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Abstract: Keywords:

In this paper, we present new results of the spectrum of elements of a

complex normed hyper-algebra. Also, we study the unitization and the quasi- multiplicative

inverse of a normed hyperalgebra without a unit element. Moreover, we hyperalgebra, spectrum,
prove that if X is a complex normed normal hyperalgebra without a unit unitization, inverse,
element and Y is the unitization X + C of X. Then oY ((x, 0)) < oX(x). quasi-inverse.

Banach  hyperalgbera,

1. Preliminaries and Introduction

The beginning of algebraic hyperstructures theory due to a France mathematician F. Marty in
[2] in 1934 who define the hypergroups in his paper at the eight congress of Scandinavian
mathematician in Stockholm. He introduced the concept of hypergroups as a generalization
of groups and used it in different contexts like al-gebraic functions, rational fractions and
noncommutative groups. After few years, many of hyper algebraic cocepts appear such that,
canonical hypergroups, regular hypergroups, Krasner hyperrings, multiplicative hy-perrings,
hyperfields and many other concepts. Despite the abundance of content of algebraic
hyperstructure but the papers in the analytic hyperstructure are very poor. The concept of
hypervector spaces was first intro-duced by M. S. Tallini in [4]. Also, she defined the normed
hypervector space in 1990 in [4] which forms a fundamental base of this paper. Recently, A.
Taghavi and R. Parviniazadeh define the Banach hyperalgebra in [7]. They study the
spectrum of elements in a unital Banach hyperalgebra, and they consider the w-linear
functionals on this hyperalgebra. Also, in 2016 they prove the Gelfand theorem for Banach
hyperalgebras in [3]. In this paper, we are interesting in a normed hyperalgebra, specially for
a Banach hyperalgebra which is a complete normed hyperalgebra. We focus our attention
for studying the inverse and the spectrum of elements on a Banach hyperalgebra which have
a unit element. For hyperalgebra without a unit element, we adjunct the unit element by the
unitization and by using the concept of quasi-inverse in order to study the inverse and the
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spectrum of elements on it. Let us begin with the definition of a normed hypervector space which introduced
by M. S. Tallini [4] where the symbol P*(X) is referred to the family of all nonempty subsets of X.

Definition 1.1. [8] Let F be a field and (X, +) is an abelian group. A hypervector space over F' is a quadruplet
(X, 4,0, F)whereo : Fx X — P*(X) such that forall x,y € X and forall a,b € F the following conditions
hold:

1. (a+b)oxC(aox)+ (box)

N

ao(zx+y)C(aoz)+ (aoy)

w

ao(box)=(ab)ox

4. (—a)ox=ao(—z)=—(aox)

5. x € 1 ox, where 1 is the identity element of F.
Remark 1.2. /8]

1. The sum of (a o x) + (b o x) is meant in the sense of Frobenius, that is,

(aox)+ (box)={s+t:se(aox),t e (box)}

2. A hypervector space is called anti-left distributive if the inverse inclusion in Definition 1.1 condition 1
holds, that is,
(a+b)ox D (aocx)+ (box)

and strongly left distributive if equality in Definition 1.1 condition 1 hold, that is,
(a+b)ox=(aox)+ (box)

Similarly, a hypervector space is called an anti-right distributive and strongly right distributive hyper-
vector spaces if the inverse inclusion and equality in Definition 1.1 condition 2 hold, respectively. Finally,
a hypervector space is called strongly distributive if it is both strongly left and strongly right distributive.

3. In Definition 1.1 condition 3, ao (box)={t:t € (aoy), suchthat y¢€ (box)}.

Definition 1.3. [9] Let X be a hypervector space over a field F' and Y be a nonempty subset of X. Then'Y is
called a subhypervector space if the following two conditions hold for all x,y € Y and a € F':

l. x—yeY
2. aox CY

Definition 1.4. [4] Let X be a hypervector space over a hyperfield F. A pseudonorm on X is a mapping ||.||
: X — Rsuch that for all x,y € X and a € F the following peoperties hold..

Lo =0,

2. o+ yll < llzfl+ [yl



3. sup [lao x| = |al. [|z[|,  wheresup|laocz| = sup{||t] : ¢ € aox}.

A pseudonorm on X is called a norm if the following condition satisfied, ||z|| = 0 if and only if x = 0.

Remark 1.5. In order to the third condition of a pseudonorm be well defined, we must assume that a o  is a
closed and bounded subset of X.

By [13], for z in a normed hypervector space (X, +, 0, ||.||, F') and € > 0, the open ball B¢(x) is defined
by Be(z) = {y € X : ||z — y|| < €}. The set of all open balls {B.(z) : z € X,e > 0} form a basis for the
topology on X which induced by this norm.

Definition 1.6. [11] Let (x,,) be a sequence in a normed hypervector space (X, +,0,|.||, F'). This sequence
converge to a point v € X, if for every € > 0, there exists a positive number m such that ||x,, — x| < ¢, for
every n. > m and we write lim,,_,oc T, = x < limy, 0 ||z, — z|| = 0.

Definition 1.7. [11] Let (X, +, 0, ||.||, F) be a normed hypervector space. A sequence (x,) in X is said to be
a Cauchy sequence if for every € > 0, there is N € N such that ||z, — z,|| < €, for every m,n > N.

Definition 1.8. [10] Let (X, +,0, F), (Y, +, 6, F) be two hypervector spaces over a field F. A homomorphism
between X and Y is a mapping f : X — Y such that for all a € F and x,y € X f satisfies, f(x +y) =

f@)+f(y) andf(aoz) C adf(z).

Also, in [10] a strongly homomorphism is a homomorphism such that the equality in the second condition
holds, that is: f(a o z) = aéf(x).

Definition 1.9. [11] Let (X, +,o0, ||.||, F), (Y, +, %, HH, F') be two normed hypervector spaces over F. A ho-
momorphism or a strongly homomorphism f : X — Y is said to be bounded if there exists K > 0 such that
| f(@)|| < K. ||z||, for every x € X.

Theorem 1.10. [11] Let (X, +1, 01, ||.||l1, F), (Y, +2, 09, ||.||2, F') be two normed hypervector spaces and f :
X — Y a strongly homomorphism. Then the following are equivalent:

1. f is continuous,
2. fis continuous at xy € X,
3. fis bounded.

Definition 1.11. [11] Let (X, +,0,|.||, F), (Y, +, ¢, ||H, F') be two normed hypervector spaces over F. For a

bounded strongly homomorphism f : X — Y, we define the norm on f by: HfH = sup { sup ||f(ﬁ ox)| :
0#x€ X}

Remark 1.12. [11] In the previous Definition 1.11,

, 1’
£l = Sup{sup\lf(m oz)||:0#x€ X}

’

= nf{K : |[f(2)|| < K|[z[|, Yz € X}



Theorem 1.13. [11] Let (X, +1,01,||.|l1, F), (Y, 42,092, ||.||2, F') be two normed hypervector spaces and | :
X — Y a strongly homomorphism. Then the following are equivalent:

1. f is continuous
2. f sends Cauchy sequences in X to Cauchy sequences in'Y
3. f sends convergent sequences in X to convergent sequences in'’Y’

Proposition 1.14. Let By, (X, X) be the set of all bounded strongly homomorphisms from a hypervector space
X into itself. Then B (X, X) is a hypervector space with the usual operation of addition defined by,

(T + S)(x) =T(x) + S(z)
, and the hyperscalar multiplication defined by,
(aoT)(x)={S € Bp(X,X):S(x) €aoT(x),Vr e X}.

Proof. We will prove the conditions of a hypervector spaces as follows, let x € X, a,b € Fand T,T1,T5 €
B (X, X). Then,

I. ((a+b)oT(z))=T((a+b)ox) CT(aox+box)=T(aox)+T(box) = (aoT(z))+ (boT(z)),
2. ao(Ty +T)(z) = (T1 + Ta)(aoz) =Ti(aoxz) +Th(aoz) =aoTi(z) +aoTh(z)
3. ao(boT(z))=aoT(box)=T(ao(box)) =T((aob)ox)="T((ab)ox) = (ab) o T(x),
4. —aoT(z) =T(—aoz)=T(ao—z) =aoT(—z) =ao—T(z),
5. Since z € 1 o x, we have, T'(x) € T(1 o x).
n

Definition 1.15. [12] A hyperBanach space X is a complete normed hypervector space. That is, every Cauchy
sequence in X is convergent.

Theorem 1.16. Let X be a hyperBanach space. Then, By(X,X) the hypervector space consisting of all
bounded strongly homomorphisms from X into itself, is a hyperBanach space with a norm defined by,

1
I = supfsup T (o o 2)]| 0 2 € X)

Proof. Let (T},)nen be a Cauchy sequence in By, (X, X). Then for any € > 0, there exists K € N such that
| T, — Tin|| < e, forall n,m > K. Since T,,, T, are bounded strongly homomorphisms,

[T () = T ()| = (T = Tn) (@) | < T = Ton[[l|]] < ell]].
Now, for any fixed € X and given € > 0, choose € = ¢, such that e,||x| < é and so we have,
[T () = Trn(2) || < el < é.

Thus, (T,,(x))nen is a Cauchy sequence in a hyperBanach space X and so (7},(z))nen converge to y € X.
Define T': X — X by T'(z) = y = limy,—,00 T, (x). Now for any scalar a € F and z, z € X we have,



1. T(x+ z) = limy o0 T (z + 2) = limy—s00 T (x) + limy 00 T (2) = T'(2) + T'(2)
2. T(aox)=limy 300 Tn(aox) =lim, oo aoTy(x) =aolim, o0 Th(x) =aoT(x).

Thus, T is a strongly homomorphism form X into X. Now by the first equation we have, ||T,,(x) — Tp,(z)|| <
T, — Timlll|z]| < €]|z]| and by letting m — oo we have ||T,, — T'(x)|| = ||Th(z) — T(x)|| < €l|z|| and so,
T, — T is bounded for n > K and T,, is bounded which implies, T' = T,, — (T,, — T) is bounded. Thus, T ia
a bounded strongly homomorphism form X into X and hence, T' € By, (X, X). Also, by the second equation,
we have, for all n > K,

(T — T) ()|

||Tn—T||:sup{H 0#ze X} <e

]

Hence, (T}, )nen converge to T' € By (X, X) and therefore, By, (X, X) is a hyperBanach space. [ |

2 Banach Hyperalgebra

Depending on the definition of a hypervector space which introduced by M. S. Tallini [8], R. Parvinianzadeh and
A. Taghavi [7] study the hyperstructure on algebra by giving the definition of a hyperalgebra in [7]. Moreover,
using the definition of normed hypervector space which studied by M. S. Tallini [4] , they give the definition
of Banach hyperalgebra in [7] and [3]. In this section we present the definition of hyperalgebra and Banach
hyperalgebra and give a new example of a Banach hyperalgebra.

Definition 2.1. [7] Let (X, +, 0, F') be a hypervector space over a field F. Then X is called a hyperalgebra
over the field F' if there exists a mapping . : X x X — X of (x,y) into x.y € X such that:

1. (xy).z =x.(y.2)

2. (x+y)z=z2+y.2

3 z(y+z)=zxy+x.z

4. (cox)y=co(zy)=x.(coy)Vr,y,z € X,Vc e F.

Let X be a hyperalgebra and Y be a nonempty subset of X. Then Y is said to be a subhyperalgebra of X
if Y is a subhypervector space such that .y € Y whenever z,y € Y.

Definition 2.2. [7] A normed hyperalgebra is a hyperalgebra which is normed as a hypervector space and in
which ||z.y|| < ||l [yl

Definition 2.3. /7] A Banach hyperalgebra is a complete normed hyperalgebra.
A Banach hyperalgebra is called real or complex when the underlying hyperalgebra is real or complex.

Proposition 2.4. Let X be a hypervector space and By (X, X) be the set of all bounded strongly homomor-
phisms operators on X into itself. Then By(X, X) is a hyperalgebra with the usual operation of addition
defined by, (T+ S)(x)= T(x)+ S(x), the hyperscalar multiplication defined by, (a o T)(x) = {S € Bp(X, X) :
S(xz) € aoT(x),Yx € X}. and the multiplication operation defined by T.S(x) = T'(S(x)).



Proof. By the Proposition 1.14, By, (X, X) is a hypervector space and so it remains to prove the axioms of
hyperalgebra. For any S, T, U € B (X, X) and a € F as follows,

1. (S.7).U(z) = (S.T)(U(z)) = S(T(U(z))) = S(T(U(z))) = S.(T.U)(),

2. (S+D).U(x)=(S+T)(U(x)) =SU(x))+T(U(x)) = ((S.U)+(T.U))(x), this hold by definition
of addition on By (X, X).

3. S.(T+U)(x) = S(T(x) +U(x)) = S(T(x) + U(x)) = S(T(x)) + SU(x)) = (5.T) + (5.U))(x),
this hold because the operators in By, (X, X)) ere strongly homomorphisms.

4. (a0 8).T(z) = (a0 8)(T(x)) =
homomorphisms. Also, S(a o T'(z))
(S.T)(xz) =S.(aoT)(x)

S (a T(z)) = S.(a o T)(z), holds by the properties of strongly
=ao(S(T(x))) = ao (S.T)(x). Thus, (a0 S).T(z) =ao

Corollary 2.5. Let X be a Banach hypervector space. Then By(X, X) is a Banach hyperalgebra with the
operation mentioned in Proposition 2.4.

Proof. By Proposition 2.4, B (X, X) is a hyperalgebra and by Theorem 1.16 , B, (X, X) is a hyperBanach
space. Also, for any S, T € By(X, X), we have, [[(ST)(x)]| = ||S(T(x))|| < |SIIT()] < |S]IT]]] and
so, ||[ST|| < [|S||||T]|]. Thus, By (X, X) is a Banach hyperalgebra. [ |

3 Inverses

The aim of this section is to study the behavior of inverses in Banach hyperalgebra containing the identity
element. Let us firstly begin with the definition of the essential point which introduced in [5] for the first time
on weak hypervector space and we use the same definition on hyperalgebra.

Definition 3.1. Let X be a hyperalgebra over a field F' such that a € F and x € X. Then, an element
Zaow € @ O x is called an essential point of a o = if and only if v € a™' 0 240, Wwhen a # 0 and for a = 0,
Zaoz = 0.

Remark 3.2. The essential point z,., for a o x in a hyperalgebra is not unique. The set of all essential points
for a o x is denoted by Z ;.

Definition 3.3. [7] A hyperalgebra X is called a normal hyperalgebra if the following two conditions holds
fora,be Fandx,y e X

1. Z(atb)oz = Zaox t Zbows
2. Zao(z+y) — Raox + Zaoy-

The following Lemma used in [5] for the normal weak hypervector space and we will use it for normal
hyperalgebra. The proof of this Lemma is similar for the two cases so we delete it.



Lemma 3.4. Let X be a hyperalgebra over a field ' such that x € X and a € F. Then, if X is normal, then
Zaoq 1S a singleton.

Proposition 3.5. [7] Let X be a normed hyperalgebra and x € X, a € F'. Then there exists an essential point
Zaox € @ © x has the property || Zgoz|| = sup |la o z||.

Definition 3.6. [7] Let X be a hyperalgebra. An element e € X is called an identity or a unit if for every
x € X, ex = z.e = x. In this case, we say that X is a unital hyperalgebra.

Definition 3.7. [7] Let X be a unital hyperalgebra. An element x € X is said to be invertible if it has an
inverse in X, that is, there exists an element x—1 € X such that, x.x =" L x = e, where e is the identity
element in X.

=

Remark 3.8. [7] In a unital hyperalgebra X,
1. Any nonzero element x in X, has at most one inverse,

2. The set of all invertible elements is denoted by Inv(X). The complement of Inv(X) in X is the set of
all non invertible elements in X and it’s denoted by Sing(X).

Lemma 3.9. [7] Let (X, ||.||) be a Banach hyperalgebra. If x € X with ||z|| < 1, then (e — x) € Inv(X).

Lemma 3.10. [7] Let (X, ||.||) be a Banach hyperalgebra. Then, Inv(X) the set of all invertible elements in
X, is an open set in X.

1

Lemma 3.11. [7] Let (X, ||.||) be a Banach hyperalgebra. Then, the inversion x — x~" is continuous on

Inv(X).

Definition 3.12. [7] Let X be a hyperalgebra and x € X. The spectrum of x, is denoted by ox (x) or simply
o(x), is the set of all complex numbers X such that (zyoe — ) € Sing(X). That is,

o(x) ={A € C: (2roe — ) € Sing(X)}
The complement of o(x) in C is called the resolvent of x and it’s denoted by p(x).
Theorem 3.13. [7] Let (X, ||.||) be a Banach normal hyperalgebra and x € X. Then o(x) is nonempty.

Theorem 3.14. [7] Let (X, ||.||) be a Banach normal hyperalgebra and x € X. Then o(z) is bounded in C
and is contained in the closed disk {\ € C : |\| < ||z| }.

Definition 3.15. Let (X, ||.||) be a normed hyperalgebra with x € X. The spectral radius of x, denoted by
r(x), is defined by
r(z) = inf{[[z"|7 :n=1,2,..}.
The following Theorems which discuss the spectral radius and the formula of the inverse of elements in a
normad hyperalgebra and it’s proof similar to the Theorems in a normed algebra.

Theorem 3.16. Let x be an element of a normed hyperalgebra (X, ||.||). Then

. 1
r(x) = Jim [l



Proof. Letn = r(x)and e > 0, then 7+ € is not a lower bound. So there exists k£ € N such that H:ckH% <n+e.
Now for any n € N, there exists p(n), ¢(n) such that n = p(n)k + g(n) where p(n) > 0and 0 < ¢(n) < k—1

p(n)k a(n) _

and hence, lim,, =1 and lim;,—, =~ = 0. Therefore,

2] = P | = [P CR| 21| < (k)P ) 1)

So,

(n) (n)
lim [l2"|7 < lim (28] lim (|25 < [l2FF 1 <nte.
n—oo n—o0 n—oo
But € > 0 is arbitrary which implies, lim,, o ||:1:”H% <.
Conversely, 7 = inf{[|z"||= : n = 1,2,..} < [|2"||* and s0 1 < limy_ye0 ||2"||7. Thus, limp,_ec [|2"||

n=r(x).

Theorem 3.17. Let (X, ||.||) be a Banach hyperalgebra with a unit element and v € X such that r(z) < 1.
Then, (1 —x) isinvertibleand (1 —z) '=1+3 2% a"

Proof. Since r(z) < 1, there exists v > 0 such that r(z) < 7 < 1 and so lim,_ ||:c”\|% < ~ which
implies, for sufficiently large n, ||:U”||% < 7 and [[2"]] < 4™ < 1. Hence, Y .~ |lz"| is convergent and
so y 2 ,x™ is absolutely convergent in a Banach hyperalgebra X which implies, Y 2 2" converges with
sums € X. Lets, = 1+ 2+ 2%+ ...+ 2" L, then s,, — sand ||z"| — 0 as n — oo and so we have,
limy, 00 (1 — )8y, = limy 00 Sp(1 — ) = lim,,,00(1 — 2™) = 1 and hence, (1 — z)s = s(1 — z) = 1. Thus,
(1 —x)isinvertible and (1 —2)71 =372 (a2 =143 2™ |

Corollary 3.18. Let (X, ||.||) be a Banach hyperalgebra with a unit element and x € X such that |1 — x| < 1.
Then, x is an invertible element in X.

Proof. Since r(1 — z) < ||1 — z|| < 1, so by Theorem 3.17, 1 — (1 — &) = z is an invertible element. [ |

4 Quasi-Inverse in Banach hyperalgebra

We study the inverse of elements in Banach hyperalgebras without a unit element by two methods. The first
way is by the adjunction of a unit element. The second method is by using the concept of quasi-inverse. Here
we present the two methods as follow:

Definition 4.1. Let (X, +,0, F') be a hypervector space over a field F. Then X is called a multiplicative
hyperalgebra over the field F' if there exist a hypermultiplication operation  : X x X — P*(X) of (x,y) into
xxy € P*(X) such that:

I (zxy)*z=x*(y*2z)
2. (z+y)*z=xzxz+yx*z
S rxx(y+tz)=xxyt+azxz

4. (cox)xy=co(x*y)=z*(coy)Vr,y,z€ X,Vce F.



Let X be a multiplicative hyperalgebra and Y be a nonempty subset of X. Then Y is said to be a multi-
plicative subhyperalgebra of X if Y is subhypervector space such that z x y C Y whenever z,y € Y.

Definition 4.2. A normed multiplicative hyperalgebra is a multiplicative hyperalgebra which is normed as a
hypervector space and in which sup ||z x y|| < ||z|| ||y||, where sup ||z x y|| = sup{||z]| : z € z * y}.

Definition 4.3. A Banach multiplicative hyperalgebra is a complete normed multiplicative hyperalgebra.

A Banach multiplicative hyperalgebra is called real or complex when the underlying multiplicative hyper-
algebra is real or complex. Also, any hyperalgebra is a multiplicative hyperalgebra.

Definition 4.4. Let X be a multiplicative hyperalgebra. Then,

1. Anelement e € X is said to be a left (right) weak identity if v € exx(x € x xe) for x € X. An element
e is called a weak identity element if it is both left and right weak identity element.

2. Anelement e € X is said to be a left (right) scalar identity if there is v € X such that {x} = exx({z} =
x *e) forall x € X. An element e is called a scalar identity if it is both left and right scalar identity
element.

3. An element x is called left (right) invertible with respect to a weak identity e, if there is y € X such that
e € yxx(e € xxy). An element x is called invertible if it is both left and right invertible.

Definition 4.5. Let X,Y be two multiplicative hyperalgebras over the same field F. A mapping f : X — Y is
called:

1. Homomorphism if and only if

o flxt+y)=flz)+fy)
o f(Aox) C Ao f(z)
o f(xxy) C f(x)x f(y) forallz,y € X, \ € F

2. Strongly homomorphism if and only if

o flzt+y) =[f()+f(y)
e f(\ox) = Ao f(x)
o flxxy)= f(x)x f(y) forallz,y e X, \€ F

3. Strongly isomorphism if and only if f is a bijective Strongly homomorphism.

Definition 4.6. Ler X,Y be two normed multiplicative hyperalgebras over the same field F. A mapping
f X — Y is called an isometric strongly isomorphism of X onto Y if f is a strongly isomorphism of the
hyperalgebra X onto the hyperalgebra Y and is also an isometric map of the metric space X onto the metric
space Y. ie (|| f(x) — f(y)|| = |lx — yl||) which is equivalent to || f (x)|| = ||z]|.

Definition 4.7. The unitization of a normed hyperalgebra X over a field I is denoted by X + F' is the normed
multiplicative hyperalgebra consisting of the set X x F with operations of addition, hyperscalar multiplication
and hypermultiplication defined as follows for all x,y € X and o, € F':



1 (z,0)+ (y,8) = (z+y,a+pB)
2. Bo(z,a)={(u,ap):u€ Boux}
3. (x,)x (y,B) ={(zy + s+ t,af) : s € fox,t € aoy}

and with a norm defined by ||(z, )| = ||z|| + |«
Remark 4.8. X + F' is a normed multiplicative hyperalgebra with a weak identity (0, 1) such that ||(0,1)|| = 1.

Proof. Firstly, sup ||(z,a) * (y, B)|| = sup{||(zy + s+ t,ap)| : s € Box,t € aoy} = sup{|zy+ s+
t|+laBl:s € Bowx,t € aoyt < |lzy+ [Blllzll + |alllyllll + [aB] < llzyll + |Bll|z]| + |ellyl + [aB] <
2yl + Bzl + [alllyll + laB] = (]l + [« (lyll + [8]) = (z, @)[[[(y, B)||. Thus, X + F'is a normed
multiplicative hyperalgebra. Secondly, since (z, ) € (0,1) x (z,) = {(0.z + s+ ¢,1l.a) : s € 0o a,t €
loz} ={(t,a): t € loz}andx € lox then (z, ) € (0,1)*(x, ). Similarly,(z, @) € (z,a)*(0,1). Thus,
(0, 1) is a left and right weak identity and hence, (0, 1) is a weak identity. Finally, ||(0,1)]| = [|0]|+|1]=1 ®

Remark 4.9. The mapping T : X — X + F given by T'(z) = (x,0) is an isometric strongly isomorphism of
X onto hypersubalgebra of X + F.

Proof. Let X be a hyperalgebra and S = {(x,0) : x € X}, then S is a hypersubalgebra of X + F because for
any (x,0), (y,0) € Sand a € F we have, (z,0)+(y,0) = (z+y,0) € S, ao(z,0) = {(2,0) : z € oz} C S
and (z,0)(y,0) = {(zy+s+t0):s€0ox,t € 0oy} = {(ry,0)} C S Nowdefine7T : X — Sbea
mapping defined by 7'(x) = (x,0) Then

1. Let (x,0) € S, then there is x € X such that T'(x) = (x,0). Hence, 7" is an onto map.

2. Leta, 5 € Fand x,y € X. Then
o T(z+y) = (r+y,0) = (2,0) + (y,0) = T(x) + T(y)
o T(aoz)={T(w):veaox}={(v,0):ve€aoz}={(v,a.0):vE€aox}=ao0T(x).
o T(z.y) = (xy,0) and (z,0) x (y,0) = {(v,0) ;v =2y +s+t:s€0ox,t € 0oy} =(vy,0).

Thus, T'(z.y) = (2y,0) = (z,0) * (y,0) = T'(z) x T'(y).
Therefore, T is a strongly homomorphism.
3. Consider || T'(x)| = ||(z,0)|| = |||| + |0] = ||z||. Thus, T is an isometric map and so 7" is a 1-1 map.

Therefore, X is an isometric strongly isomorphism from X onto a hypersubalgebra S of X + F. |

Definition 4.10. Let X be a hyperalgebra without a unit element and .,y be elements in X. The quasi-product
of x,y is the element x e y of X defined by
rTey==r+y—TY.

It’s clear that for any x,y,z € X, we have (rey)ez =z e (yez)andze() = 0 ez = z. Thus, a
hyperalgebra without a unit element together with its quasi product is a semi group with identity 0.
In the following paragraph,we shall define the quasi-inverses which are the inverses of elements with respect to
this semigroup.



Definition 4.11. Let X be a hyperalgebra without a unit element and x € X. An element y € X, is called a
left quasi-inverse of x if y @ x = 0. Also, an element z € X is called a right quasi-inverse of x if r e z = 0. A
quasi-inverse of x is an element in X which is both a left quasi-inverse and a right quasi-inverse of .

A quasi-invertible element is an element which has a quasi-inverse and the other elements which don’t have
a quasi-inverse are called quasi-singular elements. Similarly, z is called a left or (right) quasi-singular if it is has
no left or (right) quasi-inverse respectively. Moreover, if = has a left quasi-inverse y and a right quasi-inverse
z.Theny =ye0=yeo(zez)=(yoexr)ez=002=2.

Remark 4.12. The set of all quasi-invertible elements of a hyperalgebra X is denoted by g-Inv(X). Also,
q-Sing(X) denotes to the set of all quasi-singular elements in X.

Proposition 4.13. Let X be a hyperalgebra and x,y € X. Then:

1. If X without a unit element and x has the quasi-inverse y in X then, (0,1) — (x,0) has the inverse
(0,1) — (y, 0) with respect to a weak identity (0,1) in X + F.

2. If X has a unit element then x has a quasi-inverse y in X if and only if (1 — x) has an inverse (1 — y)
in X.

Proof. 1. Let x has a quasi inverse y in X, thenx ey =yex =0thatisc +y —axy =y +x —yx = 0.
Consider ((0,1) — (y,0)) % ((0,1) — (x,0)) = (—-y,1) x (—z,1) € X + F, then (—y,1) x (—z,1) =
{lyr+s+t,1l):se€lo—ytelo—z}tbut—zr€lo—zrand —y € lo—y. So(zy —y—ux,1) €
(—y,1) % (—x,1) and so (0,1) € (—y,1) x (—=,1). Similarly, (0,1) € (—z,1) * (—y, 1) and hence,
(0,1) — (x,0) has the inverse (0,1) — (y, 0) with respect to a weak identity (0,1) in X + F'.

2. Similar to the above prove.
|

Proposition 4.14. Let X be a hyperalgebra and x,y € X. Then, if xy is left or right quasi-invertible, then yx
is also left or right quasi-invertible respectively.

Proof. Let xy be a left quasi-invertible, then there exists z € X such that zyez = 0. Now consider yz e (yzx —
yx) = yr + yza — yr —yx(yze —yx) = yze —yx(yze —yx) = y(z —x(yz —y))z = y(z — zyz + zy)z =
y(zy @ z)x = y.0.x = 0. Thus, yz is a left quasi-invertible and it’s left quasi-inverse is yzax — yz. Similarly
the right quasi-invertible case. n

Theorem 4.15. Let x be an element in a Banach hyperalgebra X with a unit element such that r(x) < 1. Then,
x is a quasi-invertible and x* = — Y | x"". Where x* denotes to the quasi-inverse of .

Proof. Letr(x) < 1,then (1—z) isinvertible in X and r((x,0)) = lim,,— ||(z, 0)”]\% = lim,, o0 || (2™, O)H%
lim;, 00 Ha:"H% =r(z) <1.Sor((z,0)) < 1in X + F which implies (0,1) — (x,0) is invertible in X + F
and this implies, by Proposition 4.13, z is a quasi-invertible in X. Now, ((0,1) — (2,0))"! = (~z,1)"! =
(0,1) + > (2,0)" = (0,1) = > 02, —(z,0)" = (0,1) — (—>_>2;(z™,0)). Hence, by Proposition 4.13,

n=1

z* =5 —(z,0)" |

n=1"



S The Spectrum of Elements of a Complex Normed Normal Hy-
peralgebra

The purpose of this section is to study the spectrum of any element of a complex normed normal hyperalgebra
whether this hyperalgebra has or does not have a unit element. Let us begin with the following definition of the
spectrum.

Definition 5.1. Let X be a complex normed normal hyperalgebra and x € X. The spectrum of x is the set
ox(z) of a complex numbers defined as follows:

1. If X has a unit element, then ox (x) = {\ € C : 2)oc — x € Sing(X)}

2. If X doesn’t have a unit element, then
ox(z) ={0} U{X € C/{0}: zy-10, € ¢ — Sing(X)}

Where zyoe and zy-1,,, are the essential points of X o e and \™1 o x respectively.

Proposition 5.2. Let X be a complex normed normal hyperalgebra and x € X. If Y is the unitization X + F
of X. Then, v € ¢ — Sing(X) if and only if (z,0) € ¢ — Sing(Y).

Proof. (=) Let (x,0) ¢ ¢ — Sing(Y), then there exists (y,n) € Y such that (x,0) e (y,7) = {(0,0)} and so,

(,0) + (y,n) — (z,0) x (y,n) = {(0,0)}

which implies
{@+y,m} —{ly+s+t,0):senowtcooy} ={(0,0)}

and hence,
{(z+y—(zy+s+t),n):senox,t€ooy}t={(0,0)}

which implies, 7 = 0,¢t € ooy = {0} andsot =0and s € nox = 0ox = {0} implies s = 0. Thus we
have x + y — zy = 0 which means, z ¢ y = 0 and so, z € ¢ — Inv(X). Thus, by contrapositive we have, if
x € q— Sing(X), then(x,0) € ¢ — Sing(Y).

(<) Letx ¢ g — Sing(X), then there exists y € X such that x e y = 0. Now consider,

(,0) @ (y,0) = (x,0) + (y,0) = (2,0) % (,0)
but (z,0)(y,0) = {(zy +s+1,0): s€0ox,t €00y} = {(zy,0)}. So,
(z,0) @ (y,0) = (,0) + (4,0) = (2,0)(y,0) = {(z +4,0)} = {(2y,0)} = {(z +y —2y,0)} = {(z 0y,0)}

Since x @ y = 0, we have (x,0) e (y,0) = {(0,0)} and thus, (x,0) € ¢ — Inv(Y"). By contrapositive, we have,
if (2,0) € ¢ — Sing(Y), then z € g — Sing(X). Hence,

x € q — Sing(X) if and only if(z,0) € ¢ — Sing(Y).



Proposition 5.3. Let X be a complex normed normal hyperalgebra such that X doesn’t have a unit element
and let Y be the unitization X + C of X. Then oy ((x,0)) C ox(x).

Proof. Case (1): If A =0 € oy ((x,0)), then 0 € ox(z) holds by the Definition 5.1.

Case (2): If 0 # A\ ¢ ox(x), then zy—1,, ¢ g — Sing(X). Thatis zy-1,, € ¢ — Inv(X). By Proposition
4.13,(0,1) = (2x-10g,0) € Inv(Y). Since A # 0, A(0,1) — A(2)y-10z,0) € Inv(Y') which implies, A(0,1) —
(2,0) € Inv(Y) and so, A ¢ oy ((x,0)). Thus, oy ((x,0)) C ox(x). [ |

Proposition 5.4. Let z,y € X. Then, ox(zy)/{0} = ox(yx)/{0}.

Proof. Since \ € ox (vy)/{0} if and only if 2)-1,, € ¢—Sing(X) and this holds if and only if Ao z)-1,, C
q— Sing(X),but Ao zy-154,, = Ao Atoxy =102y and since zy € 1 0 2y, we have. 2y € ¢ — Sing(X).
By Proposition 4.14, zy € g — Sing(X) if and only if yz € ¢ — Sing(X) and so for any A # 0, A\~ o yx C
q — Sing(X) and this holds if and only if z)-1,,, € ¢ — Sing(X) and thus, X € ox(yx)/{0}. |

Proposition 5.5. Let T be a strongly homomorphism from a hyperalgebra X into a hyperalgebra'Y such that
Zxow » Enoy are the sets of all essential points of Ao x in X andnoy inY respectively. Then, for zyop € Z)og,
we have T(2xoz) € Eror(a)-

Proof. Let T be a strongly homomorphism from the hyperalgebra X into the hyperalgebra Y and consider an
essential point z)., in X. In order to prove T'(zyoz) € F AoT'(z) We need to prove that T (zx0z) 1s an essential
point of A o T'(z). Thatis, T(2)0z) € Ao T'(x) and T(x) € A~! 0 T(2x0z).

Firstly, since z)o, € Aox, then T'(2)0,) € T'(Aox) and T'is a strongly homomorphism, so T'(Aox) = AoT'(x).
Thus, T'(2)0r) € Ao T'(z).

Secondly, since A\ox = 1o Xox = 10 z), and T is a strongly homomorphism, A o T'(x) = T'(Aoz) =
T(1o2yog) = 10T (2)0z) and so A" Lo X0 T'(z) = A" o1 0T (2x0z) Which implies, 1oT(x) = A o T (2x0z).
But, T(z) € 1o T'(x). Thus, T(x) € A™! 0 T(2xo,) and therefore, T'(2x0z) € Exor(z)- |

Corollary 5.6. Let T' be a strongly homomorphism from normed normal hyperalgebra X into normed normal
hyperalgebra Y. Then, if zxo. is the essential point of A o x in X then, T'(2x0z) = Zxor(z)- That is T'(zxoz) is
the essential point of X o T'(x).

Proof. By the Proposition 5.5, T'(z).,) is an essential point of A o T'(x) in Y where Y is normed normal
hyperalgebra which implies the essential points are unique. Thus, 2xo7(z) = T'(2x0z)- |

Proposition 5.7. Let X be a complex normal hyperalgebra with a unit element. Let T be a strongly homomor-
phism of X into a normal hyperalgebra'Y with a unit such that T(1) is the unit element of Y. Then, for any
rze X, oy(T(x)) Cox(x).

Proof. Let A\ ¢ ox(z), then zy —x € Inv(X) and so there exists y € X such that (z) —z)y = y(z\—z) = 1.
Since 7' is a strongly homomorphism, T'(z)y — )T (y) = T'(y)T(zx—z) = T(1) and so (T'(zx) —T'(x))T(y) =
T(y)(T(zx) —T(z)) = T(1). By Proposition 5.5, T'(z)) is an essential point for A o 7'(1) and so we can write
T(2x) = zaor()- Hence, (2xor) — T'(2))T(y) = T(y)(2x0r1y — T(x)) = T(1) and T(y) € Y. Thus,
(2a0r1) — T(x)) € Inv(Y) and so A ¢ oy (T'(x)). |
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Conclusion

In this article we prove the set of all bounded strongly homomorphisms operators on a complete normed hy-
pervector space into itself is a Banach hyperalgebra as a new example of Banach hyperalgebra. Also, we prove
the formula of an invertable elements in a unital normed hyperalgebra. Then we define the unitization of a
hyperalgebra without a unit element and we show that the unitization is a multiplicative hyperalgebra with a
weak identity (0,1). Also, we study the quasi inverse of elements in a nonunital hyperalgebra. Finally, we
define the spectrum of elements in a normal hyperalgebra without a unit element and we prove that, if X is
a complex normed normal hyperalgebra without a unit element and Y is the unitization X + C of X. Then

oy ((x,0)) C ox(x).
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