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Abstract

Let G be a complex semi-simple Lie group with real form GO. Let Z = G/P
be identified with Gr(k, n), the Grassmannian of k planes in Cn.
Equivalently, P is a maximal parabolic subgroup defined by the
dimension sequence (k, n - k). Consider the action of GO on the
Grassmannian Gr(k, n). It is known that GO has only finitely many orbits
in G/P and therefore it has a unique closed orbit and at least one open
orbit ([2],[6]).

In this paper we will prove that the GO-orbits in Gr(k, n) are
parameterized by signature, where GO is SU (p, q) and SO(p, q) a real form
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of SL(n, C) and SO(p, q) respectively .

1. Introduction:

A real form Gy of a complex semisimple Lie group
G has only finitely many orbits in any given
compact G-homogeneous projective algebraic
manifold Z = G/Q and therefore there are open
orbits, and a unique closed orbit y< ([2],[6]).

In our paper we study the orbits of the real
form SU (p, q) and SO(p, q) when they acts on
the Grassmannian spaces. In both cases we
study the parametrization of the closed orbit and
the open orbits which play a role in
understanding the geometry of Grassmannian
spaces, see ([2],[6] and [8]).
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1 The parametrization of SU (p, q)-Orbits in
Grassmannian Gr(r,n)

1.1  Some basics in Linear Algebra

Let V be a vector space C. Letb(v, w), v, w V,
be a bilinear form defined V and h(v, w) = b(v, w)

is its Hermiation form.?

Deftnition 2.1. Any two nonzero vectors v,, v, EV are
orthogonal if they satisfy that

h(Vl, Vz) =0.

Deftnition 2.2. For any vector v € V if h(v, v) > 0, we
call v a positive vector, if h(v, v) <0, we call v a
negative vector and if h(v, v) = 0, we call v an
isotropic vector.



http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/
mailto:fshoga@iugaza.edu.ps

Parametrization of the orbits of the real forms SU (p, q) and SO
(p, q) in Grassmannian

Faten Said Abu-Shoga

2For the basic information in this section and more
see[3].

Definition 2.3. A set 8 = {v,,...,v,} is an orthonormal
basis of (V,h) if
1. h(v;v)) = 0, Vij with j 6=,

2. h(V,‘,V,') ==1.

Remark 2.4. By using Definition 2.3, we can write V as
V= W' @N where W'is a maximal positive subspace of
V generated by positive vectors in 8, and W is a
maximal negative subspace of V generated by negative
in 8. So W is the orthogonal
complement of W',

positive vectors

Definition 2.5. A subspace W < V is called
nondegenerate if and only if W nW< = {0}, and called

maximally degenerate if W cW!.

Notation 2.6. We will denote the Hermiation form in

the subspace Wtobeh =h |wxw.

Definition 2.7. If V is nondegenerate space of
dimension n such that V= W' @

W, then the
(dimW,dimW").

signature of V is sign(V ) =

Question 1. How can we find an orthogonal basis for
any subspace (W,h ) of dimension r?

To answer this question we have three cases:-

Case 1:- If W is maximally degenerate subspace, then

VW,',WjE VV, h (W”Wl) =0.

So we need only to choose r-linearly independent
vectors and then we finish.

Case 2:- If W is nondegenerate, fix a nonisotropic
vector w; € W. Let X; = Cw;,, then

XN X+ = {0}

w L5
wy € Xl so h (wy,w,) =

Choose nonisotropic vector
0.
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Let X5 = span{ww,}, then

Xy N X, = {0}

J_E ~
Choose nonisotropic vector W3 € X2 so h (wsw)) =
ovi=1,2.
Assume that we have r - 1 nonisotropic orthogonal
vectors wy,...,w,_;. Let

X-1= span{wy,..., w1},
then

X, N X0 = {0},
L5

w, € Xr—l, so

Choose nonisotropic vector

h (w,w)=0,Vi=1,..r-1

Hence we have r orthogonal vectors and these vectors
spans W.

Case 3:- If W NnWL, 6={0}and W nWL,

W, then
W = Qt @s

where dimQ;=t, dimB;=s, t+s = r and
. Ly
B,=Wn Wi= Wt and@: N Q" = {0},

From case 1, any s linearly independent vectors
{vy,...,vs} from B spans B,, and from case 2, we can find
an orthogonal basis {wy,...,w;} for Q..

Therefore, {vy,...,vo,Ws,...,w,} is an orthogonal basis for
w.

Example 2.8. Consider the vector space V = C°.Let the
hermaition form h to be
defined as

3 6

h(v,w) = b(v,o(w)) = — Z'U](J'(’U)])-}-Z'U;.;O'(’U,F,j)
=4

i=1
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Fix the standard basis {e,e,esesesesl to be the
orthonormal basis of V.

The subspace Wy = span{e, + eg e, + es} is a degenertate
subspace with the orthonormal basis {e, + eg e, + es}
since h(e; + ege; + €5) = 0, h(e, + ege, + eg) = 0 and
h(e,+es,e,+es) = 0. On the other hand, the subspace W,
= span{e,es} is nondegerate subspace with the
orthonormal basis {e,es} since h(e,,es) =0, h(e,e;) = -1

and h(eses) =1, and ey, e, is an orthonormal basis.

Define the subspace W5 = W, @V, = span{e, + eg e, +
es,ees), by GramSchmidt Orthogonalisation Process
we can find orthorormal basis for W5 to be W; =
span{ey, eg es e, +es} which means that we can write W3
= B @® where B = spani{e, + es} and Q = span{e,ece.)},
where B is degenerate subspace and Q is non-
degenerate subspace.

2.2 The Orbit Structure of the nondegenerate subspaces

Let (V,h) be the complex nondegenerate vector space
C" of signature (p,q), where p+g = n. Let G = SL(n,C), and
P be a maximal parabolic subgroup of G. In this case
the homogenous space Z = G/P can be identified with
the set of all subspaces with dimension r called the
Grassmannian Gr(r,n). Define the bilinear form b on V

to be
q

b(v,w) = — Z'L-'j'u'f +

i=1

n
VW

i=g+1

Consider the real form Gy = SU(p,q) of SL(n,C) where p +
g = n. The Hermitian form h : C"x C" > C defied SU(p,q)
is the standard Hermitian form of signature (p,q)
defined by

T

v; Wi+ E v;w;, Vv,w e C"
i=1 i=q+1

h(v,w) = —

[

7

then SU(p,q) is the group of isometries of V associated
to h, thatis if T €SU(p,q), then
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h(Tv,Tw) = h(v,w). Let us concerned with the action of
the real form SU(p,q) on Gr(r,n),

SU(p,q) x Gr(r,n) = Gr(r,n).

By the results given by Wolf in [6], this action has
finitely many orbits with a unique closed orbit and an
open orbit exists. Here a question arise: How can we
parameterize the orbits of this action? In the following
sections we prove that the orbits of the above action
parameterized by signature.

Definition 2.9. Given a subspace (W,h ) of (V,h). We
define a signature of the subspace W to be sign(W) =
(n*,n",d) where n"is the dimension of maximal positive
subspace of W and n” is the dimension of maximal
negative subspace of W and d = dim(W n W!) =
dim(W4L,).

Definition 2.10. Given a subspace (W,h|y )) of
signature sign(W) = (n",n",d) where dimW = n* +n" +d =
k. A set 8 = {vy,..,vi} is a suborthonormal basis of
(W,h|w)) if:

1. vy...,v+are orthonormal positive vectors .

2. Vnw1,..,.Vnn- are orthonormal negative vectors

3. Vptp-sn..., Vi are linearly independent isotropic
vectors and we will define the signature of this basis to
be (n*,n",d).

Remark 2.11. Any orthogonal basis of the subspace

(W,h ) has the same signature as the subspace

signature.

2.12. Given X,X, € Gr(r,n) be
nondegenerate subspaces such that sign(Xy) = sign(X,) ,

then there exist g € SU(p,q) with g(X1) = X,

Proposition

Proof. Given two nondegenerate subspaces
X1, X, €Z with orthonormal bases 8, =

{vy,...,v,} for X;, and 8, = {uy,...,u,} for X,. These two
bases have the same signature and we can rearrange
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them to have firstly the positive vectors and then the
negative.

1 vl
Similarly forX1 > X2 € Z with orthonormal bases

.l’jlf_ = {l,-’r+1! .....Un}a i@j_ — {ur+l, ...,u-yl}

for X1L~ le respectively, these two bases -81Lw 52L
have the same signature and we can rearrange them to
have firstly the positive vectors and then the negative.
So we can assume that v; and u; are both positive or

both negative.

Now, sinceV = X1 ®Xj = Xo ® Xy
define a linear map

we can

T:V->VbyT(v) =u;for v;€ 8, and u; € 8,,

and

T(v™) =u";

for ~Vi € ;91L and ~i € 3} so T(X1) = Xa

To show that  h(T(w),T(w)) =
VYw, w; € X;, start with bases vectors v,v; € Xy, if i 6=,

then

h(w;, Wj)

h(T(vi), T(v))) = h(u,u;) =0 = h(v,v), (1)
and if i = j, then
h(T(v)), T(vi)) = h(u;u)) = 1 = h(v,v)). (2)

N _ n s
Let wy,w, € V where W1 = 2 k-1 ®Vk and

My — e Y
w2 =3 7tV then

h(T(wy), T (we)) Zﬂk?’k Z’}’t?'r))
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mn

TZ’r‘zT(l-‘fJJ

t=1

—h(> T (vg)
k=1
= Z Z oLy (T

k=1 t=1

(vr) ,T'(ve))

v (1) and (2)

Zzﬂk ith(vg ,ve)

k=1 t=1

Z RV Z“-"rl’z]

f=1

= h(wy, wy).

Therefore T €SU(p,q).

Example 2.13. Let G = SU(1,2) and define the non-
degenerate subspaces X, = span{epes} and X, =
span{ey,e,}. The signature sign(X:) = sign(X) = (1,1).
Choose the matrix g € SU(1,2) where

1 00

0 01

0 1 0

g:

such that g.e, = e;and g.e; = e,, which means that
g.Xl = Xz.

2.3 The Orbit Structure of the degenerate subspaces
Recall that the signature of the vector space

V = C" with respect to the group SU(p,q) is (p,q).
Lemma 2.14. Given any isotropic vector v €V, then
v=Vv'+Vv where v',v are orthogonal positive

and negative vectors respectively.

Proof. Assume that V, is a maximal positive

subspace

h(wy,wy) = 0
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= h(vT+v7, 0T +v7)
= h(v o)+ k(v vT) + h(v™
= h(vT, o) +h(v ,v7),

)+ h(vT,v7)

1L
inVthen V1 is a maximal negative

subspace whereV1 1 Vi- = {0} because
sign(V') = (p,q,0). Then any vector x EVis

uniquely represented as x = t'+t", where t' € V;

and? € VlL. Therefore any isotropic vector
v €V can be writtenasv=v"+v

but

h(wi,we) = 0

= h(vt+v
= h(vt,a1v") + h(wt, av7) + h(v 7, avt) + (v, a0v7)
= ath(vT,v") + agh(v=,v7)

yonvT + asvT)

where v € V,and v- € VL.

Notation 2.15. /n the following lemmas E; will be a

nondegerate subspace with sign(E;) = (1,1,0).

Lemma 2.16. Given two orthogonal isotropic vectors
wy,w, where wy = v'+v_ and E, = span{v’,v’}, then
o € Ef‘

Proof. Firstly, since

so h(v,v') =-h(v,v).

Assume that w, € E; then wy = v’ + apv, ag,a, €C - {0},

which imples that a; = a, and w, = a;w; which is a

contradiction.
Alsoif W2 = ajvt + axt—, 7 € Ef’

or wo = a0t + agv—, o7 € Ef‘
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, then
h(wy,ws) #= 0.

\ 1
Therefore, W2 € £i,

Lemma 2.17. Let D be a degenerate subspace with

dimension r, there exist r subspaces E.E,,...,E,such that
EinE={0}1<i<j<rand
D cE,@,D. B,

Proof. We will prove it by induction.

Step 1: If dimD = 1, then D = span{w,} where w is an
isotropic vector, so by Lemma 2.14 w; = v+ v_where v
L v and D cE,=span{v,v’}.

Step 2: If dimD =2, then D= span{wy,w-} where
h(wy,wy) = 0.

By step 1,

W = span{w:} C E;

L
and by Lemma 2.16 W2 € L7 then by Lemma 2.14

oAt oo L - A
there exist "+ U~ € Ei such that w2 = v+ + v"-. So
we have a nondegenerate subspace E, = span{v"",v""}
where w, €E,, and E;NnE, = {0}, then

D cE, &,
Step 3: Assume that the lemma is true if dimD < r.
Step 4: If dimD =r.

Choose any vector w in D, then D = span{w}d®"~ where
D~ is the orthogonal complement of span{w} in D, So
D~ is a subgroup of D with dimD™ =r - 1 and by step 3
there exist EE,,...,E,.; such that

EinE={0}1<i<j<r-1and
D cE, & @.. &

By Lemma 2.16, wE€E! Vi, so
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w E (E, B, D.. EE~1)*

again by step 1, w = v™"+v™" where v L v~ and

span{w} CE,= span{v~",v""}.
Since D = span{w} @D", then

DcE &, @.. &

Proposition 2.18. Given Y,,Y, € Gr(r,n)
be degenerate subspaces, i.e.

sign(Y1) = sign(Y2) = (0,0,r),
then there exist g €SU(p,q) with g(Y1) = Y,
Proof. Assume we have two degenerate
subspaces Yy, Y,. By Lemma 2.17 there
exist r subspaces
ELE, ... E

such that £,nE;={0}, 1<i<j<r, and

YicE, G D.. EE,

where E;= span{v;",v;}, then we have 2r
orthogonal vectors of V,

: F oo ot o

Br=A{viv1 vt )

~

it, namely 8 ,, where it has (p - r) positive vectors and

(g -r) negative vectors. We can rearrange the vectors

in 8 1to have the positive vectors firstly, i.e.

3 — [t + - -
B = {v]l, s U s U1y ey U }

Similarly, By Lemma 2.17 there exist r subspaces

E"1,E>,...,E"r

22 UG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0

such that
EYnE={0}1<i<j<r

and
Y2cEP1EE2 .. &,

where E ;= span{u’;,u”; }, then we have 2r orthogonal
vectors of V,

By = {ul, uy,.yul u, }

Let

Juy )

7’

)o = span{ul . uy, ...
P 15Uy

_ 1 )
then? = @2 © (3 , SO we can extend 2 1o a basis for

L
V be adding the basis of Q3 to it, namely -'3?-, where it
has (p - r) positive vectors, and (g - r) negative vectors

Ba,

and we can rearrange the vectors in to have the

positive vectors firstly i,e.

By = {u sy g )
Finally, we can define a linear map
g:V->Vbyg(v')=u', glv/)=u’vij,

then g(Y1) = Y,,and by using the same method we use
in the proof of Proposition 2.12

h(g(w1),g(w,)) = h(wyw,).

Therefore g €SU(p,q).

Example 2.19. Let G = SU(1,2) and define the subspaces
Y, = span{e. + es } and Y, = span{e, + e,}. The signature
sign(X.) = sign(X,) = (0,0,1). Choose the matrix g €
SU(1,2) where

sy

l
[ T e T
= o O
[ Y A
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such that g.e, = e;and g.e; = e,, which means that
g. Y1 = Yz.

2.4 General Result
In this section we will prove our main theorem .

Theorem 2.20. The SU(p,q)-orbit
parameterized by signature. That is given W, W, €
Gr(r,n) there exist g € SU(p,q) with g(W,) = W, if and
only if sign(W3) = sign(W,).

in Gr(r,n) are

Proof. Let Wy, W, € Gr(r,n), then

W;=Q, @B.and W, = Q, EB,

where Q. Q, are nondegenerate subspaces and
B =W NWi 3ngB2 = Wo N W3-

By Proposition 2.12, there exist g €SU(p,q)
such that

g(Qi) =@, andg(Qf) = QQL.
Butd(B1) = B1 € Q3 by Proposition 2.18

there exist "g €SU(p,q) such that "g(B™;) =

B,. So we can defineourmap ¢ : V- Vas
Y=(d&") g,

where Id is the identity matrix, then
Y(W1) = W,. Since Id,g,g" are all in SU(p,q),

then ¢ €SU(p,q).
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2 THE
OF

PARAMETRIZATION

SO(P,Q)-ORBITS IN
ISOTROPIC GRASSMANNIAN Z

In this section we will prove that SO(p,q)-orbits in Z,
are parameterized by signature, where Z; is the
isotropic Grassmannian.

Consider the semisimple Lie group G = SO(n,C)
where Gy = SO(p,q), with complex bilinear form defined
by

p
blv,w) = — Z-L‘g-u';; +

i=1

n
Uiy

i=p+1

then the

Hermitian form which defines the real form is

h(v,w) = b(v, )

, 50 Gyis the subgroup of operators Tin G satisfy 1" = T
. Let (V,h) be the complex nondegenerate vector space
of signature (p,q). Define Z, to be the isotropic
Grassmannian which is the set of all-isotropic k- planes
in C" where

1<k<|3]

Consider the action of the real form SO(p,q) on the flag
manifold Z,,

SO(p,q) x Zx—> Zk

then SO(p,q) has a unique closed orbit and finitely
many open orbits on Z. In the following sections we
will proof that the orbits of this action parameterized
by signature.
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3.1 Orbit structure

In this sections we will prove that the SO(p,q)-orbits in
Zi are parameterized by signature sign(W) = (n*,n",d,r)
by using our previous results about SU(p,q).

Definition 3.1. Given a subspace (W,h|y ) of (V,h), We
define a signature of W to be sign(W) = (n",n",d,r)
where n" is the dimension of maximal positive
subspace of W and n” is the dimension of maximal

negative subspace of W and
d = dim(W N W) = dim(Ww)
and r=dim(W n W).
We used this signature to parameterize the SO(p,q)

orbits while SU(p,q) orbits parameterized by only
(n*,n",d).

Remark 3.2. Given a non degenerate space with
orthogonal basis 8, then we can write Vas V= W' W~
where W' is a maximal positive subspace of V
generated by positive vectors in 8, and W™ is a maximal
negative subspace of V generated by negative positive
vectors in 8, and W is the orthogonal complement of

w'.
Definition 3.3. A subspace W is said to

be of maximal reality if W = W and

W=W;@W; where WzCR.

Lemma 3.4. Any subspace of maximal reality has a real

basis.

Proof. Given a subspace X of maximal reality then

X =X ,ie., X=Xz @XzWhere Xz is a real
subspace, so the basis of Xzis basis of X
but the basis of Xz is real that mean we can
find a real basis 8 for X

where u ="u Vu €8.

If (W,h|w)) is of signature sign(W) =
(n*,n",d,r), then W= W' @GN @D where

W' is a maximal positive subspace with

dimW'=n", W is a maximal negative subspace

24 UG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0

with dimW =n"and D = W nW< with

WHnwt,

dimD=d. Inthis cases and

W nNnWw- and DnD all of them have real

bases 84,6, and 8;respectively. We can extend
each of these bases to get bases for W', W,
D respectively. So we can define a basis of

(W,h|w), namely an ideal basis, to be as following:

Definition 3.5. Given a k-subspace (W,h|y)
of signature sign(W) = (n*,n",d,r) where
dimW=n"+n"+d = k. Aset 8 ={vy,...,v,} is
an ideal basis of (W,h |y )) if:
1. vy...,v,-are orthonormal positive
vectors with ry vectors of them are real.
2. Vns+l,..,.Vns+n-are orthonormal
negative vectors with r, vectors of them are real.
3. Vprpsn.., Viare linearly independent
vectors with r; vectors of them are real.
4. ri+r,+r;=randwe will define
the signature of this basis to be (n",n",d,r).

Example 3.6. Let G = SU(2,3) with the
hermaition form h defined as

2 5
h(v, w) =b(v,o(w)) = — Z vo(wy) + Z vio(w;).
i=1 i=3

Define the subspaces W = span{ey, e, es, e,+ ies}
with signature sign(W) = (2,1,1,3). The basis
{e,eses e, + ies}is called ideal basis since
h(eye1) =-1and h(eses) = h(es,es) =1 and

h(e,+ ies e, +ie3) =0

and this basis has the same signature as the subspace
Ww.
Lemma3.7.If WEZ then

WnNnWcwnwt .
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Proof. IfvEW n W, thenvEW n W and

b(v,7) =0 = h(v,v),

(S w N W=,
cWnwi .

o) Therefore,

v
W AW

Theorem 3.8. The SO(p,q)-orbits in Z, are
parameterized by signature (n*,n",d,r). i,e., given Y., Y,
€ Z there exist g € SO(p,q) with g(Y,) = Y, if and only if
sign(Y,) = sign(Y,).

Proof. Given Y,Y,EZ such that
sign(Y,) = sign(Y>) = (n*,n",d,r), then

dim(Y; [’1}_’1) = dim(Y2 N E} —
Let 8, be the real basis of Y11 Y1 and 8, be

the real basis of Y2 YZ', then
u;=u;Yu;€8, 1<i<rand
vVi=V;W,;EB, 1<j<r. Since

Y;NY, CY;nY;:
fori €{1,2}, then by Lemma 2.14,

u;=u';+ u; and by using the same procedure in the

proof of Proposition 2.18 we can define T as

T(u ) =v/and T(u;) = v/,
and then extend T by defining it in the other vectors
similarly as in Theorem 2.20. This implies that
T(Y1)=Y; and T(Y1NY;)=Y>NYs.
If F} = Y;NY; and F = Y5NYs, then Fy = Fy
and Fy = Fy, which implies that

T(R)=F=FR=TF)=TF)=T(F).

Therefore T'(Fy) = T(F}) if and only if T =
T. Hence T € SO(p, q).

25 UG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0

3.2 The closed SO(p,q)-Orbit in Z,

In this section we will describe the signature of the
closed SO(p,q)-Orbit in Z, with a comparison between
this closed orbit and the closed SU(p,q)-orbit.

Proposition 3.9. The closed SO(p,q)-orbit in Z, is the set
of all degenerate subspaces with maximal reality. i.e.
with signature (0,0,k, k).

Proof. By theorem 3.8 SO(p,q) acts transitively
on this set.

Define Z* to be the set of all subspaces of maximal
reality in Z,. Let T be the closed SU(p,q)-orbit in Z, then

the set T =T nZ%is closed in Z°. If O is the set of all

degenerate subspaces with maximal reality then O =T

N Z, so Ois closed in Z,.

3.3 Open SO(p,q)-Orbits in Zy

In this section we will discribe the signature of
open SO(p,q)-Orbits in Z, with a comparison
between this open orbits and open SU(p,g)-orbits.

Proposition 3.10. Open SO(p,q)-orbits in Z, are
parametrized by the signature
(n*t,n7,0,0).

Proof. Let D™ be an open SU(p,q)-orbit in Z, then

theset D=D n Zis open in Z, and by Lemma 3.7

D =D n Z is the set of all nondegenerate

subspaces of minimal reality (r = 0), i.e of signature
(n*,n",0,0).

Theorem 3.11. Each SU(p,q) open orbit contains
a unique SO(p,q) open orbit.

Proof. By the proof of Proposition 3.10 if D™ is

open orbit of SU(p,q) then D = D nZ;is open of
SO(p,q) in Z.
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Remark 3.12. Each SU(p,q) open orbit has a
nonempty intersection with Z,.

3.4 Examples

Example 3.13. Let Z = F;((C)) then Z1 =
{z € Re(C) : =37 27 + 30427 = 0}
Consider the action of SO(3,4) on £y, then
the closed orbit of SO(3,4) on Z is

ZpNBs(R) := {z € F(R) : h(z,z) = b(z,z) =0}

and open orbits of SO(3,4) in Z, are
Dy =50(3.4).(ey —iez) C D™

where D™ is an open orbit of SU(3,4) on Z.
Dy =50(3.4).(eq —ie5) C D™

where D™ is an open orbit of SU(3,4) on Z.

Example 3.14. Let Z = Gr(2,7), then
Zy = {r € Gr(2,7) : = is b — isotropic}.
Consider the action of SO(3,4) on Zs, then
the closed orbit of SO(3,4) on Zs is

0 = {x € Gr(2,7)
subspace}
and open orbits of SO(3,4) in Zy are

: x is a degenerate b-isotropic

D11 = SO(3,4). < (e1—ies), (ea—ies) >C Dy

where Dy 4 is an open  or-
bit of SU(3,4) on Z.

Dy2 =5S0(3,4). < (es—ies), (E[‘,—I'E’.?) =>C b{}lg

where Do is an open or-
bit of SU(3,4) on Z.

CONCLUSION
The signature of the subspaces plays an important role

of parametrization the Gporbits. In this paper we
proved that the Gg-orbits are parametrized by the
signature of the subspaces in the orbit where Gy =
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SU(p,q) and Gy = SO(p,q). In the future studies, we can
use this parametrization to understand the geometry
of the Grassmannian spaces and any flag manifold.
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