IUG Journal of Natural and Engineering Studies
Vol.20, No.1, pp 63-71 2012, ISSN 1726-6807, http://www.iugaza.edu.ps/ar/periodical/

On Primary Compactly Packed Modules Over
Noncommutative Rings

Arwa Eid Ashour
Assistant Professor, Department of Mathematics,
Islamic University of Gaza,
P.O. Box 108, Gaza Strip, Palestine,
Tel: +970-8-2060420,
E-mail: arashour@iugaza.edu.ps

Abstract: This research considers three basic concepts concerning primary
submodules, which areimportant, at least to some mathematicians.

The first concept is the concept of primary radical of a submodule, the
second concept is the concept of minimal primary submodules, and the third
oneisthe concept of primary compactly packed modules.

In this paper, we generalize these three concepts over noncommutative
rings and generalize many results concerning them, in theringsthat are not
necessary commutative.
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1. Introduction
Primary modules have long been known in commutative rings for their
center stage role in some theories in commutative algebra.  As long as for
their importance in generalizing many concepts associated prime
submodules such as the concepts of prime radical of a submodule, and
compactly packed modules.

More recently, primary submodules have been introduced in
noncommutative rings in the hope of extending and generalizing the
concepts associated primary submodules over noncommutative rings.

Let R be an arbitrary ring. A nonzero submodule N of an R-module M
IS primary
if for every nonzero submodule
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,whererann (N ) =rann (N') N i N,
for some positiveinteger n}. Thisdefiniion "N =0, rann(N)={r|rT R

of a primary submodule over noncommutative rings was introduced recently
in [1]. In fact, this definition is a generaization of the definition of prime
submodules in an arbitrary ring and an extension of the definition of
primary submodules over commutative rings, see[l]. The definition of
primary submodules over noncommutative rings was a motive for us to
generalize many concepts and results associated to prime submodules over
noncommutative rings, and primary submodules over commutative rings.

In the beginning of this paper , in Section 2, we introduce the
definition of primary radical of a submodule as follows. Let N be a
submodule of an R-module M. If there exist primary submodules
containing N, then the intersection of all primary submodules containing
N is called the primary radical of N and is denoted by prad( N). If there
is no primary submodule containing N, then prad( N )=M. In particular
prad( M )=M.

Also in this section, we study some properties of primary radical of a
submodule.

In[2], and [3], Chin Pi Lu proved some results on minimal prime
submodules in commutative rings. We generalize the concept of minimal
prime submodules to the concept of minimal primary submodules over
commutative rings, see[4],[5].

In Section three we define the minimal primary submodules over
non commutative rings. Thus we define a primary submodule Q of an R-
module M to be a minimal primary over a submodule N if Ni Q and

we show that there is no smaller primary submodule with this property. We
also prove some results concerning minimal primary submodules over
noncommutative rings.
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radica of a submodule over noncommutative rings, minimal primary
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The compactness property of prime ideals was studied by Ries, C.M.
and Viswanthan, T.M. in 1970, see[6]. Thenin 1995, Yong Hwan Cho.,
defined the comprimely packed rings, see[7]. The previous studies, in [6]
and [7], were generalized to modules in 2002, on the rings that are
commutative, and the concept of compactly packed modules was
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introduced, se€f8]. Then, we generalized these results on primary
modules, and defined the primary compactly packed modules over
commutative rings in [4],[5],[9]. In Section 4, we study more properties
of primary radical of a submodule, and introduce the concept of primary
compactly packed modules over any arbitrary ring. We define a proper
submodule N of an R-module M to be primary compactly packed if for

exch famly — {Fy} i, of primary submodules of M with

NI UR ., NI Pb for some b1 | . Moreover, the module M
al |

is called primary compactly packed if every submodule of M is primary

compactly packed.  Also, we give equivalent definitions of primary

compactly packed modules and study some various properties of primary

compactly packed modules.

Finally, we remark that throughout this paper, we will work
exclusively with left unitary modules and all rings are assumed to be rings
with identity.

2. Primary Radical of Submodules

We start this section by the definition of primary radical of a submodule, as
follows.

Definition 2.1 Let N be asubmodule of an R-module M. If there exist
primary submodules containing N, then the intersection of all primary
submodules containing N is called the primary radical of N and is denoted
by prad( N). If thereisno primary submodule containing N, then prad(
N)=M. Inparticular prad( M )=M.

We say that a submodule N isaprimary radical submoduleif prad( N )=N.

Examples 2.2

1) Itisclear that every primary submodule is primary radical submodule.

2) Let R=Z, the set of integers. Since every ideal of R is a submodule of
R, primary ideals of R are primary submodules of R. So for

n=pps...pp<, where

k

p,’s are prime numbers, andsince (n)= | (p{), thenin Z, everyided
i=1

is primary radical submodule of R.

The following result can be easily noticed.

Proposition 2.3 Let N and L be submodules of an R-module M. Then

1) Ni prad(N).

2) If NI L, then prad(N)i prad(L).
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3) prad(prad(N)) = prad(N); thatis, the primary radica of N isa
primary
radical submodule.
4) prad(NCL)I prad(N)C prad(L).
5) prad(N +L) = prad(prad(N) + prad(L)).

Theorem 2.4 For any R-module M, if M satisfies the ACC for primary
radical submodules, then every primary radical submodule of M s the
primary radical of afinitely generated submodule.

Proof. Assume that there exists a primary radical submodule N which is
not primary radical of a finitely generated submodule. Let e 1 N and let
N, = prad (e R). Then N,i N. Sothereexists el N- N, Let
N, = prad(g R+¢&,R). Then N, N,I N. So tha there exists
e,T N- N,. Continuing in this process, we will have an ascending chain
of primary radical submodules N, T N, 1 N ..,

which is a contradiction.

The following Theorem follows from Example 2.2 (1).
Theorem 2.5 If every primary radical submodule is the primary radical of a
finitely generated submodule, then every primary submodule is the
primary radical of afinitely generated submodule.
Proposition 2.6 Let Nand L be submodules of an R-module M such that
whenever NCLI Q, wehave NI Q or LI Q for any primary
submodule Q of M. Then prad(N C L) = prad(N)C prad(L).
Proof. By part 4 of Proposition2.3, prad(NCL)i prad(N)C prad(L).
Now if prad(NCL)=M, thenclearly prad(N)=prad(L)=M andso
prad(NC L) = prad(N)C prad(L). If prad(NCL)* M, then there
exists a primary submodule Q such that (NCL)I Q. By hypothesis,
Ni Q or LI Q, sothat prad(N)I Q or prad(L)i Q. Sincethis
is true for al primary submodule Q containing NCL, then
(prad(N) C prad(L))i prad(NC L) and therefore
prad(N C L) = prad(N) C prad(L).

We generalize Proposition 2.6 as follows.
Proposition 2.7 Let N,,N,,..,N, be submodules of an R-module M

such that whenever N,CN,C..CN, I Q, wehave N, i Q for some i
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= 12,.., k for any primary submodule Q of M. Then
k k
prad(] N,) = 1 prad(N,) .

i=1 i=1

3. Minimal Primary submodules

We define the minimal primary submodules over noncommutative rings
asfollows.
Definition 3.1 A primary submodule Q of an R-module M iscalled a
minimal primary submodule over a submodule N if Ni Q and thereisno
smaller primary submodule with this property. Thus a primary submodule
Q is a minimal primary submodule of an R-module M if it does not
strictly contain any other primary submodule.
Lemma 3.2 Let {Q};, be anonempty family of primary submodules of
an Rmodule M . Then either | Q ={0} or ] Q isa primary

il | inl
submodule of the R-module M .

Proof. Itiseasytoshowthat | Q isasubmoduleof M. Now, suppose

that | Q *{0}. Let N beanonzerosubmoduleof J Q. Then N isa

nonzero submodule of Q,"iT I. Since Q isprimary "il I, then
rann(N )=rann(Q) , "il I. Now, ri rann(N) if and only if
rT rann(Q) ifandonlyif "il | there exists a postive integer n, such

that r"Q =0 ifandonlyif r°(JQ)=0 where s=gn ifand

it i
onlyif  rlrann(J Q). Thus rann(N)=rann( | Q), and | Q is
il 1 il 1 il 1

primary.

Theorem 3.3 If an R-module M satisfiesthe ACC on submodules, and
01 A isasubmodule of M that iscontained in a primary submodule Q of
M, then Q containsaminimal primary submodule over A.

Proof. Denote by W, the set of al primary submodules which contain A,
and are contained in Q. Then QT W, and therefore W is nonempty.

If Q and Q belongto W, thenwewrite Q£Q if Qi Q. Thisgives
a partial order on W. We shall prove that W is an inductive system. Let
S be a nonempty totally ordered subset of W. Let Q betheintersection

of al members of S. By the previous Lemma, Q is a primary
submoduleof M, or Q=0. Since 0! Ai Qi Q, then Q isprimary,
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and QT W Alsosince Qi B forevery Bi S, wehave BEQ for

every BT S. Thus Q isan upper bound for S. Therefore, W isan
inductive syssem. By Zorn's Lemma, W contains a maximal element
Q. Since QT W, itis primary submodule with Al Q| Q.
Suppose now that Q, is a primary submodule satisfying Al QI Q.
Then QT W and Q £Q,. Consequently, since Q" ismaximal in W,
Q =Q,. Thisshowstha Q" isaminima primary submodule of A and
completes the proof.
4. Primary Compactly Packed M odules

Now, we can generalize the concept of primary compactly packed
modules that was introduced in [ 4 ] over the rings that are not necessary

commutative as follows.
Definition 4.1 A proper submodule N of a unitary R-module M is

primary compactly packed if for each family {P} af  of primary
submodulesof M with N | UPR, . NI Pb for some bl | .
al |

Moreover, the module M is called primary compactly packed if every

submodule of M is primary compactly packed.

Theorem 4.2 Let M bean R-module. Then the following statements are

equivalent.

a) M isprimary compactly packed. A

b) For each proper submodule N of M, thereexists al N such that
prad(N) = prad(Ra).

c) For each proper submodule N of M, if {Na}aTI is a family of
submodulesof M and NI UNg, then NI prad(N, ) for

i all
some bl | .
d) For each proper submodule N of M, , if {Na}aTI is a family of
primary radical submodules of M and NI UNg, then
all
N | Nb for some b1 | .
Proof. (a® b)) : Let N be aproper submodule of M, it is clear that
prad(Ra) i prad(N)  for each  al N. Suppose that

prad(N) E prad(Ra) for each al N. Thenfor each al N, there
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exists a primary submodule P, for which Rai P, and NE Pa.
Howeve, N = URal UP,; thatis M isnot primary
a N a N

compactly packed, which isacontradiction.
(b® c): Let N beaproper submodule of M, and let {Na}aTI be a

family of submodulesof M suchthat NI UN, . By (b) , there

exisss al N suchthat prad(N) = prad(Ra{;l.I | Then al UINa and
hence al Nb for some bl |, sotha Ral NZI for some
bi 1, adhence, NI prad(N)=prad(Ra)i prad(N,)
for some bl | .

(c®d): Let N beaproper submodule of M and let {Na}aTI be a
family of primary radical submodules of M such that N | aTUI N, .

Thenby (c), thereexists b1 | suchtha NI prad(N_). since

Nb is primary radical submoduleof M, then N | Nb'

(d® a) Let N beaproper submodule of M and suppose that { N5 }

all
is a family of submodules of M that satisies NI UNy . Since
al
N, is primary submoduleof M for each al |, Ngy= prad(Ny)
for ech all. Thus NI UNz= yprad(N;). By (d),
al al

there exists b1 | suchthat N1 prad(N )= Nj. Thus M is

primary compactly packed.

Theorem 43 If M is primary compactly packed which has at least one
maximal submodule, then M satisfies the ACC on primary radical
submodules.

Proof. Let N,I N,I .. be an ascending chain of primary radical

submodulesof M andlet L=JN,. If L= M and H isamaxima
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submodule of M, then HI1 UN,. Since M is primary compactly

packed, by Theorem 42, H I N, for some j. Therefore, by

]

maximaity of H, H=N, forsome j. Since N, i N, I UN,

n=12,..., and N, is maximal, either N, =N,,, for every n=12,...,
thus N, =UN, =M, which is impossble, o N, =UN =M,

which is also impossible.  Thus L isa proper submodule of M. Since M
is primary compactly packed, by Theorem 4.2, Li N ; for some j and
hence N, I N,i ..l N;,=N,,;=N,,=..  therefore the ACC is
satisfied on primary radical submodules.

Theorem4.4 Let F:M ® M bean R-moduleisomorphism. If M is

primary compactly packed, then M is primary compactly packed.
Proof. Lee M be primary compactly packed, and suppose that

Ni U Ka where N isa proper submodule of M and K, isaprimary

all
submodule of M for each all. Since F isan R-module
isomorphism, then  F-I(N)T F 1 UKy)= U(F1(Ky))
alg alg

Since K, is a primary submodule of M for each al |, by[1],
F'l(Ka) is a primary submodule of M for each al | . But M is
primary compactly packed. Thus

there exiss bT | such tha F~Y(N)I F'l(Kb). Therefore
Ni Kb for some b1 | , and hence N is primary compactly packed.

Thus M isprimary compactly packed.

The following definition was introduced in the rings that are
commutative, see[9].
We give a generalization to it in noncommutative rings.
Definition 4.5 A module M of an arbitrary ring R is called a Bezout
module if every finitely generated submodule of M iscyclic.
Theorem 4.6 Let M be aBezout module. If M satisfies the ACC on
primary radical submodules, then M is primary compactly packed.
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Proof. Let N beaproper submodule of M. By Proposition 2.3, prad (N)
is a primary radical submodule; hence, by Theorem 2.4, there exists
afinitely generated submodule L of M such that prad (N)=prad (L) and
hence L is a cyclic submodule of M, because M is Bezout. It follows
from Theorem 4.2 that M is primary compactly packed.
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