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Abstract

The connected (r,s)-out-of-(m,n): F linear and circular system fails if there is an area of failures that
includes at least a sub matrix (r,s) that contains all failed components. For example, the connected
(2,2)-out-of-(m,n): F linear and circular system is failed if there isa 2x2 square of failed
components.

In this paper, a new recursive algorithm to find the failure function of the connected (2,2)-out-of-
(m,n): F linear and circular system is obtained. The algorithm uses the failure states of the
consecutive 2-out-of-n: F linear and circular.

Keywords Consecutive k-out-of-n: F Linear and Circular System, The Connected (r,s)-out-of-
(m,n): Linear and Circular System.
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Notation:

: Linear (Circular)
:={1,2,..n}.

: The power set of T .

: The functioning (failure)
space of the consecutive 2-out-
of-n: F system

: The failure function of the
connected (2,2)-out-of-(i,n): F
linear (circular) subsystem.

: The failure function of the
connected (2,2)-out-of-(i,n): F
linear (circular) subsystem, when
the i" layer (circle) represented by
any X €0, .

The failure function of the
connected (2,2)-out-of-(i,n): F
linear (circular) subsystem, when
the i" layer (circle) represented by
any X eV -

: The failure function of the
connected (2,2)-out-of-(i,n): F
linear (circular) subsystem, when
the i" layer (circle) represented by
the set X T .

S {N—s

=q(n,s)=q°p

He

: The reliability (failure) of the j"
component.
: The reliability (failure) of the j"
component at the i"" layer (circle).
: The reliability (failure) of the i"
layer (circle), when the indices
failed components labeled by the
set W T},
P =] Tr;a =]Ta;-
jew jew

:=P{Z=W}=p,0y =0.
- 3 111w

(X410 %2 v Xin ) 1=1 \ k=1
where : x, =0,1, I=1,...,n, and
k=1,....i
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1. Introduction:

Despite the passage of many years since 1980,
the consecutive system is still the focus of
attention of many researchers, due to its wide
range of applications and low expensive.
Kontoleon [1] was the first who studied the
system under the name “r-successive-out-of-n:
F system”, then Chiang and Niu [2] named the
system by “the consecutive k-out-of-n: F
system”, and introduced many applications
(e.g. Telecommunication systems with n relay
stations, the pipeline of transmit oil system,
etc. The consecutive k-out-of-n: F system
consists of n components, and fails if any
consecutive k components are in the failed
state. It is classified according the connection
between components to the linear and circular
system. Despite the failure function is the
complement of the reliability function; many
researchers set a numerous algorithm to
compute the reliability of such system, but a
few researches studied the failure function, see
[3-6].

In 1990, Salvia & Lasher [7] introduced the
concept of the 2-dimensional version of the
consecutive systems, Bohme et al. [8] gave
more general definition “the connected-X-out-
of-(m,n): F linear and circular system”, it
consists of (mn) components, the linear
system is arranged as a matrix with m rows
and n columns, and the circular system
arranged as m circles and n rays, (the circles
shared the same center, the intersections of
circles and rays represent the elements, where
‘ray’ means a line from the center of the
circles to their perimeters). The system fails if
at least one area of connected components
represented by the set X fails, (X =(r,s) or
X=(r,s)-or-(s,r) s,r<m,n). Further,
investigations regarding the reliability of the
connected-X-out-of-(m,n): F linear systems are
given by [9-16].

Rarely paper studied the failure function of the
2 dimensional consecutive system, often these
works studied the reliability function of the
connected-(r,s)-out-of-(m,n): F linear systems,
Yamamoto & Miyakawa [17,18], Noguchi et
al. [19] & Yamamoto & Akiba [20] introduced
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a recursive algorithms to compute the
reliability to compute the reliability of such
system. It is worth mentioning that the
reliability model of the connected (r,s)-out of-
(m,n): F system might be used for ‘Feelers for
measuring temperature on reaction chamber’
and ‘TFT Liquid Crystal Display system with
360° wide area [20].

In this paper, in the 2" section, the failure and
the functioning space of the consecutive 2-out-
n: F system are represented using the set
theory, which were participating actively in
obtaining a new recursive algorithm to find the
failure function of the connected (2,2)-out-of-
(m,n): F linear & circular lattice system in the
3" section.
The following assumptions are assumed to be
satisfied by the connected (2,2)-out-of-(m,n):
F linear and circular system:
1. The state of the component and the system
is either *“ functioning” or “failed”
2. All  the components are
statistically independent

mutually

2. The Consecutive 2-out-of-n: F system:
Consider the consecutive 2-out-of-n: F linear

and circular system, I' denotes the possible
labels (indices) of the components of the
system, then P(I,) is the failure space of its

components. The set X eP(T;) represents

the system, and consists of all failed
components in the system is called a “failed
set” if it includes two consecutive indices of
the failed components otherwise, X is called “a
functioning set”, (e.g. the set X ={1,3} 1,
or for simply 13, is a functioning set in the
consecutive 2-out-of 4: F linear (circular)
system, but the set X=12 is a failed set).
Define the sub collections ©,),"¥, ), the set

of all functioning sets (failed sets) respectively
of the consecutive 2-out-of-n: F linear

(circular) system, hence P(T} ) =©, ¢ U,
where W, ={X eP(I):{r,r+1} = X fand
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rel’  for the linear system. (and rel}
n+1=1, for the circular system) [21].

3. The Proposed Algorithm:
Consider the connected-(2,2)-out-of-(m,n): F

linear (circle) system, and let ]Iln be the label

(indices) of the components for any layer
(circle) of the system, this implies that the
failure space of the components for any layer

(circle) is P(T})=0, ., U¥ . The system
fails, if the event “an area of failures includes
a square of 2x2 connected failed components”
occurs, ie. X,Y eP(I}) represent any 2

consecutive layers  (circles), such that

XNY e ¥ o (see figure 1.a).

For i=0,1,..., m-1, define the random variable
Z,, on P(I) such that {Z,,, = X} the event

“the i+1™ layer (circle) has the indices of the
failed components represented by X e P(T})

i+1 i+1

", let AYY(X) the event “the connected
(2,2)-out-of-(i+1,n): F linear  (circular)
subsystem is in the failure state, when X
represents the i+1" layers (circles)”, and

HEY(X,Y)the event “the connected (2,2)-
out-of-(i+1,n): F linear (circular) subsystem is
in the failure state, when the sets X,Y e P(]Iln)
represent the i+1™ and i" layers (circles)
respectively”.

Now, consider the connected (2,2)-out-of-
(i+1,n): F linear (circular) system in the failure

state, and the sets X,Y e P(]Iln) represent the
i+1"™ and i" layers (circles) respectively, then
we have the following cases:

1L If Xe®,,, then forall Y eP(I}) we

have XNY e\PL(C), which implies that,

X is not a part of the failure in (i+1,n)
subsystem, hence, the failure is as a result
of the (i,n) subsystem, i.e.

A (X)={Z,=x}N U AC(Y).

veP(;)
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2. If Xe¥ , thenwe have 2 cases:
21.Forall Ye®,, wehave XY ¥ ),

which implies that, X is not a part of the
failure of the (i+1, n) subsystem, and
failure is as a result of the (i,n) subsystem.
22.1f YeW, we have the following 2

subcases:
22.1.1f XY ¥, , then X is not a part of

the failure in (i+1, n) subsystem, the
failure is as a result of the (i,n)
subsystem where Y in the i" layer, (see
figure 1.b).

If XNYeW,, then the event of

failure occurs, hence no matter what are
the states of the components from the 1%
to the i-1" layer (circle), (see figure
l.a).

2.2.2.

OO00OO0-
0000® -

@O0
OO0 OO0~

0000 QO
ole! Jelelo

00-0 8/0800-

According the cases (2, 2.1, 2.2, 2.2.1, 2.2.2),

we have forall X e,
AL (X)
:{Zi+1 = X}ﬂ

[UAWW&{L4ﬁWWﬂ
Ye®y ) Yet(e)(X

©’

%LJA?M&J
YEWL(C)(X)

where
o) (X) :{Y ¥ ) XNY ¢ ‘PL(C)} and
Vo (X)={Y e¥ o XNY e, o},

alf X.Y e, . represent consecutive
layers (circles), XY e ‘P,_(C) , an area

includes 2 x 2 failed components.

b X.YeV¥, . but XﬂYﬁ"I",_((-)

Figure 1 Example of a connected-(2,2)-out-of-(m,n):F lattice system failures.
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i+1

@ m

QO Functioing Compone
. Failed Components

XY represent the #1™ and the /"
layers (circles), XY ¢ Y0

nts

Figure 2 Example of a functioning connected-(2,2)-out-of-(m,n):F lattice system.

Theorem 3.1: In the connected (2,2)-out-of-
(m,n): F linear (circular) lattice system

1. F9(1)=o0.

2. Fori=1,2,...m-1,
R0 (0)=F (0, JF(i)
3. Fori=12,...m-1,and forall X e ¥

24
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RO (X)) =F (X )

+MN ((i

~)n) > F(Y
Y e¥(X)
=2 F

XewH©)
components are  independent
identically distributed, then

and then F'\° (¥ HO(X). If the

and

F(X)=F(X)x

o)+ > E(X)

Yew'(X)

4. Fori=1,2, ...,m, the failure function of the
connected-(2,2)-out-of-(i,n): F linear
(circular) system is

FL(C) (I) _ EL(C) (®) + EL(C) (\P) .
Proof:

1. We need at least 2 consecutive layers
(circles) to achieve failure of the system,

hence FL(C)(X)zo'VX < P(]Iﬁ) and then
= > R
XeP(I)

2. Fori=1,2,...,m-1, and for all X e@L(C)

25

and then

- 3 PIAI(X))= Y EO(X)

X E@L(C) Xe®

= X F(X)EU(i)=F (0, )F(i)

X e@,_(c)

3. For i=1,2,...,m-1, and for i=1,2, ..., m-1
and forall X e¥

L(c)
Rl

1O (X) =P{A (X)} =
{Zi+1: X}ﬂ
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EL (X) = P{Z,, = X} x
2 PACM X P{A(Y)]
YeO,(c) 'L(c)(x
+MN ((i- ) P{zi =Y}
Ve ) (X |
HO F(Y)
YE‘*’L(C( )
+MN(( F(Y)
YE\PL(C)(X) i
and hence FL{° ()= > E19(X)
XE‘}’L(C

If the components are independent and
identically distributed, then

MN ((i-1)n)=b((i-1)n,q)
4. The failure function of the connected-

(2,2)-out-of-(i,n): F linear (circular)
system is

= 2 EOX)+ Y EO(X)

Xe®y ) Xe¥ )
=F1(0)+E(¥)

Example: Compute the reliability of the

connected  (2,2)-out-of-(3,4): F circular

system, when the components are independent
and identically distributed

I, ={1,2,34}
()= {@,1,2,3,4,12,13,14,23, 24,34,123,}
*)1124,134,234,1234
={2,1,2,3,4,13,24}
={12,23,34,14,123,234,134,124,1234}
12)={12,123,124,1234}
12)={23,34,14,234,134}
123) ={12,23,123,234,124,1234}
123)=1{34,14,134}
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Ve (1234) =
X)=0:VX e®, = Ff (0)
FP(X)=0:VX e¥. = F (V)=

(
(
“()=E(©)+F (¥)=0
(
(

j

¥, (1234)=¥
I

1

{
0
0

=5 o

© (12) = FF (23) = FS (34) = FS (14)
F; (12)=F (12)~

ES(©)+b(0,a) D, F(Y)+ >, E(X)

T Ye¥(12) Yev'(12)

0
=0q; [ F(12)+F(123)+ F(124)+ F (1234)
=q; [ + 205 +q] | =5 + 205+
FY (123) = Ff (234) = FF (134) = FF (124)
Ff (123) = F (123)x

FF(©)+b(0,q) >, F(Y)+ FP (X)
— Yew(123) Yew'(123)
0 -
0
g F(12)+F(23)+F(123)+
— M4

F (124) + F (1234)
=q; [ 2q; +30; +0; | =205 +3q; +
FY (1234) = F (1234) x

E(X)

Ye‘l"(1234)

F° ©)+b(0,q) F(Y
‘—-v—’ Y ew(1234)

F(12)+F(23)+F(34)+F (14)
=q, | +F (123)+ F(234)+F (134)+ F (
+F (1234)
=0q;[ 4F (12)+4F (123)+ F (1234)

124)

= q; [ 40 +4q; +q; |=4q; +4q] +q

F (%)= 2 B (X)

X &Py,
— 4FC (12)+ 4FC (123) + FY (1234)
=4q, +16q, +20q; +8q, +q5

F; (©)=F(0)F; (1)=0

F€(2)=F; (0)+F; (¥)=0+F; (¥)

=4q, +16q; +20q; +8q, +q5
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FS (12) = F (12)x

[@@{b(‘lm > F(Y)}HZ(H)F?(X)]

: vaw(i2)
0+ (a; +29; +q; )b(4,9)
Fy (12)=q;| [FS(23)+FS (34)+Ff (14)
{ +FS (234) + TS (134) ]
_2[o+(qz+zqz+qz)b<4,q> }
—q ) ]
+3F (12) + 2F (123)
=qy, +60;, +18q;, +30q,, + 24¢’,
+80;, + 0
FS (123) = F (123)

{]Ff(@)+b(4,q) dOF(Y)+ D) Ff(x)}

— YeP(123) Yew'(123)

- 0+(2q; +3q; +0; )b(4,q)
| [FS (34) + EF (14) + FS (134)]

.| 0+(20; +30; +0; )b(4,q)
=0, c c
+ 2F, (12) + T, (123)
IF3C (123) = 2(:]152 +11Q162 + 27Q172 + 36qu + 25q192
+80;; + 0
IF3C (1234) =F (1234) X

[Ii@+b(4,q) > OF(Y)+

¥ Y e (1234) Yew'(1234)

Fy (X )]
Fy (1234) = ;[ 0+ (40; +40; +0; )b(4,q)+ 0|
—q! [O+(4qf +49° + qj)b(4,q)+0]
= 4q?, + 20q,, + 41q., + 44q;,
+260;, +80; + 0
FC (W) =4S (12)+ 4FC (123) + FS (1234)
= 4q;, +32q;, +120q,, + 248q,, + 281q;,
+176q,, +62q,5 +12q;; + 0,5
F; (©)=F(©)F°(2)
= (a5 +4d; +2q7 ) (4q; +160; +200; +8¢; +; )
=4q;, +32q;, + 920, +120q,, + 730;,
+20q;, + 20,5

27

F©(3) =Ty (©)+Fy (%)
=8q,, +64q;, +212q;, +368q,, +354q;,
+196qy, + 640y, +120;; + g

=8p°q* +64p’q’ +212p°q° +368p°q’

+354p*q® +196 p°q° + 64 p2q™ +12pg™ +q*
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