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Abstract:
In this article we discuss an interesting idea related to

characterization of diskcyclicity phenomena. We use
the Diskcyclic Criterion to characterize the subsets I’
of C for which the notion of I'-supercyclicity coincides
with the notion of diskcyclicity. In particular , we give
a complete description of the subset I The necessity
and sufficiency conditions on the subset I' were
presented. Some examples were exhibited to illustrate
the proofs and the relationship among different
classes of the operators.
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1 Introduction

Let H be a separable complex Hilbert space, X be a separable complex Banach space and let B(X)
be the Banach algebra of all bounded linear operators on X. We will refer to the closed unit disk in
the complex plane by D, i.e. D := {~ € C; |y| < 1}, for other disks in the complex plane with radius
r > 0byD,, ie. D, :={y € C;|y| < r}, the open unit disk by U := {y € C;|y| < 1} and the
unit circle by T := {v € C;|y| =1}. For T'in B(X ), z in X, and I \ {0} a non-empty subset of the
complex plane C, we denote Orb(I'z, T') = {yT"x : v € I';n > 0}. We say that x is a I-supercyclic
vector for 7" if Orb(I'z, T') is dense in X and T will be called I'-supercyclic if it has a I"-supercyclic
vector. Recall that an element x in X is a hypercyclic vector for 7" if the set {7T"x : n > 0} is dense
in X, a supercyclic vector if the set {yT"z : v € C,n > 0} is dense in X and a diskcyclic vector
if the set {yT"x : v € D,n > 0} is dense in X. So, one can verify that a I'-supercyclic operator is
hypercyclic whenever I' = {1}, supercyclic if I' = C and diskcyclic if the set I' = D.

In this article we will refer to diskcyclic operator by D-supercyclic and the other types by the same
way corresponding to their subset I' C C, I'° is the interior of the set I'. Also when we say N we
mean the set {0,1,2,...}.

For z € (*(N) the unilateral forward shift is the operator F' defined by Fx = F(xg, 1, xa,...) =
(0,0, x1, To, ... ) and in terms of the canonical basis {e, },>o in *(N) is Fe,, = e,.;. The corre-
sponding operator in ¢*(Z) is the bilateral forward shift operator defined by F'(. ..,z 1, z0, 1,...) =
(...,T_9,T_1,Tp,...) and in terms of the canonical basis {e, }ncz in (*(Z) is Fe, = e,,1. On the
other hand the unilateral backward shift operator B on £%(N) is defined by,

Bz = B(xg,21,%g,...) = (x1,%2,3,...) and in terms of the canonical basis in ¢*(N) is Fe, =
en_1, where ey = (1,0,0,...). The corresponding operator on ¢*(Z) is the bilateral backward shift
operator defined by B(...,z_1, 29, 21,...) = (..., To,T1,Ta,...).

Let X = (*(Z) and {«,,} be a bounded sequence of positive numbers for all n € Z. The operator
F, € B(X) is called forward weighted shift operator if F,,(...,x_1,x¢,21,...) =
(..., 0T 9, 1T_1, X, ...). However, the operator B, € B(X) is called backward weighted
shift operator if B, (..., x_1, o, 1,...) = (..., @_1T0, ®pT1, 01T, . .. ).

Let {e,, }nez is the canonical basis in ¢*(Z), note that for eachn € Z and k € N,

n+k—1 n—k 1
Ffen = ( H a;)en+r has inverse operator as Béen = (H —)en—k-

n n—1 J

The class of weighted shifts is suitable for finding examples of different types of operators. So we
will depend on this family to construct our examples in this article.

The definition of hypercyclicity was already studied by G.D. Birkhoff [2] in 1922. Also he proved
the first characterization of hypercyclic operators which is a direct application of the Baire category
theorem. Now it is often referred to as Birkhoff’s transitivity Theorem [2]. In 1929 G.D. Birkhoff
[3] gave a historical example of hypercyclic operator. Later G.R. MacLane [13] found the same
phenomenon for the differentiation operator. In the beginning of eighteenth linear operators theory is
rapidly evolving in a branch of functional analysis, which was probably born in 1982 with the Toronto
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Ph.D. thesis of C. Kitai [8]. After that it has become rather popular by the efforts of many mathemati-
cians. In the early seventies, Hilden and Wallen [10] introduced the definition of supercyclicity. The
notation of diskcyclicity was already studied by Zeana [11].

One of the most important results from [11] was the Diskcyclicity Criterion.

Theorem (Diskcyclicity Criterion). [11] Let T € B(X). We assume that there exist two dense subsets
Xo, Yy C X, an increasing sequence (ny)ren C N, and maps S, : Yo — X such that for any x € X
and any y € Y the following holds:

1. T"x — 0as k — oo;

2. Sny — 0as k — oo;

3. TS,y = yask — oo.
Then T'is diskcyclic.

Later, in 2015 Bamerni, Kilicman and Noorani [1] presented a another equivalent version of the
Diskcyclicity Criterion.

Theorem (Second Diskcyclicity Criterion). [1] Let T € B(X). If there exists an increasing sequence
of integers (ny,)ren and two dense sets D1, Dy C X such that

1. for eachy € D, there is a sequence {z} in X such that x;, — 0 and Tz — v,
2. ||[T™z||||xk|| = O forall x € D;.
Then T' is diskcyclic.

Zeana [11] asked "Is every T-supercyclic operator a hypercyclic operator?”. Leén and Miiller
in [12] proved that T is a hypercyclic operator if and only if 7 is a T-supercyclic operator in the
following Theorem.

Theorem (Ledn-Miiller Theorem).
Let T € B(X). Then x € X is a hypercyclic for T if and only if x is a T-supercyclic for T.

It is worth to mention that, as a result of this theorem, Leén and Miiller proved that for any
complex number A with modulus 1, 7" is hypercyclic if and only if \7"is hypercyclic with the same
hypercyclic vectors. These results answering a question posed by Herrero [9].

It is important to highlight that when we enlarge the orbit or the scaled orbit of a such vector we
may lost the equivalency of the orbit and the enlarge orbit. For example if the vector z is a hypercyclic
vector for 7" then Orb(x,T') is dense in X . Now, if we enlarge Orb(z,T') by Orb(Dx,T) we can get
a D-supercyclic vector for 7" which is not a hypercyclic vector for 7. In other word, the two sets
Orb(z,T') and Orb(Dx, T') are not equivalent. To show some examples we recommend to see [1].

One of the general problems in this field is “what is the big set I' C C which is still ensure
diskcyclic phenomena.



In 2002 Feldman [7] investigated this problem in a different approach. He characterized the
hypercyclicity by research to the small sets that has orbit under 7' to still ensure the hypercyclicity.
He proved that the operator is hypercyclic if and only if there exist d > 0 and a vector x € ‘H having
a d—dense orbit.

In 2016, Charpentier, Ernst and Menet in [5] presented a wonderful characterization of the subset
[' C C that still ensure hypercyclicity. They say that the subset I' must be bounded and bounded away
from zero.

Later, in 2020 Charpentier and Ernst in [4] gave a complete characterization of the finite dimen-
sional subsets C' of any separable Hilbert space for which the notion of C-hypercyclicity coincides
with the notion of hypercyclicity, where an operator 7" on a topological vector space X is said to be
C-hypercyclic if the set 7"z : n > 0,z € C is dense in X. They gave a partial description for non
necessarily finite dimensional subsets.

Theorem. [5] A non-empty subset I of C is a hypercyclic scalar set if and only if '\ {0} is non-empty,
bounded and bounded away from 0.

So, it is natural to ask: Can these results be extended to the diskcyclic operators or not?
In this article we ask what is the biggest subset I' C C that still equivalent with .

Question 1. Is it possible to characterize the sets I' C C such that T is diskcyclic if and only if
Orb(T'z, T) is dense?

The main purpose of this article is to discuss Question 1. So in order to deal with Question 1 we
will present some properties of subsets of C. In fact, we will positively answering Question 1 and
give a necessary and sufficient conditions on that sets in C which still ensure diskcyclicity.

The article is organized as follows. In section 2 we give the inspired result that lead us to ask
Question 1 and search about a suitable answer. In section 3 we provide the necessity part of Theorem
A and in section 4 we present a sufficiency part of Theorem A. Finally, we give a conclusion in the
last section.

2 Main Results

In our work in this field we notice that, for any fixed positive real number r, and I' = [D,., the operator
T is I'-supercyclic if and only if 7" is D-supercyclic.

Theorem 2.1. Let r be a fixed positive real number. Then T € B(X) is a D-supercyclic operator if
and only if T' is a D,-supercyclic operator.

Proof.

Suppose that T"is a D,.-supercyclic operator with x as a D,.-supercyclic vector. Let e > 0 be given. For
any y € X, we have o € D, and n € N such that ||o1"x — ry|| < re, which implies r|| 21"z — y|| <
re. Thus, ||#T"z — y|| < . Clearly, |%| < 1. This shows that, for any ¢ > 0 and a non-zero y € X,
we have an element in {\7"z : n € N, A\ € D} such that |[\T"z — y|| < . In other word, the
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set {\T"x : n € N, A € D} is dense in X. Hence, T is a D-supercyclic operator with the same
D-supercyclic vector z. Conversely, suppose that 7" is a ID-supercyclic operator with D-supercyclic
vector z. Lete > 0 be given. Forany y € X, we have A\ € Dandn; € Nsuch that [A\T™z—1y| < <.
So, 1||rAT™z — y|| < £.Then, ||rAT™z — y|| < e. Clearly, [rA| < r. This shows that, for any ¢ > 0
and a non-zero y € X, we have an element in {\7"z : n € N, A € D,.} such that [|\T"z — y|| < e.
Hence, T is a D,.-supercyclic operator with the same ID,.-supercyclic vector . |

The results from [5] and Theorem 2.1 inspire us to reach the characterization of the big sets in C
that still ensure the diskcyclicity. In order to present this characterization we must investigate some
properties that subsets in C can enjoy it or not.

Definition 2.2. Let I" be a subset of C. T is said to be a diskcyclic scalar set if the following holds
true: For every complex Banach space X, every T € B(X) and every x € X

x is a I'-supercyclic vector for T if and only if x is a diskcyclic vector for T

We introduce a complete answer to the Question 1 by the following theorem.

Theorem A. A non-empty subset I of C is a diskcyclic scalar set if and only if T\{0} is non-empty,
bounded and 0 € T°.

3 NECESSARY PART OF THEOREM A

In order to prove Theorem A we begin by the first direction, that is, if I is a diskcyclic scalar set then
I"\{0} is non-empty, bounded and 0 € T"°. It is worth mentioning that, if T" is a diskcyclic scalar set
then obviously I'\{0} must be non-empty. So it remains to show that I" is bounded and 0 € I'°. We
will prove this direction by contraposition. By definition (2.2) it suffices to exhibit three examples.
The first example is a ['-supercyclic operator which is not a D-supercyclic operator whenever I is an
unbounded subset of C. The second example is a D-supercyclic operator which is not a I'-supercyclic
operator whenever 0 is in the boundary of the set I'. The last example is a D-supercyclic operator
which is not a I'-supercyclic whenever 0 ¢ T.

Example 3.1. Let T' be an unbounded subset of C. Then the backward shift operator B on (*(N) is
['-supercyclic but not D-supercyclic.

Proof. Itis well known that, for any non-zero vector x, the orbit Orb(x, B) = {x, Bz, B*x, B3z, ...}
is bounded by ||z||. So, there is no diskcyclic vector for B and hence B is not a diskcyclic operator.
We are going to show that B is a I'-supercyclic operator. So we want to find a I'-supercyclic vector
for B. Let coo(N) be the subspace of finite support vectors of ¢2(N) which is defined by cyo(N) =
{yr(4) € A(N) : Jjo € N such that y,(j) = 0,Vj > jo}. Recall that coo(N) is a countable dense
subspace of (*(N). For every k € N take y;, € coo(N) and define d(yx) = maz{j > 0 : yx(j) # 0}.
For any vector y € ¢*(N) we can find a sequence of vectors (yy.)ren in coo(N) such that ||yx — y|| — 0
as k — oo. Since I' is an unbounded set of C. Then we can construct an unbounded sequence
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(Y)ren C T such that for every yj, there is 4, such that ||--y.|| < g and R}i" k|| < 55 for every

t < k (which is possible because for any £ € N we can find a such v, that has suitable big modulus
such that || %y | = ly|| < 2%). Finally, we are going to construct a sequence of integers (1) gen as

1
el
mo = 0,m1 > mo+d(yo), me > my+d(y;) ....Ingeneral, my > mp_1+d(yp_1),k=1,2,3,....
Now, take the vector z = ) -~ %F miy., where F is the forward shift operator on /?(N). Recall that
17| = llyall. Hence, [|z]| = || 3250 5 F™all < 3220 mr ™ will = 220 5wl < 3220 5 =

2. Hence, r € (*(N). We claim that x is a T'-supercyclic vector for B. Let k € N. We have

v B™ x — yi|| =l B™* E ;F i — el = || E 73 FEMy — |
i=0 '*

i=0 *

=1 l%Bmkaiyi + %Bmkakyk —yt Y %BmkayzH

i<k >k

<> |=B™F yz-||+||%B F kyk—yk||+2|l73 FE |

i<k i>k

<0+0+ Z [ llyill (the first zero because my, > m; + d(y;))

ik [l

1 1 as k—o0
SZ?:? E—— 0.

as k—oo

For any y € (?(N), there is (yx)ren € coo(N) such that ||y, — y|| ——— 0. So we have,

as k—oo

e B™ 2 =yl < lB™x =yl + llye =yl ——— 04+0=0,
where, 7, € I'. Therefore x is a I'-supercyclic vector for B. |

The zero element plays an important role in the subset I'. It is worth mentioning that if I" is not a
closed subset of C and 0 ¢ T', then 0 may be in the boundary of I or 0 ¢ I'. Then we have two cases.
Now we consider the case when 0 ¢ I'.

Example 3.2. Let I be a subset of C and 0 ¢ T. Let B,, : (*(Z) — (*(7Z) be the backward weighted
shift operator with weight sequence

4 if n>0
Wy, =
1 otherwsise.

Then B, is D-supercyclic but is not I'-supercyclic.

Proof. Let T' be a subset of C such that 0 ¢ I'. It is not so hard to notice that the scaled or-
bit of any non-zero vector z € (*(Z), Orb(z, B,,) is bounded below by |z|| and Orb(T'z, B,) is
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bounded away from O because 0 ¢ T. So we can conclude that there are no I'-supercyclic vec-
tors for B, and hence B, is not I'-supercyclic. On the other hand we claim that the operator B,
is D-supercyclic. So we want to find a D-supercyclic vector for B,. Let coo(Z) = {yr € (*(Z) :
yx, has finitely many non-zero coordinates} be the countable dense subspace in ¢%(Z). For any k € N
take yr € coo(Z) and define d(yx) = max{j > 0 : yx(j) # 0}. Define the forward weighted shift
operator F), : (*(Z) —» (*(Z) with weight sequence

1 .
7 tfn=>0

1  otherwise.

Clearly, F, is the inverse operator of B,,. For every k € N we can construct a sequence of integers
(my)ken and a sequence (x)ren C D satisfying the three following statements:

L Py <

2. bl

vk |

BIMF™yi| < 55, when i > k.

3 il
Tl

BIMF ™y || < 35, when i < k,

In order to construct the above sequences, one can choose an arbitrary 79 € I and a suitable m,
satisfying (1). After that, there are many way to choose 1, ¥s, ... and my, mso, . ... Here we introduce
this procedure

1. Consider 7, and mg were chosen.
2. Take m; > m;_1 + d(y;i_1).

3. compute a; := mHB:}”iFgHyi,lﬂ.
4. Take v; € D such that ;] < 5.

5. Check if | 2 FT"y;|| < & and B=t!| BI"= Flyi|| < 3.
a. if 5 is not true, return to 2 and increases m;.

b. if 5 is true, put ¢ = ¢ + 1, return to 2 and continue the procedure.

Now, we can say that for every y; € coo(Z) we have a corresponding ~y;, € D and my.
After the construction of () e and my,, take the vector z = 377, = F'" yy. Clearly, v € (*(Z).

w

We claim that x is a D-supercyclic vector for B,,. Let k € N, y;, € coo(Z), we have the corresponding
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v € D and an integer m;, such that,

B = yell =l B (2 —F i) — e

j=0 "
Yk my
_HZ B F1 y]_ka

- HZ%B"“’“FZ"J o BT =yt S B )

I<k >k
<D Byl B = gl + | Z gy
i<k >k
< S IZEBFD 0+ e — el +z||fBMkFiayj,|
i<k J >k J e
1 k 1 k +1 as k—oo
<22 +0+ ZQ]__ 2k+2<@+?: ok > 0.
j<k
as k—oo

Now, for any y € (*(Z), there is (yg)ren C coo(Z) such that, ||yp — y|] ——— 0. So we have,

as k—oo

Bl =yl < llwBi*z —well + lye =yl ——— 0+0=0,
where v, € D. Therefore x is a D—supercyclic vector for B,,,. |

To complete our work, we must consider that the zero in the boundary of I' and exhibit an example
of a D-supercyclic operator that is not I'-supercyclic.

Example 3.3. Let I' = {% : n € N} be a bounded subset of C. Let T : C — C be defined by
T(z) =2z forall z € C. Then T is D-supercyclic but not I'-supercyclic.

Proof. It is not so hard to notice that 0 is in the boundary of I'. By [1] T" is D-supercyclic. On
the other hand we claim that there are no I'-supercyclic vectors in C. In order to show that, take y
be a non-zero vector in C, and consider I'Orb(T', y) be the scaled orbit of y with 7. We show that

['Orb(T, y) is not dense in C. For instance, take the vector iy and choose ¢ = M. One can show that

27y — iyl = 227y — gl = 1327 — illl = (/£ + Dllyll > [yl for any n,m € N. Hence
B(iy,e) NTOrb(T,y) = 0. [ |

Now, it is time to present the following Theorem.

Theorem 3.4. Let I'\{0} be a non-empty subset of C. If I is a diskcyclic scaler set then T is bounded
and (0 € T

Proof. Suppose that I is unbounded or 0 €/ T'. By using Definition 2.2 and above three examples, we
get the desire result. Bl Now, thanks to Theorem 3.4, the necessity part of Theorem A is proved.
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4 SUFFICIENTLY PART of THEOREM A

Now, we will complete the second direction of Theorem A, that is, if I' is bounded and 0 € I'° then
' is a diskcyclic scalar set “then 7' is diskcyclic”. Indeed, this direction give the sufficient part of
theorem A.

Proposition 4.1. Let I'CC such that T'\{0} is non-empty, bounded and 0 € I'°. Then I is a diskcyclic
scalar set.

Proof. Suppose that I" is a bounded subset of C and 0 € I'°. To prove that I' is a diskcyclic scaler
set it suffices to show that for any separable complex Banach space X and for any 7" € B(X), T is
['-supercyclic if and only if 7" is D-supercyclic. Firstly, suppose that 7" is I'-supercyclic on a separable
complex Banach space X. Let ¢ > 0 be given. Since ' is bounded there exists ¢ > 0 such that for
any v € I', |y| < ¢. By the I'-supercyclicity of 7" we have for any non-zero vector y € X, there are
a € I"and n € N such that ||aT™2 — cy|| < ce. Hence, ||21"x — y|| < <. we notice that [2| < 1.
Hence, T is a D-supercyclic operator.

Conversely, suppose that 7" is a D-supercyclic operator on a separable complex Banach space X.
Since 0 € I'° there is € > 0 such that B(0, ¢) is included in I". In other word, there is a disk of radius
¢ about the zero in I'. Thus, by Proposition (2.1) we have 7" is a D.-supercyclic. Since D. C I, itis
obvious that 7" is I'-supercyclic on X with the same vector. |

After using Theorem (3.4) and Proposition (4.1) we have already given a complete proof of The-
orem A and consequentially a positive answer of Question 1. Roughly speaking we can say that, for
any operator I’ on a separable complex Banach space, 7" is diskcyclic if and only if 7" is I'-supercyclic
where I is bounded and 0 € 1.

In the following, we prove that the density of the orbit of diskcyclic vectors in Hilbert space is
equivalent with the density of the image of the orbit under a bounded linear functional in complex
plane.

Proposition 4.2. [6] Let H be a Hilbert space. Let z be a fixed non-zero element in ‘H. Define
fo:H = Cby f.(y) :=<wy,z > foreveryy € H. Then f. is an injective bounded linear functional,
such that || f.|| = ||z|| for every z € H.

Theorem 4.3. Let I' C C and T € B(H) be a I'-supercyclic operator with a U-supercyclic vector
x. The Orb(Lx,T) is dense in H if and only if f.(Orb(T'z,T)) = {fo(T"yz) =< T"yz,2 >: v €
[''n=0,1,2,...} is dense in C.

Proof.

Assume that Orb(I'z, T) = {T"vx : v € I',n = 0,1,2,...} is dense in H. Let « be an arbitrary
element in C. Take < a,z >= )\ for some \g € C. Now, there exist ( € C such that A = (g,
which implies, A = ( < o,z >=< (a,z >= f,(a(). By the density of the Orb(I'z, T') there exist a
sequence (n,;) C Nand vy € I' such that 7" v,z — «a(. Since f, is bounded linear functional then
fo(Tvx) = folal) or < Tz, x >—< an,x >= A. Hence {f,(T"yx) =< T"yx,x >: v €
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[''n=0,1,2,...}isdensein C.

Conversely, suppose that {f,(T"vyzx) =< T"yx,x >: v € I''n = 0,1,2,...} is dense in C. Let
y € H be arbitrary, then f,(y) =< y,z >€ C. By the density of the later set there exist a sequence
(n;) C Nand v € D such that < T"yox, 2 >—< y,z >. Now || T vz — y|| = | T vox — f, (<
yox ) = I (T 502)— < g S]] < 1 I fo(T502)— < yox > || — 0 because [ s
bounded . Thus 7™ vyyx — y in H. The inverse map was used above because the element < y, x >
was in the range of f,. Therefore, Orb(T'z, T) = {T"vx : vy € D,n=10,1,2,... }isdenseinH. MW

We consider that the previous result is useful to recognize the D-supercyclic operators, because
one can discuss the diskcyclicity of any operator on Hilbert space by check the density of the set
{<T"yz,z>:v€D,n=0,1,2,...} in C for such D-supercyclic vector x.

5 Conclusion

In this article we introduce a complete characterization of the subset I' C C which has an equivalence
to the closed unit disk D C C. In addition, we present a new idea to how construct D-supercyclic
operators and the corresponding D-supercyclic vector on 2 spaces. In light of these result, we will
deal with flexibility with D-supercyclic operators and hope to get new results in further researches.
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