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Abstract
In this paper, a generalized method for generating new families of

distributions is proposed. The new proposed method generalizes some known
methods by introducing higher rank transmutation maps to generate more
flexible and tractable lifetime families of probability models. A number of the
known methods turn out to be special cases of the proposed method in this
paper. Some examples are given to demonstrate how the method works on the
Gompertz, exponential, and Weibull probability distributions.
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Introduction:

In statistics, it is always desired to extend classical distributions and generate new flexible distributions in

order to adequately fit real lifetime date. The literature is rich of studies that aim at proposing and introducing
methods to generate and extend new families of univariate continuous probability models (see, for example, [Lee
et al.,, 2013]). Among those methods that have recently attracted statisticians and gained their attention are
exponentiation and transmutation. The idea of exponentiated distributions was introduced in 1998 by [Gupta et
al., 1998]. A random variable Z is said to have an exponentiated distribution if its cumulative distribution function
(cdf) G (x) and probability density function (pdf) g(x) are given by

G(x) = [F(0)]%

g(x) = af OF)I*™, a>0.

where F(x) and f(x) are the cdf and pdf of some baseline distribution X, respectively.

Transmuted distributions were introduced by [Shaw and Buckley, 2009] in 2009 as a method to extend
known non-Gaussian distributions by adding extra parameters to their distribution functions. Transmuted
distributions provide statisticians with tools to control the skewness and kurtosis of the distribution in order to fit
their real data.

. IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0


http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/
mailto:riffim@iugaza.edu.ps

Given a baseline probability distribution with cdf G(x) and pdf g(x), a random variable Z is said to have a
transmutation map of quadratic map if its cdf F(x) and pdf f(x) have the following simple forms

F(x) = (1 + )G (x) — 162(x),

f)=g@)[1+1-216(x)], |1 <1.

Given a cdf G(x) of a continuous random variable, the exponentiated generalized class of distributions is
defined in [Cordeiro et al., 2013] by

F() ={1-[1-G6x)]*,

where & > 0 and § > 0 are two additional shape parameters.

In the last decade, many authors introduced ideas to generalize the transmutation methods. For example,
[Nofal et al., 2017] introduced a new class of continuous distributions called the generalized transmuted-G family
which extends the quadratic rank transmutation map. [Rahman et al., 2018] proposed a general transmuted
family of distributions with the emphasis on the cubic transmuted family of distributions. [Granzotto et al., 2017]
introduced a new family of transmuted distributions and called it the cubic rank transmutation map distribution.
Some other authors also proposed methods by using cubic rank transmutation maps like [Cordeiro et al., 2013]
and [Nofal et al., 2017].

Many authors applied some of the above methods to certain distributions including the Rayleigh
distribution ([Merovci, 2013]), the Gompertz distribution ([Abdul-Moniem and Seham, 2015]), the Gompertz-
Makeham distribution ([El-Bar, 2017]), the Weibull distribution ([Granzottol et al., 2018, khan et al., 2017]), etc.

In [Granzotto etal., 2017], the authors proposed a cubic ranking transmutation map as follows.

F(x) = 4G(0) + (A2 — 4)G%(x) + (1 = 2)G° (%),

where 0 <4, <1, -1<1,<1, and G(x) and g(x) are, respectively, the cdf and pdf of the baseline
distribution.

The corresponding pdf is

f) = g4 +2(; — 11)G(x) + 3(1 — 2,)G%(x)},

’ IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0


http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/

where0 <4, <1,-1<1,<1.

In this paper, we propose a new method of extending classical lifetime probability models by generalizing
some methods used to produce transmuted families of distributions through higher rank transmutation maps. By
using the proposed method, we can generate more flexible and tractable lifetime probability distributions that
meet the complexity of the real data. We will refer to the new distributions generated by this method as a higher
rank transmuted (HRT-G) distributions, where G (x) is the cdf of a baseline distribution. The proposed method in
this paper is specially good for transmuting distributions having cdf of the form G(x) =1 — h(x) for some
function h(x), a property that is true for many lifetime distributions.

In some situations, higher rank transmuted distributions are needed to capture the complexity of the real
data to be analyzed and studied. They are also needed when the real data to be fitted comes from a mixture of
distributions.

In general, the HRT-G family has cdf and pdf given, respectively, as

Fe() =1- (1 =GO {1 =44 + X3 (A1 = 4)(L = GENY + Aemq (1 — G()) ™}, (1.1)

where k > 2 and the ;s and the 4;s are all real parameters obeying certain conditions that we will state

below.
Another way to produce higher rank transmutation maps is as in the following equation
Fe(0) = GO)* {1 — A1 + 23 (=1 — ADG()Y + A1 G ()}, (1.2)
where k = 2 and the a;s and the A;s are real parameters obeying certain conditions that we will state
below.

The method presented by (1.2) generalizes a method for producing cubic rank transmutation maps
introduced by [Aslam et al., 2018].

2 Construction of the HRT-G Family
From now on, we assume that the integer k > 2.

2.1 First Construction

Let G(x) and g(x) be the cdf and pdf of some baseline distribution, respectively. The construction of the
HRT-G family of distributions is described in the following theorem when the parameters a4, ..., aj of (1.1) are
positive integers.
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Theorem 2.1 Let X be a random variable with cumulative distribution function G (x) and probability
density function g(x). Then the cumulative probability function of the HRT-G family is given as

Fe() = 1= (1= 6™ {1 = Ay + Z523 (o1 = 4) (1 = GG + Aea (L= GGOI™ ) 2.1)

wheren; =1,nj,4,1, =20,0<2A; <1,and4; —1< A, < Aforj=1,...k—2.

Proof. Let N be a random variable with possible values m,, ..., m;, and respective probabilities py, ..., px,
where m; = 1 and 0 < p; < 1 with Zﬁl p; = 1. Let X;, ..., Xy be a random sample from the distribution of X
and let Y = min{X, ..., Xy }. Then, the cdf of Y, F, (x), is given by

F,(x)=P(Y <x)=1-P(Y >x)
=1-3Y%, P(N=my)P(Y > x|N =m))

=1-3k1p1 - G@I™ — (1 - XK1 pp)[1 - 6™ (2.2)

Now, letp; =1 —A4; andp; = 4;_; — 4; forj =2, ...,k — 1. Note that

pe = (1=ZFD)pj = Ae-s.

Then, the cdf of Y can be written as

Fe() =1-[1= 6™ {1 =4 + X2 Qg = AL = GEOIY + A1 [1 = G(0)]™}, (2.3)

where ny =my, Njpgg =mjy—my, =m—my, 0<4; <1, and 4 —1<4;,; <4, for j=
1,...k—2.

Now, we state a general theorem for producing the HRT-G family of distributions.

Theorem 2.2 Let X be a random variable with cumulative distribution function G (x) and probability
density function g(x). Then a HRT-G random variable has a cdf given by
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Fe() =1- (1= Ge))*™{1 =244 + X3 (41— 4)(L = GENY + Ae—q (1 — G ()™}, (2.4)

wherea; = 1,aj,; =20,and0 <A, <land 4 —1< A, < Aiforj=1,.., k-1

Proof. Consider the function py (t) defined by

Pre(t) = a; (1 — At = 322 (ay + ) (A — -1 )t 9™ + (o + @) A t ¥+, (2.5)

where 0 <t < 1.

Under the conditions imposed on the 4;s and the g;s in the statement of this theorem, it is easy to see
that py (t) is a pdf with support [0,1]. First, note that p; (t) can be expressed as

Pre(t) = a; (1 = At + 3520 (g + ;) (Ajo1 — )95+ (@ + @) Ao tFH2, (2.6)

Since 0<1-14 <1, =20 0<4_1—-4<1, for 2<j<k, and a; = 1, each term of (2.6) is
positive. Second, note that

Jo (aa+ @) (Ao = )t de = 2y — )y
J) (@ + @) oq t O+ dt = Ay (2.7)

fol a1(1 - Al)tal_l dt = 1 - /11.

It follows from (2.7) that

[y =oe@® =12+ 3523 Ny = &) + Aemy = 1= Ay + Ay — Loy + Aeq = 1. (2.8)
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Therefore, pi(t), 0 <t < 1, is a legitimate probability density function.

Now, let H(x) be defined by

HE) =1- [P pe(e) dt, —w<x<oo. (2.9)

Note that H(x) is a continuous non-decreasing positive function with the following properties.

Lim H(x) =0, and limH(x) = 1.
X—00

X—>—00

That is, H(x) is a cumulative distribution function of a certain random variable. In fact, H(x) = Fj (x).

As a special case, when k = 3, the cdf of the HRT-G family has the following form

F3(0) =1-[1=-6®0)]{1 =2 + (41 = 2)[1 = G(0)]*2 + A,[1 = G(x)]*}, (2.10)

wherea; 2 1,a,,0320,0<14; <1,and—-1<1,<1.

The corresponding pdf has the following form

f3(x) = g()[1 = G)]*" Ha (1= A1) + (a1 + @) (A1 — 1)[1 = G(x)]*2

+(a + az)A,[1 - G(x)]%}, x=>0. (2.11)

In the next theorem, we introduce another method of constructing a cubic rank transmuted distributions.

Theorem 2.3 Let X be a random variable with cumulative distribution function G (x) and probability
density function g(x). Then, the cdf of the HRT-G family is given by

F(x) = G)™{1 — 21 + (A1 — )G ()™ + 1,G(x)"3}, (2.12)
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with0<4; <1,-1<4,<1,n; =1,andn,,nz =0.

Proof. The proof is similar to the proof of Theorem 2.1. Let Y = max{Xj, ..., Xy}, where the random
variable N takes the positive integer values k, m, and n with respective probabilities: p,q, and 1 —p — q.

We start with the cdf of Y,

Fy(x) = P(N = k)P(Y > x|N = k) + P(N = m)P(Y > x|N = m)

+P(N =n)P(Y > x|N =n)

=pG(X)*+qG(x)"+ (1 —p—q)G(X)". (2.13)

Now, letp =1 — 4, and g = A; — A,. Then, the cdf of Y can be written as

F5(0) = Ge)™{1 = 21 + (4 — 2)6 ()™ + A,G(x)"™},

wheren; = k,n, =m—k,andn; =n—k.

The next theorem generalizes Theorem 2.3.

Theorem 2.4 Let X be a random variable with cumulative distribution function G (x) and probability
density function g(x). Then, the cdf of the HRT-G family is given by

Fe() = 60" {1 = A4 + Zf27 (Aj-1 = HDG()Y + L1 G ()™}, (2.14)

with0 <Ay <1, 41 S A1 < 4jq, a0 =1, and ajyq, 0, =0forj=1,... .k — 2.
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Proof. The proof is similar to the proof of Theorem 2.2. We use the same function py (t) given in (2.5), but
with a function H(x) given as

A =09 pe(®)dt, —oo<x<oo, (2.15)

2.2 Second Construction

Here, we introduce a second construction for a special case, namely when k = 2.

Theorem 2.5 Let X be a random variable with cumulative distribution function G (x) and probability
density function g(x). Then, the cumulative distribution function of the HRT-G distribution is given by

Fo(x) =1—[1-G)]{1 =2+ A[1—-Gx)]"™ 1},
(2.16)

whereeitherl1 —n<A<1lwhenl<n<2,or-1/(n—1)<A<1whenn=>=2.

Proof. Let X4, ..., X,, be independent and identically distributed random variables with common cdf G (x)

d
and corresponding order statistics X;.n, ..., Xn.n. Consider the random variable Y defined by Y = X;.,, with
n—

probability p;, i = 1, ...n, where p, = 1 — ¥! p;. Then the cdf F,(x) of the random variable Y is given by

Fo(x) = p1P(Xn < %) + - + 0 P(Xpn < %)

= (1 - Z?:Z pi)Gl:n(x) + Z?:Z piGi:n(x)' (2-17)

where

Gin(®) = Tpey () 6X(O[1 - GEOI ™ (2.18)

is the cdf of the ith order statistic X;.,, ([Arnold et al., 1992]).

By induction on n, it can be easily shown that
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Si Gin () = Tt (CD* (3) 6" +nG (). (2.29)
Note also that
Gin() = 1= [1=GEI" (2:20)

Using (2.19), we see that

SIp Gin() = n6(@) + Tioy (1) (7)) 600

= n6(x) + iz (~D* () 6* ~ 1

=nG(x)+ (A -GHx)" - 1. (2.21)
Let us, for simplicity, let p; = p fori = 2, ...,n. Then by using (2.21) and (2.20), we see that

F(x) = p1G1n(x) + p X1y Gin ()

=p{1-[1-GE)]"} +p{nG(x) +[1 - G)]" — 1} (2.22)
Wenowletp = (1 —A)/n.Thenp; = (1 + (n—1)A)/nand

F,(x)=2=-A[1-Gx)]"+ (1 —-A)G(x)

=1-(1-G6e){1-A+ A1 —-GE)" 1.

The condition: either 1 — n<A<1when1<n<2 or—-1/(n—1) <A1<1whenn > 2, guarantees
that 0 < py,...,pp < land X7, p; = 1.
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Corollary 2.1 Let X be a random variable with cumulative distribution function G (x) and probability
density function g(x). Then, the cdf of the HRT-G random variable appears in Theorem 2.5 has a cdf given by

Fon() =1=[1-G)H1 -2+ A[1-G0)]"™}

=G)+A[1—Gx)]—A[1=G)]"

=6 {1-2+ 235, (1 (1) 6001} (2.23)

The pdf corresponding to F, ,,(x) is

fon@) = 90O {1 = ) + A%y (~1)F* k() [6G01<). (2.24)

In many cases, f, ,(x) is a mixture of distributions.

When n =2, f,,(x) = g(x){1 + 1 — 2AG(x)}, the pdf of the quadratic transmuted distribution. When
n =3, fo3 = g@){1+ 21— 6AG(x) + 31G(x)?}, the pdf of the cubic transmuted distribution.

3 Remarks and Sub-results

Remark 3.1 Theorem 2.1 generalizes many known results about transmuted families of distributions.

1. By lettinga; = 1,a, = 1, and 1, = 0, we get the quadratic rank transmutation map
Fo(x) = G(x)(1 + A, — 2,G(x)).

2. Bylettinga; = 1,a, = 1, a3 = 2, replacing 4, by 1; + A, — 2, and replacing 4, by 1 — 1,, we get
the cubic rank transmutation as stated in [Granzotto et al., 2017].

F3(x) = G(x) (A1 + (A2 — A))G(x) + (1 — 2,)G(x)?).
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3. Byletting k = 2, a; = a, = 1,1; = A, and using the cdf of the exponentiated baseline distribution
[G(x)]% instead of G(x) in (2.4), we get a result proved in [Alizadeh et al., 2017], namely, the pdf of the
transmuted distribution is given by

fO) = ag()[G)]* {1 + 2 - 2A[G (x)]"}.

Remark 3.2 [Rahman et al., 2018] generated a general transmuted family of distributions using the
following higher rank transmutation map.

F() =1 -G Iy LG()" + G(x). (3.1)

It turns out that this family of distributions is a special case of the HRT-G family of distributions produced
in this paper. To see this, by lettinga; = land @; = j — 1forj = 2,...,k + 1in (2.4), we get

Fiar () = 1= (1= GE{L = 24 + By (o1 — 2)(A = 6@)Y ™ + 2, (1 — G())*}. (3.2)

Now, by letting

b =3k, o (7))
F(x) and F(x) coincide.
Example 3.1 When k = 2,
Fs(x)=G(x)(A+ 2 + 2, — (A1 + 22,)G(x) + 1,G(x)?).
Welet A, = 1; + A, and 1, = —1, to get

F) =G0 (1+ 4 + (12 — 1)G(x) — A,6(x)?)
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Remark 3.3 By combining the two above methods (described by F; (x) and E, (x)) for generating
transmuted distributions, we can produce what is known the exponentiated generalized class of
distributionsintroduced in [Cordeiro et al., 2013].

Let G(x) be the cdf of some baseline distribution. Then, for k = 2,1; = 0, and a; = a, we see that

F,(x) =1—-[1-G(x)]% (3.3)

Now, by using F,(x) as a new baseline distribution along with F,(x) and letting A; =0 and a; = f3,
where 8 > 1, we get

F(x) ={1-[1-Gx)]¥}P. (3.4)

4 Examples

In all of the following examples, we use the pdf of the cubic rank transmutation map expressed in (2.11)
witha; =1,a, = >0,anda; =y > 0.

4.1 The exponential distribution
Let the random variable X, be exponentially distributed with parameter 6. Then, the pdf and cdf of X,
are respectively,

Gy, (x) =1—e7%%,

Ix,(x) = fe=0%, x> 0.

The pdf of the HRT-Exponential random variable is given by

fe(x) = 96—99({1 - Al + ﬁ(ll - Az)e_(ﬁ_l)ex + yﬂze—(}’—l)QX}_

The hazard rate function of the HRT-Exponential random variable is

' IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0


http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/

(A,=1)e0*B+V)_pA, e+ 1)0x 4 gy o+ 1)9x_ylze(,8+1)9x)

o) = 24

(11—1)e9’5(5*’1’)—)LZe(B+1)9x—11e(V+1)9x+/12e()’+1)9x

The moment-generating function of the HRT-Exponential random variable is

_p( MtBy DAt 1
Me(®) = 0 {2 e~ s o)

The rth moment of HRT-Exponential random variable is
E[Xe]=r!(ByO){BY)" + (" —(BY)) + (B" -y} r=1.

The pdf of the HRT-exponential distribution
y=25, \y=0, ;=5

0.20
L V=2, )l-] =.5, )‘.2 =-1
y=1.5, A1=1, Ax=-1
0.15 y=1, A1=1, Ax=0
0.10
0.05
1 2 3 4 5 6 7

Figure 1:0 = 4,4 = .2
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The pdf of the HRT-exponential distribution
y=3, A1=.7, Ap=-1
y=1, A;=6, A;=5
15 y=2, Ay=1, Ag=-1
y=23, Ay=.1, Ap=—5

1.0

0.5

0.5 1.0 1.5 2.0 25 3.0

Figure 2:0 =4, = .2

4.2 The Gompertz distribution

The cdf of the Gompertz random variable is
Gx) =1-ei%e™, x>o0.
The pdf of the Gompertz random variable is
glx) = 5fef—fe5"+6x’ x = 0.
The cdf of the HRT-Gompertz random variable is

X X ﬁ—l x ‘y—l
Fy(x) = 1— ef~¢¢’ {1 ~ A+ g = ) (5755 2, (eF5) }

The pdf of the HRT-Gompertz random variable
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fG) = 8650000 (0, 4 B(Ay — 2,)e P56 4 2,00 DE(1-e%) 4 4}
The hazard rate function of the HRT-Gompertz random variable is

h(X) — 6fef(ﬁ+y)(e‘sx—1)+6x

2 s
A1-1eé+B (A, _Al)efe‘sxeﬁf(l—e x) —]/lzefesxeyf(l_e x)
(Al—l)ef+f(B+Y)(esx_1)—Azef((ﬁ_"l)esx_ﬁ‘) +(/12_Al)e€((y+1)e5x—y)'

(4.1)

The moment-generating function of the HRT-Gompertz random variable is

My () = £ {B(h — 2)ePEEI (=5, BE) + v A2e I (= 5,7€) + (1 — A)efEI (- 5,§)},

o)

where EI(t,z) = |.

L y~te V% dy is the exponential integral.

To compute the HRT-Gompertz Moments, we use the transformation Y = e®X. The pdf of Y is given by
fr(y) = gef—fy{l — A+ B4 = 2,)eB-DEE0G-1) 4 ygze(y—l)s‘(—(y—l))}.

E[X"] =6 TE[(logY)"]
= [} 866715V log(n)(1 = Ay + (A — A)e B0

+y2, e(y—l)f(—(y—l))) dy.

After algebraic manipulation, the moments of the HRT-Gompertz random variable are given by

E[X] = &1 677 {(1 = 1S BV (©) + By — 1)ePEES (BE) +vape B (),

wherer = 1 and ESFT) (2) is the general integro-exponential function (see [Milgram, 1985]) given as

o]

1 s -
El5(2) = ﬁfl log"(Wu=%e %% du,z > 0. (4.2)
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In other words,

flm log"(Wu=Se ™™ du =T(r + DEf;(2), =1 (4.3)

20! B=1,y=3,A1=.94=-5

| p=2.5,y=4,A1=5A=-1
2.5]

B=3,y=4 Ay =1, As= 1
2.0 B=4,y=3,A1=0, A;=-1
15|
1of
05|
The pdf of the HRT-Gompertz distribution O es Tho 15 20 25

Figure 3:6 =2, =.5

10| B=3,y=2,A;=1,A,=0
j B=5,y=4,A;=.5,A,=-1
08| B=2,y=2,A=.3,Ay=1
' ' B=3,y=3,A;=.9, Ay=—.1
0.6 :
04|
02/
The pdf of the HRT-Gompertz distribution 1 2 3 4 5

Figure 4:6 =2, =.1
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4.3 The Weibull distribution

The pdf of the Weibull random variable is

X

gx) = ux‘le_(ﬁ)# (—)# x > 0.

The cdf of the Weibull random variable is

X

()"
Gx)=1—e B/ x>0.
The pdf of the HRT-Weibull random variable is
x\H u—1 x\H o\ B
fu@) = 570 (5T =2, 4 50 = 20e ) 4 ya,em 0]

The Cdf of the HRT-Weibull random variable is

X X

o) =1—e (@ {1 “ M+ (= A) (e—(s)u>

’ IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0


http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/

B=6,y=2,A,=.5,Ay==.3

#0 B=55,y=3,A,=0,A,=—5
2.5 p=3.5,y=3.3,A;=0,A;=.2
2.0
1.5
1.0
0.5

The pdf of the HRT-Weibull distribution : 0.2 0.4 0.6 0.8 1.0 12
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Figure 6: u = 3,6 = 1.5

The hazard rate function of the HRT-Weibull random variable is

8

(a—1+(b—a)e_(B_1)(§)u—be_(y_l)%)u)

5_1M(£)#_1(a_1+3(b—a)e_(ﬁ_1)(§)M—bye_(y_1)(§)”>

h(x) =

The moments of the HRT-Weibull random variable are described in
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E(XT) = 67 {1 i+ (= AP TE+ Azy‘ﬁ}. r>1

Conclusion

The proposed method in this paper for extending classical lifetime probability models generalizes some
methods used to produce transmuted families of distributions through higher rank transmutation maps. By using
the proposed method, researchers and statisticians can generate more flexible and tractable lifetime distributions
that capture the complexity of the real lifetime data. The proposed method in this paper is specially good for
transmuting distributions having cdf of the form G(x) = 1 — h(x) for some function h(x), a property that is true
for many lifetime distributions. Meanwhile, an alternative, but equivalent method, is proposed in this paper to
generalize lifetime distributions that have cdfs of other forms.
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