
   

IUG Journal of Natural Studies 

Peer-reviewed Journal of Islamic University-Gaza 
ISSN 2409-4587 IUGNS 

Vol 27, No 2, 2019, pp 50-62 
   

 
 

50 

 
 

IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0 

Received on (27-07-2018) Accepted on (25-02-2019) 

 

 
 
 
 
 
 
 

 

 
 
 
 
 
 
 
 
 
 
 
 

 

Introduction: 
In statistics, it is always desired to extend classical distributions and generate new flexible distributions in 

order to adequately fit real lifetime date. The literature is rich of studies that aim at proposing and introducing 

methods to generate and extend new families of univariate continuous probability models (see, for example, [Lee 

et al., 2013]). Among those methods that have recently attracted statisticians and gained their attention are 

exponentiation and transmutation. The idea of exponentiated distributions was introduced in 1998 by [Gupta et 

al., 1998]. A random variable   is said to have an exponentiated distribution if its cumulative distribution function 

(cdf)      and probability density function (pdf)      are given by 

      [    ]   

           [    ]             

 

where      and      are the cdf and pdf of some baseline distribution  , respectively. 

Transmuted distributions were introduced by [Shaw and Buckley, 2009] in 2009 as a method to extend 

known non-Gaussian distributions by adding extra parameters to their distribution functions. Transmuted 

distributions provide statisticians with tools to control the skewness and kurtosis of the distribution in order to fit 

their real data. 
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Given a baseline probability distribution with cdf      and pdf     , a random variable   is said to have a 

transmutation map of quadratic map if its cdf      and pdf      have the following simple forms 

 

                        

          [          ]            

 

Given a cdf G(x) of a continuous random variable, the exponentiated generalized class of distributions is 

defined in [Cordeiro et al., 2013] by 

 

      {  [      ] }   

 

where     and     are two additional shape parameters. 

In the last decade, many authors introduced ideas to generalize the transmutation methods. For example, 

[Nofal et al., 2017] introduced a new class of continuous distributions called the generalized transmuted-G family 

which extends the quadratic rank transmutation map. [Rahman et al., 2018] proposed a general transmuted 

family of distributions with the emphasis on the cubic transmuted family of distributions. [Granzotto et al., 2017] 

introduced a new family of transmuted distributions and called it the cubic rank transmutation map distribution. 

Some other authors also proposed methods by using cubic rank transmutation maps like [Cordeiro et al., 2013] 

and [Nofal et al., 2017]. 

Many authors applied some of the above methods to certain distributions including the Rayleigh 

distribution ([Merovci, 2013]), the Gompertz distribution ([Abdul-Moniem and Seham, 2015]), the Gompertz-

Makeham distribution ([El-Bar, 2017]), the Weibull distribution ([Granzotto1 et al., 2018, khan et al., 2017]), etc. 

In [Granzotto etal., 2017], the authors proposed a cubic ranking transmutation map as follows.  

 

                     
            

      

 

 where       ,        , and      and      are, respectively, the cdf and pdf of the baseline 

distribution. 

The corresponding pdf is 

 

          {                        
    }  
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 where       ,        . 

In this paper, we propose a new method of extending classical lifetime probability models by generalizing 

some methods used to produce transmuted families of distributions through higher rank transmutation maps. By 

using the proposed method, we can generate more flexible and tractable lifetime probability distributions that 

meet the complexity of the real data. We will refer to the new distributions generated by this method as a higher 

rank transmuted (HRT-G) distributions, where      is the cdf of a baseline distribution. The proposed method in 

this paper is specially good for transmuting distributions having cdf of the form             for some 

function     , a property that is true for many lifetime distributions. 

In some situations, higher rank transmuted distributions are needed to capture the complexity of the real 

data to be analyzed and studied. They are also needed when the real data to be fitted comes from a mixture of 

distributions. 

In general, the HRT-G family has cdf and pdf given, respectively, as 

 

                  {     ∑     
   (       )                         }  (1.1) 

 

where     and the   s and the   s are all real parameters obeying certain conditions that we will state 

below. 

Another way to produce higher rank transmutation maps is as in the following equation 

 

  ̃           {     ∑     
                             }  (1.2) 

 

where     and the   s and the   s are real parameters obeying certain conditions that we will state 

below. 

The method presented by (1.2) generalizes a method for producing cubic rank transmutation maps 

introduced by [Aslam et al., 2018]. 

 

2  Construction of the HRT-G Family 

 From now on, we assume that the integer    . 

 

2.1  First Construction 

 Let      and      be the cdf and pdf of some baseline distribution, respectively. The construction of the 

HRT-G family of distributions is described in the following theorem when the parameters         of (1.1) are 

positive integers. 
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Theorem 2.1  Let   be a random variable with cumulative distribution function      and probability 

density function     . Then the cumulative probability function of the HRT-G family is given as 

 

                  {     ∑     
   (       )                         }  (2.1) 

 where     ,          ,       , and              for          .  

 

 

Proof. Let   be a random variable with possible values         and respective probabilities        , 

where      and        with ∑   
       . Let         be a random sample from the distribution of   

and let      {       }. Then, the cdf of  ,      , is given by 

 

                       

    ∑   
                      

    ∑     
     [      ]   (  ∑     

     )[      ]    (2.2) 

 

Now, let         and            for          . Note that  

    (  ∑     
   )         

Then, the cdf of   can be written as 

 

        [      ]  {     ∑     
            [      ]       [      ]  }  (2.3) 

 

where      ,             ,         ,       , and             , for   

       .  

 

Now, we state a general theorem for producing the HRT-G family of distributions. 

 

Theorem 2.2  Let   be a random variable with cumulative distribution function      and probability 

density function     . Then a HRT-G random variable has a cdf given by  
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                  {     ∑     
   (       )                         }  (2.4) 

 

where     ,       , and        and              for          .  

 

 

Proof. Consider the function       defined by  

 

               
     ∑     

          (       ) 
                    

         (2.5) 

 

 where      . 

Under the conditions imposed on the   s and the   s in the statement of this theorem, it is easy to see 

that       is a pdf with support [   ]. First, note that       can be expressed as 

 

               
     ∑     

   (     )(       ) 
                    

         (2.6) 

 

Since         ,     ,            , for      , and     , each term of (2.6) is 

positive. Second, note that 

 

 ∫  
 

 
(     )(       ) 

                   

 ∫  
 

 
            

                (2.7) 

 ∫  
 

 
         

              

 

It follows from (2.7) that 

 

∫  
 

 
            ∑     

   (       )                            (2.8) 
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Therefore,      ,      , is a legitimate probability density function. 

Now, let      be defined by 

 

        ∫  
      

 
                      (2.9) 

 

Note that      is a continuous non-decreasing positive function with the following properties. 

 

    
    

                     
   

        

 

That is,      is a cumulative distribution function of a certain random variable. In fact,           .  

 

As a special case, when    , the cdf of the HRT-G family has the following form 

 

        [      ]  {            [      ]     [      ]  }  (2.10) 

 

 where     ,        ,       , and        . 

The corresponding pdf has the following form 

 

          [      ]    {                       [      ]   

           [      ]  }          (2.11) 

 

In the next theorem, we introduce another method of constructing a cubic rank transmuted distributions. 

 

Theorem 2.3  Let   be a random variable with cumulative distribution function      and probability 

density function     . Then, the cdf of the HRT-G family is given by  

 

  ̃           {                           }  (2.12) 
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 with       ,        ,     , and        .  

 

Proof. The proof is similar to the proof of Theorem 2.1. Let      {       }, where the random 

variable   takes the positive integer values    , and   with respective probabilities:    , and      . 

We start with the cdf of  , 

 

  ̃                                       

                   

                              (2.13) 

 

Now, let        and        . Then, the cdf of   can be written as 

 

  ̃           {                           }  

 

where     ,       , and       .  

 

The next theorem generalizes Theorem 2.3. 

 

Theorem 2.4  Let   be a random variable with cumulative distribution function      and probability 

density function     . Then, the cdf of the HRT-G family is given by  

 

  ̃           {     ∑     
                             }  (2.14) 

 

 with       ,               ,     , and           for          .  
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Proof. The proof is similar to the proof of Theorem 2.2. We use the same function       given in (2.5), but 

with a function  ̃    given as  

 

  ̃    ∫  
    

 
                     (2.15) 

  

2.2  Second Construction 

 

Here, we introduce a second construction for a special case, namely when    . 

 

Theorem 2.5  Let   be a random variable with cumulative distribution function      and probability 

density function     . Then, the cumulative distribution function of the HRT-G distribution is given by  

 

         [      ]{     [      ]   }  

 (2.16) 

 where either         when      , or              when    .  

 

Proof. Let         be independent and identically distributed random variables with common cdf      

and corresponding order statistics            . Consider the random variable   defined by   
 

     with 

probability   ,       , where      ∑     
     . Then the cdf       of the random variable   is given by  

 

                                 

     ∑   
              ∑   

              (2.17) 

 

 where  

         ∑   
   (

 
 
)     [      ]    (2.18) 

 

 is the cdf of the  th order statistic      ([Arnold et al., 1992]). 

By induction on  , it can be easily shown that  
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 ∑   
           ∑   

        (
 
 
)             (2.19) 

 

 Note also that  

 

           [      ]   (2.20) 

 

Using (2.19), we see that 

 

 ∑   
                 ∑   

        (
 
 
)      

        ∑   
        (

 
 
)        

                     (2.21) 

 

Let us, for simplicity, let      for        . Then by using (2.21) and (2.20), we see that 

 

                  ∑   
           

    {  [      ] }   {      [      ]   }  (2.22) 

 

We now let          . Then                 and 

 

          [      ]            

            {                }  

 

The condition: either         when      , or              when    , guarantees 

that             and ∑   
       .  
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Corollary 2.1  Let   be a random variable with cumulative distribution function      and probability 

density function     . Then, the cdf of the HRT-G random variable appears in Theorem 2.5 has a cdf given by 

 

           [      ]{     [      ]   } 

        [      ]   [      ]  

      {     ∑   
          (

 
 
) [    ]   }  (2.23) 

 

The pdf corresponding to         is 

 

             {       ∑   
           (

 
 
) [    ]   }  (2.24) 

 

In many cases,         is a mixture of distributions. 

When    ,             {          }, the pdf of the quadratic transmuted distribution. When 

   ,          {                   }, the pdf of the cubic transmuted distribution.  

 

3  Remarks and Sub-results 

 

Remark 3.1 Theorem 2.1 generalizes many known results about transmuted families of distributions.   

    1.  By letting          , and     , we get the quadratic rank transmutation map  

 

                          

 

    2.  By letting          ,     , replacing    by        , and replacing    by     , we get 

the cubic rank transmutation as stated in [Granzotto et al., 2017].  
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    3.  By letting                 , and using the cdf of the exponentiated baseline distribution 

[    ]  instead of      in (2.4), we get a result proved in [Alizadeh et al., 2017], namely, the pdf of the 

transmuted distribution is given by  

 

           [    ]   {      [    ] }  

 

Remark 3.2 [Rahman et al., 2018] generated a general transmuted family of distributions using the 

following higher rank transmutation map.  

 

  ̃            ∑   
    ̃             (3.1) 

 

It turns out that this family of distributions is a special case of the HRT-G family of distributions produced 

in this paper. To see this, by letting      and        for           in (2.4), we get  

 

                  {     ∑   
   (       )                       }  (3.2) 

 

Now, by letting  

    ∑   
          (

   
   

)  ̃   

 

     and  ̃    coincide.  

 

Example 3.1 When    ,  

 

                                           

 

We let     ̃   ̃  and      ̃  to get  

 

  ̃                                   

http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/


 

 
 
55 

 
 

IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0 

 

Remark 3.3 By combining the two above methods (described by       and  ̃    ) for generating 

transmuted distributions, we can produce what is known  ̈he exponentiated generalized class of 

distributionsïntroduced in [Cordeiro et al., 2013]. 

Let      be the cdf of some baseline distribution. Then, for           and     , we see that  

         [      ]   (3.3) 

 

Now, by using       as a new baseline distribution along with  ̃     and letting      and     , 

where    , we get 

 

  ̃     {  [      ] }   (3.4) 

 

4  Examples 

 

In all of the following examples, we use the pdf of the cubic rank transmutation map expressed in (2.11) 

with            , and       . 

 

4.1  The exponential distribution 

 Let the random variable    be exponentially distributed with parameter  . Then, the pdf and cdf of    

are respectively, 

 

    
            

    
                   

 

The pdf of the HRT-Exponential random variable is given by 

 

            {              
             

        }  

 

The hazard rate function of the HRT-Exponential random variable is 
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 (                   

            
            

       )

                  
           

           
         

 

The moment-generating function of the HRT-Exponential random variable is 

 

        {
        

            
 

        

           
 

 

   
}  

 

The  th moment of HRT-Exponential random variable is 

 

  [  
 ]           {          

             
     }          

 

The pdf of the HRT-exponential distribution 

 

Figure  1:           
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The pdf of the HRT-exponential distribution 

 

Figure  2:          

  

 

4.2  The Gompertz distribution 

 

The cdf of the Gompertz random variable is 

 

               
          

 

The pdf of the Gompertz random variable is 

 

                            

 

The cdf of the HRT-Gompertz random variable is  

 

                
{            ( 

      
)
   

   (       
)
   

}  

 

The pdf of the HRT-Gompertz random variable 
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          (     )   {             
      (     )      

      (     )   }  

 

The hazard rate function of the HRT-Gompertz random variable is 

 

               (     )    

  
                  

    
 
  (     )

     
    

 
  (     )

       
        (     )

    
 (          )

         
 (          )

  (4.1) 

 

The moment-generating function of the HRT-Gompertz random variable is 

 

        {         
    ( 

 

 
   )      

    ( 
 

 
   )         

   ( 
 

 
  )}  

 

where         ∫  
 

 
           is the exponential integral. 

To compute the HRT-Gompertz Moments, we use the transformation      . The pdf of   is given by 

 

             {              
                   

              }  

 

  [  ]      [       ] 

  ∫  
 

 
                  (              

               

      
              )     

 

After algebraic manipulation, the moments of the HRT-Gompertz random variable are given by 

 

  [  ]        {       
   

                
    

            
    

       }  

where     and   
   

    is the general integro-exponential function (see [Milgram, 1985]) given as  

     
     

 

      
∫  
 

 
                       (4.2) 
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In other words, 

 

 ∫  
 

 
                            

              (4.3) 

 

 

The pdf of the HRT-Gompertz distribution   

Figure  3:          

   

The pdf of the HRT-Gompertz distribution   

Figure  4:          
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4.3  The Weibull distribution 

 

The pdf of the Weibull random variable is 

 

           
 (

 

 
)
 

(
 

 
)
 
         

 

The cdf of the Weibull random variable is 

 

         
 (

 

 
)
 

         

 

The pdf of the HRT-Weibull random variable is 

 

            
 (

 

 
)
 

(
 

 
)
   

{              
      (

 

 
)
 

     
      (

 

 
)
 

}  

 

The Cdf of the HRT-Weibull random variable is 

 

          
 (

 

 
)
 

{            ( 
 (

 

 
)
 

)
   

   ( 
 (

 

 
)
 

)
   

}  
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The pdf of the HRT-Weibull distribution  

Figure  5:          

  

 

The pdf of the HRT-Weibull distribution   

Figure  6:           

  

The hazard rate function of the HRT-Weibull random variable is 

 

      
    (

 

 
)
   

(           
      (

 
 
)
 

    
      (

 
 
)
 

)

(          
      (

 
 
)
 

   
      (

 
 
)
 

)

  

The moments of the HRT-Weibull random variable are described in 
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     {             

 
 

     
 

 

 }           

 

Conclusion 

 

The proposed method in this paper for extending classical lifetime probability models generalizes some 

methods used to produce transmuted families of distributions through higher rank transmutation maps. By using 

the proposed method, researchers and statisticians can generate more flexible and tractable lifetime distributions 

that capture the complexity of the real lifetime data. The proposed method in this paper is specially good for 

transmuting distributions having cdf of the form             for some function     , a property that is true 

for many lifetime distributions. Meanwhile, an alternative, but equivalent method, is proposed in this paper to 

generalize lifetime distributions that have cdfs of other forms. 
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