semigroup.
Proof. Using Theorem (3.1) and Propositions (3.5), (3.6). O

Theorem 3.3. Let (X, *) be a semigroup. Given two soft ultrafiltersU,V on (X, T, A),
UV ={(G,A): (G, A)%(F,A) el for some (F,A) €V}

Then (B(X, 1, A),©) is a semitopological semigroup. Moreover, if (X, *) is a group,

then © extends the operation x on X.

Theorem 3.4. Let (X, %) be a semigroup andY be a subgroup of X. Then B(Y, 1y, A)

is a subsemigroup of B(X, T, A)

Theorem 3.5. Let (X, x) be a semigroup. Given two soft ultrafiltersU,V on (X, T, A),
define d ©V collection of all

UV ={(G,A):(G,AT(F,A) €U for some (F,A) € V}.
Then ((B(X,7,A),®) is a semitopological semigroup.
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