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Abstract

In this paper, we use probabilistic modeling and techniques to derive formulas in order to determine
the number of computer nodes needed to execute applications on a cluster of computers so that
application response time can be satisfied. Our probabilistic model is basically an M/G/1/K queueing
system. In this model, we account for the workload conditions (in terms of the number of
applications or jobs being received per unit time) as well as the processing power of each node.
Finally, We use simulations to present a numerical example showing how our probabilistic model
can be used.

Keywords Network performance, Rule-based servers, Queueing systems, Cluster computers,
Probabilistic models.
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1. Introduction:

Many business and scientific applications
(such as pharmaceuticals, oil and gas,
healthcare, financial services manufacturing,
physics, chemistry, biology, computer
science, etc.) require cluster computers to run.
In a computer cluster, multiple computers or
nodes are allocated to run one application [1,
2]. The application or job computation is
divided and then distributed to run in parallel
on multiple cluster (or worker) nodes or
machines. After the computation is finished,
a collector node collects the results of
computation on all the cluster nodes.

One of the main challenges of the scheduler
node is to determine the correct number of the
cluster or worker nodes needed to finish the
computation. This mainly depends on the
response time needed to finish the application.
Naturally, the more worker nodes allocated,
the smaller the response time. However, the
allocating more nodes than needed will result
to extra cost and usage of cluster machines.
So the idea is to allocate the correct minimal
number of worker nodes while satisfying the
response time specified by the user.

Therefore, the main objective of this paper is
to devise a mathematical model that can be
used to determine the minimal number of
cluster nodes needed to satisfy a given
response time. We use queueing theory to
achieve this. We give numerical examples
and show how this model can be used to
determine the correct minimal number of
cluster worker nodes to satisfy the required
response time.

The rest of the paper is organized as follows.
Section 2 presents our mathematical queuing
model to capture the dynamism of executing
cluster applications.  Section 3 presents
numerical examples to show how the
mathematical model can be used in
determining the response time.  Finally,
Section 4 concludes the study and identifies
future work.

2. Background:

Our analytical model throughout the analysis
in this paper assumes the packet arrivals are
Poisson with fixed packet sizes, and the
service times all have exponential
distribution. For certain types of network
traffic, assuming Poisson arrivals is adequate.
In [4], it was concluded that modeling the
voice traffic as Poisson with fixed-size
packets gives adequate approximation,
especially when the voice traffic is high.
However, for some other traffic types,
especially that of Ethernet, network packets
are not fixed in size, and their arrivals do not
always follow a Poisson process but rather
bursty [5]. Also in reality, service times are
not necessarily always exponential. ~ An
analytical solution becomes intractable and
not a trivial task when considering variable-
size packets and non-Poisson arrivals, and
when also considering general service times.
The impact of having bursty traffic and
having general distribution for packet sizes
and service times can be best modeled and
studied using DES (Discrete Event
Simulation) [6].

The finite queueing system with an N-stage
service can be modeled as an M/G/1/K
queueing system with incoming packets
following a Poisson arrival A and service
times with general distribution. The service
time is a random variable consisting of the
sum of N independent distributed random
variables. In other words, incoming packets
are served sequentially in multiple stages.
New packets enter Stage 1 only after the
previous packet has departed the queueing
system, i.e. left Stage N. The overall service
time would thus be the sum of the random
service times of the N stages. For rule-based
servers, in practice, I > u, where ydenotes

the mean service rate of the scheduler node
and I denotes the mean service rate for the
result collector node, since the service time of
IP  processing involving device driver
handling and network processing is on
average much larger than that of processing
individual rules.



IUGNES 23(1) (2015) 1-6

Mohamed Riffi

We follow the approach presented in [7] to
analyze the M/G/1 and M/G/1/K queueing
system, with a queue size of K inclusive of
the one in service. The approach is based on
computing first the steady-state probabilities
at the departure instants of packets from the
queue, to find subsequently the queue size
distribution at an arbitrary time.

3. Mathematical Queueing Model:

In this section, we present a queueing model
for executing cluster applications with the aim
of deriving formulas for the mean response
time. As shown in Figure 1, an arriving
application gets first queued in a buffer of size
K-1 and then gets serviced sequentially in
three stages by: (1) the scheduler node, (2) the
worker nodes which work in parallel, and (3)
the result collector node. = We assume
independent exponentially distributed service
times for all nodes. We also assume a
Poisson arrival for incoming application.

Let A4 denote the workload which is the mean
arrival rate of the cluster application, u

denote the mean service rate of the scheduler
node, f denote the mean service rate of a

worker node, r denote the mean service rate
for the result collector node, N denote the
number of worker nodes, K denote the
capacity of the queueing system inclusive of
the one in service, and y denote the

throughput or the departure rate.

N cluster
nodes

;
Schedul Resul
“rode | () Caletor
= e O 5, =07
oL
Figure 1 Queueing model for servicing cluster
applications

The queueing system shown in Figure 1 is
basically an M/G/1/K queueing system, with a
Poisson arrival A, generally distributed
service times, and a system capacity K. The

challenge in analyzing such a queueing
system is to compute b(x) which is the PDF
of the generally distributed random variable X
representing the service times, and
subsequently deriving a closed-form solution
to «, which is the probability of having k

application arrivals during this service time.
a, is expressed in terms of b(X) as

0 ﬂ, k _X
o, :g%e “b(x)dx (1)

Effectively, b(x)is the PDF of a random

variable X  which is the sum of three
independent random variables representing
the service times at the three service stages;
namely, the scheduler node, the worker nodes,
and the collector node. The first stage
random service time has an exponential
distribution with a mean 1/x and a PDF

f (t)= e . The third stage random service
time has also exponential distribution with a
mean 1/r anda PDF g(t)=re ".

For the second stage, we assume the service
times for each worker node are independent
and exponentially distributed with a mean

1/B. Then, the second stage random service
time B for these N parallel workers can be
expressed as B=max{B,,B,,.,By}. Ina
way, the second stage service time depends on
the slowest of these N parallel workers,
whereby the result collector will start
executing after the slowest worker node has
finished. Therefore, the CDF of the random
variable B can be expressed as

Ft)=PB<t)= ﬁ P(B <t)=(1-e")"(2)

The PDF of B can be obtained by
differentiating the above equation with
respect to t as

fg(t)= N1 —e MNTe A, 3)
Then, b(x) is the convolution of the three
PDFs: f(t), fg(t), and g(t). Since the

convolution is a linear operator, we compute
first the convolution of f(t)and g(t), and
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then compute the convolution of the resulting
function h(t) with fg(t).

To derive the formula for the mean service
time E[B] of the second stage, we use

Equation (3) to express E[B] as

B]= Ith(t)dt =INﬁt(1—e‘ﬂ‘)N‘1e‘ﬁ‘dt
0 0

To evaluate this integral, we let y=1—e".
Then dy = Ate ?'dt and t = —log(1—Y)/S.
Therefore, the integrals becomes of the form

N | ,
E[B]=——[log(1-y)y""dy,
By
which evaluates to 1 H(N), where

N

1

H(N)= Z— is the N™ harmonic number.
i=1 I

Therefore

E[B]=— Z— @)

|
i=1
In [3], it has been shown that the convolution
of two density functions of two random
service times with means of 1/r and 1/, can
be expressed as

ru (e—rt _e—yt)
h(ty=4 u—r 5)

2

ute™ H=r
Let us consider first the case where p=#r.

b(x) is the convolution of h(t)and fg(t)
which can be expressed as

X X
b(x):iNr'u J (1—e‘ﬁ)N‘le‘/ie*(“)dt—_f(l—e‘ﬁ)N‘le‘ﬁe"‘H)dt}
Ao 0 (6)
N
Zirfﬂ - |2)=

where

X
1, =j(l—e‘ﬁt)N‘le‘/”‘e‘“X“>dt, and
0

X
| ,= I(l —e )N g Mg utxyy
0
Integrating by parts both I, and 1, , we get

C e (I N)xB 1~ TX N-1
|1:eN>¢z i,N _(N-DEBT

o (r-ip) HN(r i5)

ey Gne O (et
TE W leein

k

From Equation (1), =%J'Xke’1xb(x)dx,
"0

and by substitution, we get

Npg© KEr—if),

H=r A Q N J‘Xk o X NI (N gy

[Tr-inks

/Af G '[xke MNP Ny 7 (N- Dﬁ“ /fj'xk e dx

W u-ipy,

Integrating by parts, we get

[x¥e e et gy (-4

0

o0 ‘ 7k

kae‘“e‘rxdx:—k'(mr) =kI(A+r) !
+r

0

Tk xa KI(A+ )" el

Ix e e dx =—"— L — =KI(A+ p)

5 A+u

Therefore, we have

(N-Dip™ I-[xke ‘e "dx
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k o — k=1
u-r CONCiNA (2B N (K+2C ATA+p) 7 —~(B+H ]
N KT i (r—ip) %N i~
_ Y-y szﬁ N 2+ k! g 3G AL ™+ (kD= 2-ik+2P)]
i=1 IS, (r = ip) K S -’
NCin AN (g TR
) (u - ip) Following the approach in [3, 7], we now use
. Z (N — D AN N1 (1 4 ) ke : ay to compute Fhe steady-state.prebablhtles
H (u—ip) at the departure instants of applications from

Or, equivalently,

A i)

i1 (u—r)(r—ip)
nru(N -D)IA BN (A4 )

i=1 (/J—I’)HiN:l(r_iﬂ) (7)
P

S (u-Du-ip)
. i nru(N — 1)!,8”‘1N/1kﬁ“' 2+ -

1 (- r)Hi:l('u_lﬂ)

Let us consider now the case where u=r.
Then b(x) can be expressed as

X
b(x) = ;ﬁj NB(1-e P)NTe A (x —t)e #O Dt
0

3
=l -1y,
where

X
l, = N,B,uzxe‘”XJ.(l—e‘ﬁt)N"e‘(ﬂ‘”)tdt, and
0
X
I,= NBu2e ™ J’ (1—e YN (F-tyt,

Integrating by parts, we get

_x N —x(if—
I, = N xe ‘MEICNJ (1-e V) [ip 1, ana

_x N s
1= Njue ME]CNJ (1—(1+ixﬁ—x;z)e X(ip /‘)) (f-1)2.

From Equation (1), we get

o =Npi2 - ZCN,jxxke e (g X84 i 5 1)dlx

i=l 0

Np L ZCN.IX e (1 (L+ing—xe V) i dx

'11 0

Integrating by parts, we get

the queue. The mean time spent in the system

by an application entering the queue can be

expressed as
1 K-

k=1

+— (zy+p—1),

N

where p=AX and X =1/u+E[B]+1/r, and
{7, 0<k<K-1} are the

probabilities at the departure instants which
can be derived using the approach presented
in [3,7].

steady state

4. Numerical Results:

In this section, we illustrate how our model
can be used in determining the number of
worker nodes needed to satisfy a given
response time. For our numerical examples,
we choose K=100, 1/r=20ms, and

1/ =250/N ms.

Response Time (ms)

0.
Workload (submitted applications per second)

Figure 2 Average response time curves in terms
of number of worker nodes
Figure 2 plots the average response time for
different N in relation to the average workload
A . As shown in the figure, as the workload
increases the response time increases with a
small number of worker nodes. For example,
to satisfy an average response time of 300 ms,

©)

(10)
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at a light workload (A <1.5), we require N to
be smaller than 5. However at high workload
(A4 >2.5), N has to be greater than 5.

Conclusion:

We have presented a mathematical queueing
model based on queueing theory to determine
the number of cluster nodes needed for
executing a cluster application given the
workload conditions and processing power of
each cluster node. We showed a numerical
example of how these formulas can be used to
determine the number of cluster nodes needed
to satisfy the mean response time for a cluster
application.
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