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1 Introduction

Let R be a finite commutative ring with identity. A subset C of
n—tuples of elements of R is called an-R code (code over R) if it
is an R-module. Recall that a code C over R is called cyclic if a
cyclic shift of every element of C is an element of C, or equivalently
C is an ideal of R,, = R[x]/(z" — 1). Hammons, Kumar, Calderbank,
Sloane and Sole in a seminal paper [1], discuss the Z,—linearity of
Kerdock, Perparta, Goethals and other codes. the structure of cyclic
codes is considered by Pless and Qian [2] and Pless, Sole and Qian
[3]. They found generator polynomials as well as idempotent genera-
tors for cyclic Zy—codes. They have also outlined the necessary and
sufficient family of cyclic codes to be self-dual. An interesting family
of cyclic codes is the family of quadratic residue codes. Quadratic
residue codes were first defined and investigated by Andrew Gleason.
Pless and Qian [3] defined quadratic residue codes over Z, in terms
of their idempotent generators. They showed that these codes have
many good properties which are analogous in many respects to prop-
erties of quadratic residue codes over finite fields. The same results
were obtained for quadratic residue codes over Zg and over Zg; see [5]
and [7]. Shixin Zhu, Tae Zhang [6] defined the quadratic residue codes
over the ring Fy + vFy, where v? = v, Fy = {0,1}, in terms of their
idempotent generators.

In this paper, we consider the ring R = [F5 + v[F3, where v? = 1, Fy =
{0,1,2}, and we define quadratic residue codes over F3 + vF3. We
prove that the results of [6] remain valid over F3 + v[F3. Our method
suggests that if one has the idempotent generators of quadratic residue
codes over [F3, one can obtain idempotent generators over F3 + vF3,
and define quadratic residue codes over F5 + vlFs.

2 Preliminaries

The alphabet R = F5 +vF3 = {0,1,2,v,2v,a =1+ v,b=2+v,c =
1+ 2v,d =2+ 2v}, where v = 1, Fy = {0,1,2}, is a commutative
ring with nine elements. The elements 1,2, v, 2v are units. Addition
and multiplication over R are given in the following tables,



+ 10|12 |v]|2vla|bl|lc]|d
OlO0|1|2]|v | 2v]a|b]|c|d
111120 |al|c|b]|v|@d]|2
2121011 | b|d|v]|]a]|2v]| c
viv|ial|b|2v]| 0| c|d|1]2
2v|2v|i ¢c | d | O | v |1 |2]alb
alal|b|vi]ic|1]d|2v] 2|0
b|{b|v]al|d|2|2v]c | 0]1
c|lcld|2v|1|a|2|0]|Db|v
d{d|2v]c | 2] Db |0]1]|v]|a
-0 12| v |2v]|a|b|c|d
0|00 010JO0OO0O|lO]O]O
110|112 | v |2v|al|blc|d
210 2|1 |2v|vi|id|c|b]|a
v 0| v |2v| 1] 2 ]alc|b|d
2v|0(2v| v | 2|1 |d|b|c]|a
a|0la|d|]a|d|d|[0]0]a
b|{O|b|c|c|b|O0]blc]|O
c |0l c|b|b|c|0]c|b|O
d|{0|]d|]a|d|]a]a|0|0]|d

This ring is a semi-local ring. It has two maximal ideals (v —1) =
(b) and (1 +v) = (a). It can be shown that R/(v — 1) and R/(v + 1)
are isomorphic to F3. From the Chinese Remainder Theorem,

R=@w—-1)®(w+1)=(b) D (a),
where (v —1) = {0,v+ 2,1+ 2v} and (1 +v) = {0,1 4+ v,2 + 2v}.

In [8], it was shown that,
a+vb=(a—0b)(v—1)—(a+Db)(v+1)

for all a,b € Fs.

A linear code C of length n over R is an R-submodule of R". An
element of C is called a codeword of C. There are three different known
weights over R. These are the Hamming, Lee and Bachoc weights.



The Hamming weight wty(z) of a codeword x = (x1, 29, ...,2,) €
R"™ is the number of nonzero components. The minimum weight
wtg(C) of a code C is the smallest weight among all its nonzero code-
words.

In [8], the Lee weight for the codeword x = (z1,x9,...,2,) € R"
is defined by wtr(x) = Y1, wtr(z;), where

wtp(z;) =< 1 if =120 or 20
2 if ri=14+v,24v,14+2v or 24 2v

The Bachoc weight for the codeword =z = (21, 23,...,2,) € R" is
defined by wtp(z) = >, wtp(x;), where

0 if ;=0
wtp(z;)) =< 1 if =z =14v,2+4+0v,1+2v or 242
3 if r;=1,2,v or 2v

The minimum Lee weight wt,(C) and the minimum Bachoc weight
wtp(C) of code C are defined analogously.

For x = (x1,29,...,2n), (Y1,Y2, .- -, Yn) € R", dy(x,y) = |{i|x; #
y;}| is called the Hamming distance between z and y € R" and is
denoted by

dp(z,y) = wiy(z —y).
The minimum Hamming distance between distinct pairs of code-

words of a code C is called the minimum distance of C and denoted by
dy(C) or shortly dy.

The Lee distance and Bachoc distance between z and y € R" is
defined by

dr(z,y) = wir(z —y) = ZU)tL(fEi — Yi),
=1



dp(z,y) = wip(x —y) = Zwt3($i —Yi),
=1

respectively.

The minimum Lee and Bachoc distance between distinct pairs of
codewords of a code C are called the minimum distance of C and de-
noted by dr(C) and dp(C) or shortly dy and dp, respectively.

If C is a linear code, dg(C) = wty(C), dr(C) = wtL(C), dg(C) =

A generator matrix of C is a matrix whose rows generate C.

Two codes are equivalent if one can be obtained from the other by
permuting the coordinates.

The Gray map ¢ from R" to F2" is defined by

¢:R”—>F§”

X + vy — (x,y) where x,y € F}. The Lee weight of x + vy is the
Hamming weight of its Gray image. Note that ¢ is linear.

By the of Chinese Remainder Theorem, any code over R is permu-
tation equivalent to a code generated by the following matrix

I, 1-=v)B; (v+1)A; (1+v)A2+(1—v)By (1+v)As+ (1 —v)B;s
0 (1 +U)Ik2 0 (1 +U>A4 0
0 0 (1 — )y, 0 (1 —v)B,

where A; and B; are ternary matrices. Such a code is said to have
rank {9% 3%2 3%} If H is a code over R, let H* (resp. H™) be the
ternary code such that (1 +v)H™' (resp. (1 —v)H ™) is read H mod
(1 —w) (resp. H mod (1 +v)).



In [8], it was proved that,
H=(1+vH"®(1-v)H"
with
H* ={s|3t € F?|(1+v)s+ (1 —v)t € H}
H™ ={t|3se FJ|(14+v)s+ (1 —v)t e H}

The code H* is permutation equivalent to a code with generator
matrix of the form

L, 0 241 24, 24,
0 L, 0 A 0 )

where A; are ternary matrices for ¢ = 1,2,3,4 and the ternary code
H~ is permutation equivalent to a code with generator matrix of the
form

I, 2B, 0 2B, 2Bs
0 0 L, 0 By )’

where B; are ternary matrices for ¢ = 1,2, 3, 4.
The Euclidean inner product for z = (21,22, ,25), ¥y = (Y1,Y2, "+ ,Yn) €

R" is defined by
rY = Z ZiYi-
i=1

The dual of the code C is defined by
Ct={zc€R" :2y=0, VyecC}

If C = C*+, we say that the code C is self dual and if C C Ct it is
called self-orthogonal.
In [9], Y. Cengellenmis studied cyclic codes over the ring F3 4 vF3 and
found the generator polynomials for these codes. Not much works has
been done on the structure of idempotent generators of cyclic codes
over the ring F3 4+ vF3. In this paper, we investigate the structure of
idempotent generators of cyclic codes over F3 + vIFs.



Theorem 2.1. [9] Let H be a linear code of length n over R. Then
OH)=H"Q@H and |H|=|H"||H"|.

Lemma 2.2. [9] [f ®(H) = Ht @ H~, then H = (1+v)H* P(1 —
v)H™.

Lemma 2.3. [9] [f®(H) = H" @ H~, then H+ = (1+v)(H")* @(1—
v)(H™)*L.

Corollary 2.4. [9] Every ideal of R, = R[z]/ < 2™ —1 > is principal.

Corollary 2.5. [9/C = (1 +v)HT@(1 —v)H ™ is a cyclic code of
length n over R if and only if H*, H~ are ternary cyclic codes.

Corollary 2.6. [9] If H is a cyclic code over R then the dual code
H* of H is also cyclic.

Theorem 2.7. [9] H is a cyclic self dual code over R if and only if
H*, H™ are ternary cyclic self dual codes.

Theorem 2.8. [9/ If H = (1+v)HT"@(1 —v)H ™ is a cyclic code
of length n over R, then H = ((1 4+ v)g1(z), (1 —v)ga(x)) and |H| =
32" — deg (g1(x)) — deg (go(x), where gi(x), go(x) are the generator
polynomials of HY and H™ respectively.

Theorem 2.9. [9] For any cyclic code H of length n over R there is a
unique polynomial g(x) such that H =< g(z) > and g(x)|x"—1, where
9(z) = (91(z) + g2(2)) + v(g1(x) — ga(x))). Moreover if gi(z) = ga(z),
then g(x) = 2g1(z).

Theorem 2.10. Let 2" — 1 € F3[x] be uniquely expressed as x™ —
1 = [[_, P’ (x) where Py(z) are pairwise relatively prime nonzero
polynomials over F3. Then the number of cyclic codes of length n over
R is H;:1(5i + 1)2

Proof. The result directly follows from the fact that the number of
ternary cyclic codes of length n over R is [[;_,(s; + 1)% O

Theorem 2.11. Ifn is odd, then every cyclic codes C of length n over
R contains a unique idempotent e(x) € C, such that C =< e(x) >.



Proof. 1f n is odd, then there exist two unique idempotent polynomials
e1,e9 € F3[z]/ < 2™ — 1 > such that C; =< ey(z) >, Co =< ex(x) >
according to Theorems 2.9 and 2.10. We have C =< de; + bey >,
where b=2(1—-v)=2—-2v=2+uv, d=2(14+v) =2+ 2v.

Let e(x) =< dey + bey > . Then C =< e(z) > and (e(z))? = d?e? +
b’e2 = dey + bes.

If there is another d(z) € C such that C =< d(z) > and (d(z))* =
d(zx), since d(z) € C =< e(x) >, we have d(z) = e(z)a(z) for some
a(z) € R,, thus d(z)e(x) = a(x)e*(x) = a(x)e(x) = d(x). Similarly
we can prove that d(z)e(x) = e(x), namely d(z) = e(x). O

Lemma 2.12. [f ey, es are idempotent generators in R, and if C;, Cs
are cyclic codes of length n over R and C; =< e; >, es =< ey >, then
(1) e1es and e; + ex — eyey are idempotent generators of C; N Cy and
Cy U Cy respectively.

(2) the idempotent generators of the dual of C;, i.e., Ci- are 1 —
ei(x™h), i=1, 2.

Theorem 2.13. Let n be odd. If C = (e(x)) is a cyclic code of length
n over R, where e(x) is an idempotent polynomial. Then C* has the
idempotent polynomial 1 — e(z™1).

Proof. Let e1(x), es(x) be the idempotent polynomials of C; and C,
respectively. Then e(z) = de; + bey = 2(1 + v)e; + 2(1 — v)ey =
2(e1 + €2) + 2v(e; — ey), and the idempotent polynomials of cyclic
codes Ci, Cf are 1 —e (27 1) and 1 —ey(271). In the light of Theorem
2.11, C*+ = 2(1 +v)Cit + 2(1 — v)C4- has idempotent generator 2(1 +
v)(1—ep(z7))+2(1—v)(1—ezx(z7)) = 2(1+v) —2(14v)es (z71)+2(1—
v)—2(1=v)ea(z7') = 1—(2(1+v)er (z7 1) +2(1—v)ea(z7') = 1—(2(1+
v)er(x7 ) +2(1—v)ex(z7h)) =1 —d(ey(z7) +bea(x™)) =1 —e(a™h).
So the idempotent generator of C* is 1 — e(z™1). O

Example 2.1. Ezample of cyclic codes over R. Ifn = 2, then 2?2 —1 =
(2+2)(1+x) in F3[z]. There are 15 non zero cyclic codes of length 2
over R. Table I gives the list of all such codes.



code generator matrices order | generator polynomial | generator idempotent | dp,
1 2 1 9 2+x 2+x 2
2 2(14+v) (1+v) 3 (14v)(2+x) (242v)(2+x) 4
3 2(1—-v) (1-v) 3 (1-v)(2+x) (24v)(2+x) 4
4 1 1 9 14+x 2+2x 2
5 1+v 14w 3 (14v)(14x) (14v)(14x) 4
6 1—v 1-vw 3 (1-v)(14x) (1-v)(14x) 4
1 0
7 0 1 81 1 1 1
8 el 9 1+v 242y 2
9 ! o 0 . 9 1-v 24v 2
10 v 2 9 2x+v 24-vx 2
11 2v 2 9 2x+42v 2+2vx 2
12 v v+l 9 v(14x)+x 2v(x+1)+2x 3
13 2 14w 9 vx+(24+x) v(24x)+x 3
14 2v 2v+1 3 v(2v+2)+c v(x+1)+2x 3
15 2 2v+41 9 v(2x)+x+2 2v(x+2)+x 3

3 Quadratic residue codes over R = 3 +
"UIFg

Throughout the paper, we assume that p is prime. For considering
quadratic residue codes over F3 we must assume that p = 12r £+ 1.
First of all we find idempotents of R, = (F3 + vF3)/(z? — 1) from
idempotent generators of Fs/(z? — 1).

Definition 3.1. Let p be an odd prime and ged(a,p) = 1. If the
quadratic congruence x> = a (mod p) has a solution, then a is said
to be a quadratic residue of p. Otherwise a is called a quadratic non-
residue of p.

Let @ be the set of quadratic residues and N be the set of non-
residues for p. let e; = 37,02’ and ep = Y,y 2'. In [4] it was
shown that 3 is quadratic residue (mod p) if and only if p = 12r £ 1.
Therefore for considering quadratic residue codes over 3 and hence
over F3 + vIF3 we must assume that p = 12r + 1. It is well known
that 2e;, 1+ ¢;, i = 1,2, are idempotents over F3/(z? — 1). An F3-
cyclic codes is An F3-quadratic residue (QR) code if it is generated
by one of the idempotents 2e;, 1 +e¢;, ¢ = 1,2. If p = 12r — 1 put
Q1= <261>7 Q2 = <2€2>7 Q,l = <1 +€2>a Ql2 = <1 +61>' Ifp=12r+1
put Q1 = (1+e2), Q2 = (1+e1), Q) = (2e1), Q) = (2e3). In order to



define quadratic residue codes over F3 + vIF3 in terms of idempotent
generators, the following theorem is needed for such computations

Theorem 3.1. [10]

(i) Suppose that p = 4k —1, and a is a number relatively prime to p.
Then in the set a+ (QU{0}), there are k elements in (Q U {0})
and k elements in N. In the set a + N, there are k elements in
(QU{0}) and k — 1 elements in N.

(11) Suppose that p = 4k + 1 and a is a number prime to p. Then in
the set a + (Q U {0}), if a € Q, then there are k + 1 elements
in (QU{0}) (including 0) and k elements in N, and if a € N,
there are k elements in QQ and k + 1 elements in N. In the set
a+ N, ifa € Q, there are k elements in () and k elements in N,
and if a € N, there are k + 1 elements in (Q U {0}) (including
0) and k — 1 elements in N.

By a routine application of theorem 3.1, we obtain the following
result.

Theorem 3.2. [7] If p = 4k — 1, then

7= (k—1)ey + kes,
e5 = key + (k — 1)ey,
)+ (k—1)es + (k — 1)es.
If k =4k + 1, then

e? = (k—1)e; + key + 2k,

ez =key + (k — 1)ey + 2k,

€163 = k61 + ]{562.

Theorem 3.3. Let p = +1(mod 12). If 2e;, 1+ e; are idempotent
generators of quadratic residue codes over Fs, then ce; + aej, b(1 +
e;) +d(1+e;) =1+be; +dej wherea = 1+v, b =2+, ¢ =
1+2v, d=2+2v, v*> =1 are idempotent generators over R[z]/{xP —
1), wherei,j=1,2.



Proof. If p = +1(mod 12) and 2e;, 1 +e; are idempotents over Fs /(2P —
1), then by Theorem 3.2 we have, (ce; +de;)* = ¢} +2caee;+a’e} =
e} +a’e; = ce; + ae;. Similarly (b(1+e;) +d(1+e;))* = b(1+e;) +
d(1+ej) = (b+d)+be; +dej =1+ be; + de; and all other cases are
idempotent over R[z]|/(xP — 1), where i,j = 1,2. O

Let h = 14 e; 4+ e5 be the all one vector. Let a be any nonzero
element of F3. The map p, is defined as p,(i) = ai (mod p). It is
easy to see that u,(fg) = pa(f)pa(g) for polynomials f and g €
Rlz]/{xP—1). In the following theorem we investigate some properties
of QR-codes over R = F3 + vlF;.

Theorem 3.4. Let p be a prime with p = 12r — 1, Q1 = {(ce; +
aes), Qy = (ces+aey), Q) = (1+be;+des), Q) = (1+beg+dey), then
the following holds for Q1, Q2, Q) and QY :

(a) Q1 and Qy are equivalent and Q) and Q) are equivalent;
(b) Q1N Q2= (2h) and Q1 + Q2 = Rlz]/(a? — 1)
(¢) Q1= Q1+ (2h), Qo = Q5 + (2h);

pt1

(d) |Qi] = |Q:] = 9%, |Q = Q) =97 ;
(6) Qll: ,2’ QZL: /1;
(f) Q4N Q= {0} and Q, + Q= (1 + h).

Proof. (a) Sincep=12r—1=4(3r)—1, —1 € N, for a € N, then
pae1 = €2 and pges = e1. Thus p,(ce; + aes) = ces + ae; and
ta(ces + aey) = cep + aes. So Q7 and @)y are equivalent. The
proof of the other case is similar.

(b) Since by lemma 2.12, )1 N ) has an idempotent generator,
(cer + aey)(ces + aey) = cejey + a’ejey = (¢ + a?)(erep) =
(b+d)(—1 —e1 —e3) =24 2e; + 2e5 = 2h. So Q1 N Qs = (2h)
and ()1 + ()2 has an idempotent generator, ce; + aes + ces +
aey —2h = c(e; + e2) +ale; +e3) —2h = (c+a)(e; +e2) —2h =
2e1 + 265 — 2 —2e; — 265 = 1. So Q1 + Q2 = R[z]/{(xF — 1)



(¢) By lemma 2.12 ) N (2h) has an idempotent generator (14 be; +
des)(2 + 2e1 + 2e2) = 0. Thus Q) N (2h) = {0}, by Lemma 2.12
Q' + (2h) has an idempotent generator (1 + be; + des) + 2h —
(1 + bey + dea)(2h) = aey + ceq, So Q) + (2h) = (1. Similarly
Q)+ (28) = Qs

(d) By parts (a) and (b) we have, 9 = |Q1+Qs| = gﬂgil‘ = |Q91|2, S
Q1] = Q2] = 9" and 95" = Q1] = @ +(2h)| = |@4[[(2h)] =
9| Thus |Q}] =97

o

(e) By Theorem 2.13 and the fact that —1 € N, Q1 has an idem-
potent generator 1 — [(cer(z™!) + aex(z7)] = 1+ bey(z7!) +
dey(z71) = 1+ bey + dey. So QF = Q. Similarly Qy = Q).

(f) Since 14 bey; +des + 1+ bey +dey =2+ e+ ey =1+ h and
(1 + bey + des)(1 + bey + dey) = 0. So by Lemma 2.12 we have
Q1N Q5 = {0} and Q] + Q5 = (1 + h).

O

Theorem 3.5. Let p be a prime with p = 12r + 1, Q1 = (1 + be; +
des), Q2 = (1+bey+dey), Q) = (cer +aes), Q) = (cea+aey). Then
the following hold for 1, Q2,Q} and Q) :

(a) Q and Q, are equivalent and Q' and Q) are equivalent;
(b) Q1N Q2= (h) and Q1 + Qs = Ra]/(a? — 1)

(¢) Qi = Qb+ (h), Qo= Q} + (h);

(4) Qi =1Qal = 9", |Q1] = Q4] = 9"

(¢) Qf = Q1. QF = Q;

(f) Qi Q= {0} and Q) + Q4 = (1—h).

Proof. (a) Let a be an element of N. Then p,e; = e3 and jpue0 = €.
Thus f1,(1 4 bey + deg) = 1 + beg + dey and i (1 + beg + deq) =
1+ be; + dey. So Q1 and Q9 are equivalent. Similarly for the
other case.



(b) Since (1 + bey + des)(1 + bey +dey) = 1+ (d+ b)(er + e2) =
14+ e + e = h. It follows by Lemma 2.12 (); N 2 has an
idempotent generator h, hence Q1 N Q2 = (h). Also by Lemma
2.12 (14-bey+des)+(1+beg+der) — (14+bey+des) (1+bey+-dey) =
(14 bey +des) + (1 +bey+de;) —h =2+ (b+d)(e; +e3) —1—
e1 — eo = 1. Thus Q)7 + ()2 has an idempotent generator 1, so

Q1+ Q2 = Rlz]/(2? — 1).

(¢) By Lemma 2.12 @} N (h) has an idempotent generator (ce; +
aes)(1 + ey + e3) = cep + ce? + cejes + aey + aesey + aes =
cer+c(—ep)+c(0)+aea+a(0)+a(—ez) = 0. Thus QN (h) = {0}.
By lemma 2.12, @]+ (h) has an idempotent generator ce; +aes+
h—(ce; +aes)(h) =1+ei(c+1)+ez(a+1) =14 dey + bey, so
Q4 + (h) = Q. Similarly Q) + (h) = Q1.

(d) By parts (a) and (b) we have, 9 = |Q1 + Q3| = gﬂgj = |Q91|2,
50 |Q] = Q] = 9" and 95" = | @] = |Q}+(h)] = |Q4I(h)] =

1

9|Q} . Thus |Q4| = 9°7". Similarly |Q}| = 97"

(e) By Theorem 2.13 and the fact —1 € @, Q7 has an idempotent
generator 1 —[1+bey(z7') +dex(z7)] = —bey(z71) +dex(z71) =
ce1(z7') + aeg(z™t) = cey + aey hence Qf = Q). Similarly

Qy = Q)

(f) Since (ce;+aes)(cea+aey) = cejeqcael +aces+a’ereq = 2¢(0)+
04 0+2a(0) = 0 and ce; +aes +ces +ae; = (a+c)(e1 +e3)2e1 +
2e5 =1 —h So by Lemma 2.12, Q| N Q5 = {0} and Q] + Q5 has
an idempotent generator (1 — h).

[

Definition 3.2. The extended code of C over R denoted by C, is the
code obtained by adding an over all parity check to each codeword of

C

When p = —1(mod 12), we define Q; to be the R-code generated



by the matrix
co 01 2 -+ p—1
0
0 G

2 22 2 2 2

where e;ach row of (7] is ia a cyclic shift of the vector 1+ be; +dey. We
define ()5 similarly. Note that these are extended codes of @)1, and Q)s,
since the sum of components of all one vector is 0 (mod 3).

Theorem 3.6. Let Q1, 2, Q), Q3 be the quadratic residue codes
over R in theorems 5.4. Let Q1, Q2 denote their extended codes.
When p = —1(mod 12), then the dual of @Q1, is Qo and the dual of

Q1 15 Q.

Proof. By Theorem 3.4 Q, = Q) + (2h) and Q; has the ’%1 xp+1
generator matrix

0 01 2 - p—1
0

0 G

2 22 2 2 2

where each row of GG} ia a cyclic shift of the vector 1 + be; + dey. We
know that G’ generates Q] and Qy = @), by Theorem 3.4(e), any
row in the above matrix is orthogonal to any row in the matrix which
defines ()5 and the vector (2, 2h) is orthogonal to itself. By comparing

the order of the dual of Q; and the order of @, we find @L =Q,
and @L =0, O

When p = 1(mod 12), we define Qvl to be the R-code generated by
the matrix

00
0
0



where each row of G, is a cyclic shift of the vector ces +ae;. We define

@; similarly. Note that these are not extended codes of (); and @),
since the sum of components of all one vector is not 0 (mod 3).

Theorem 3.7. Let 1, Q2 @), Q) be the quadratic residue codes over
R in Theorem 3.5. When p = 1(mod 12), then the dual of Q, is Q,
and the dual of Qs is Q.

Proof. By Theorem 3.5, Q; = Q) + (h) and @Q; has the ’%1 xp+1
generator matrix

00
0
0

where each row of G}, ia a cyclic shift of the vector cey +ae;. We know
that G, generates Q). Since Q3 = @5, it follows that by (Theorem
3.5(e)), any row of the above matrix is orthogonal to any row in the

— _ ~1
matrix which defines );. By comparing the order of ¢); and Q1 , we
find Q; = Q,. Similarly Oy = Qs. 0

Definition 3.3. A vector x = {z1, 22, -+ ,x2} € F} is called even-like
if ", x; = 0 and is called odd-like otherwise. We say that a code C
over Fj is even-like if it has only even-like codewords, and it is odd-like
if it is not even-like

By direct computation we have the following example:

Example 3.1. The R— quadratic residue code of length p = 11 =
—1(mod 12).
We first find the generating idempotents of quadratic residue codes of
length 11 over Fs.
Here
Qi = {1,3,4,5,9} and Ny; = {2,6,7,8,10}.
The generating idempotents of odd-like quadratic codes over F3 are
2e; =2 Z v =2z + 2 + 2t + 2° + 2°)

JEQu



and 2eq = 2 Z v =2(2® 4+ 2% + 27 + 2% + 219)

JEN1
and the generating idempotents of even-like quadratic residue codes
over Fs are
ltep =14 Y 2/=1+(@@+a®+2"+2°+2°)

JEQL
and 1+ey=1+ Y 2l =1+ (2" +2°+ 27 +2°+2")

JEN11

Then the generating idempotent of even-like quadratic residue codes
over R are
14+0((x+ 23+ 2+ 2° + 29) + d((2* + 2° + 27 + 2% + 219))
and 1+ b((2? + 25 + 2" + 2% + ') + d((x + 23 + 2* + 2° + 27))
and the generating idempotents of odd-like quadratic residue codes over
R are
c((z+2*+ 2+ 2°+2%) + a((2? + 25 + 27 + 2® + 219))
and c(z? + 25 + 27 + 2% + 219) + a(z + 23 + 2t + 25 + 29)
as an example, since c =1+ 2v, a =1+ v, then the idempotent gen-
erator of odd-like (QR) codes over R is ce; + aey = c((x + 23 + 2t +
25+ 2%) +a((2? + 2% + 27+ 28 4+ 2'9)) = cv + ax? + cad + cxt + ca® +
ar’ + ax” + ax® + c2® + ax'”.

Example 3.2. Consider the case of the prime p = 13 = 1(mod 12).
We first find the generating idempotents of quadratic residue codes of
length 13 over Fs.
Here
Q13 ={1,3,4,9,10,12} and N3 = {2,5,6,7,8,11}.
The generating idempotents of odd-like quadmt@c codes over F3 are
Ltep =1+ Y 2/=1+(@+a+2*+2°+2"+2")

JEQ13
and 1+ey =1+ Z vl =1+ (2* +2° + 2% + 27 + 2% 4+ M)

JEN13
and the generating idempotents of even-like quadratic residue codes
over IF5 are
2e; =2 Z v =2+ 2%+ 2t + 2% + 2!+ 2'?)
JEQ13

and 2ey = 2 Z 1) =2(2% + 2° + 2%+ 27 + 2% + 2')

JEN13
Then the generating idempotents of odd-like quadratic residue codes



over R are
1+ber+dea=1+b(x+a*+at + 2%+ 20+ 22) + d(2? + 2° + 2% +
"+ 28 + )

and 1 +bey +de; =1+ b(z? + 25+ 28 + 27 + 28 + 1) + d(x + 23 +
zt + 2% + 210 + 212)

and the generating idempotents of even-like quadratic residue codes
over R are

2e1 +a2ey = c((z + 2% + 2t + 2% + 210+ 2'?)) + a((2? + 2° + 2% +
27 + 2% + 2')

and c2e3 +a2e; = c((x? +2° + 25+ 27 + 28+ 2')) +a((z + 2® + 2t +
a2 + 210 + 21?))
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