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Abstract 

The connected (r,s)-out-of-(m,n): F linear  and circular system fails if there is an area of failures that 

includes at least a sub matrix (r,s) that contains all failed components. For example, the connected 

(2,2)-out-of-(m,n): F linear  and circular system is failed if there is a 2 2  square of failed 

components. 

In this paper, a new recursive algorithm to find the failure function of the connected (2,2)-out-of-

(m,n): F linear  and circular system is obtained. The algorithm uses the failure states of the 

consecutive 2-out-of-n: F linear and circular. 

Keywords   Consecutive k-out-of-n: F Linear and Circular System, The Connected (r,s)-out-of-

(m,n): Linear and Circular System. 
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Notation: 

L (C) : Linear (Circular) 
1

n  :  1,2,...n . 

 1

nP  : The power set of 1

n . 

    : The functioning (failure) 

space of the consecutive 2-out-

of-n: F system 
   L C

i  : The failure function of the 

connected (2,2)-out-of-(i,n): F 

linear (circular) subsystem. 
   L C

i   : The failure function of the 

connected (2,2)-out-of-(i,n): F 

linear (circular) subsystem, when 

the i
th
 layer (circle) represented by 

any 
 L C

X  . 

   L C

i   The failure function of the 

connected (2,2)-out-of-(i,n): F 

linear (circular) subsystem, when 

the i
th
 layer (circle) represented by 

any 
 L C

X  . 

   L C

i X  : The failure function of the 

connected (2,2)-out-of-(i,n): F 

linear (circular) subsystem, when 

the i
th
 layer (circle) represented by 

the set
1

nX  . 
s

nq   , s n sq n s q p    

 ,b n q  

0

n
s

n

s

r
q

s

 
  

 
 . 

 j jp q  : The reliability (failure) of the j
th
 

component. 

 i i

j jp q  : The reliability (failure) of the j
th
 

component at the i
th
 layer (circle). 

 i i

W Wp q
 

: The reliability (failure) of the i
th
 

layer (circle), when the indices 

failed components labeled by the 

set 
1

nW  , 

,i i i i

W j W j

j W j W

p p q q
 

   . 

 F W
 

:   W W WP Z W p q q    . 

 MN in  

: 
 11 12

1

, ,..., 1 1

kl kl

in

n i
x x

kl kl

x x x l k

p q


 

 
  

 
    

where : 0,1lkx   , l=1,…,n, and 

k=1,…, i 

1. Introduction: 

Despite the passage of many years since 1980, 

the consecutive system is still the focus of 

attention of many researchers, due to its wide 

range of applications and low expensive. 

Kontoleon [1] was the first who studied the 

system under the name “r-successive-out-of-n: 

F system”, then Chiang and Niu [2] named the 

system by “the consecutive k-out-of-n: F 

system”, and introduced many applications 

(e.g. Telecommunication systems with n relay 

stations, the pipeline of transmit oil system, 

etc. The consecutive k-out-of-n: F system 

consists of n components, and fails if any 

consecutive k components are in the failed 

state. It is classified according the connection 

between components to the linear and circular 

system. Despite the failure function is the 

complement of the reliability function; many 

researchers set a numerous algorithm to 

compute the reliability of such system, but a 

few researches studied the failure function, see 

[3-6].   

In 1990, Salvia & Lasher [7] introduced the 

concept of the 2-dimensional version of the 

consecutive systems, Bohme et al. [8] gave 

more general definition “the connected-X-out-

of-(m,n): F linear and circular system”, it 

consists of (mn) components, the  linear 

system is arranged as a matrix with m rows 

and n columns, and  the circular system 

arranged as m circles and n rays, (the circles 

shared the same center, the intersections of 

circles and rays represent the elements, where 

„ray‟ means a line from the center of the 

circles to their perimeters). The system fails if 

at least one area of connected components 

represented by the set X fails, (X =(r,s) or 

X=(r,s)-or-(s,r) , ,s r m n ). Further, 

investigations regarding the reliability of the 

connected-X-out-of-(m,n): F linear systems are 

given by [9-16]. 

Rarely paper studied the failure function of the 

2 dimensional consecutive system, often these 

works studied the reliability function of  the 

connected-(r,s)-out-of-(m,n): F linear systems,  

Yamamoto & Miyakawa [17,18], Noguchi et 

al. [19] & Yamamoto & Akiba [20] introduced 



IUGNES 23(2) (2015) 21-28                                                                                                                                  Imad Nashwan 

  

23 

a recursive algorithms to compute the 

reliability to compute the reliability of such 

system. It is worth mentioning that the 

reliability model of the connected (r,s)-out of-

(m,n): F system might be used for „Feelers for 

measuring temperature on reaction chamber‟ 

and „TFT Liquid Crystal Display system with 

360
o
 wide area [20].  

In this paper, in the 2
nd

 section, the failure and 

the functioning space of the consecutive 2-out-

n: F system are represented using the set 

theory, which were participating actively in 

obtaining a new recursive algorithm to find the 

failure function of the connected (2,2)-out-of-

(m,n): F linear & circular lattice system in the 

3
rd

 section. 

The following assumptions are assumed to be 

satisfied by the connected (2,2)-out-of-(m,n):  

F linear and circular system: 

1. The state of the component and the system 

is either “ functioning” or “failed” 

2. All the components are mutually 

statistically independent 

2. The Consecutive 2-out-of-n: F system: 

Consider the consecutive 2-out-of-n: F linear 

and circular system, 
1

n  denotes the possible 

labels (indices) of the components of the 

system, then  1

nP  is the failure space of its 

components. The set  1

nX P  represents 

the system, and consists of all failed 

components in the system is called a “failed 

set” if it includes two consecutive indices of 

the failed components otherwise, X is called “a 

functioning set”, (e.g. the set   1

41,3X    

or for simply 13, is a functioning set in the 

consecutive 2-out-of 4: F linear (circular) 

system, but the set X=12 is a failed set).  

Define the sub collections    ,
L C L C

  , the set 

of all functioning sets (failed sets) respectively  

of the consecutive 2-out-of-n: F linear 

(circular) system, hence      
1

n L C L C
P   , 

where       1 : , 1nL C
X P r r X     and 

1

1 nr  for the linear system. (and 
1

nr  

1 1n  , for the circular system) [21]. 

3. The Proposed Algorithm: 

Consider the connected-(2,2)-out-of-(m,n): F 

linear (circle) system, and let 
1

n  be the label 

(indices) of the components for any layer 

(circle) of the system, this implies that the 

failure space of the components for any layer 

(circle) is      
1

n L C L C
P   . The system 

fails, if the event “an area of failures includes 

a square of 2 2 connected failed components” 

occurs, i.e.  1, nX Y P  represent any 2 

consecutive layers (circles), such that 

 L C
X Y   (see figure 1.a).  

For i= 0,1,…, m-1, define the random variable 

1iZ   on  1

nP  such that  1iZ X   the event 

“the i+1
th
 layer (circle) has the indices of the 

failed components represented by  1

nX P

”, let    1

L C

iA X
 the event “the connected 

(2,2)-out-of-(i+1,n): F linear (circular) 

subsystem is in the failure state, when X 

represents the i+1
th
 layers (circles)”, and 

   1 ,
L C

iA X Y
the event “the connected (2,2)-

out-of-(i+1,n): F linear (circular) subsystem is 

in the failure state, when the sets  1, nX Y P  

represent the i+1
th
 and i

th
 layers (circles) 

respectively”.  

Now, consider the connected (2,2)-out-of-

(i+1,n): F linear (circular) system in the failure 

state, and  the sets  1, nX Y P represent the 

i+1
th
 and i

th
 layers (circles) respectively, then 

we have the following cases:  

1. If  
 L C

X  , then for all  1

nY P  we 

have 
 L C

X Y  , which implies that,  

X is not a part of the failure in (i+1,n) 

subsystem,  hence, the failure is as a result 

of the (i,n) subsystem, i.e. 
         

 1

1 1

n

L C L C

i i i

Y P

A X Z X A Y 



  . 
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2. If  
 L C

X  , then we have 2 cases:  

2.1. For all 
 L C

Y  , we have 
 L C

X Y  , 

which implies that,  X is not a part of the 

failure of the (i+1, n) subsystem,  and 

failure is as a result of the (i,n) subsystem. 

2.2. If  
 L C

Y  , we have the following 2 

subcases:  

2.2.1. If 
 L C

X Y   then X is not a part of 

the failure in (i+1, n) subsystem, the 

failure is as a result of the (i,n) 

subsystem where Y in the i
th
 layer, (see 

figure 1.b). 

2.2.2. If 
 L C

X Y  , then  the event of 

failure  occurs, hence no matter what are 

the states of the components from the 1
st
 

to the i-1
th
 layer (circle), (see figure 

1.a). 

According the cases (2, 2.1, 2.2, 2.2.1, 2.2.2), 

we have for all 
 L C

X  ,   

   

 

   
 

   
   

   
   

1

1

1 ,

L C L C

L C

L C

i

i

L C L C

i i

Y Y X

L C

i

Y X

A X

Z X

A Y A Y

A X Y





 





 

    
    
       
 

  
  
 

   

 

where  

        :
L C L C L C

X Y X Y    and 

        :
L C L C L C

X Y X Y    , note 

that 
           

1 1 ,  n nL C L C L C
    . 

 

 
Figure 1   Example of a connected-(2,2)-out-of-(m,n):F lattice system failures. 

 

 
Figure 2   Example of a functioning connected-(2,2)-out-of-(m,n):F lattice system. 

 

Theorem 3.1: In the connected (2,2)-out-of-

(m,n): F linear (circular) lattice system  

1.    1 0
L C

 . 

2. For i=1,2,…,m-1, 
          1

L C L C

i L C
F i     

3. For i=1,2,…,m-1, and for all
 L C

X   

represent the i+1
th

 and the ith
 

layers (circles),  

a: If represent consecutive 

layers (circles), , an area 

includes failed components. 

b: but  
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     
       

 

    
 

1

1

L C

i

L C L C

i i

Y X

Y X

F X F X

F Y

MN i n F Y







 

  
 
 

  
  





and then        
 

1 1
L C

L C L C

i i

X

X 



   . If the 

components are independent and 

identically distributed, then  

     
       

 

    
 

1

1 ,

L C

i

L C L C

i i

Y X

Y X

X F X

X

b i n q F Y







 

  
 
 

  
  





 

4. For i=1,2, …,m, the failure function of the 

connected-(2,2)-out-of-(i,n): F linear 

(circular) system is 
           L C L C L C

i ii     . 

Proof:  

1. We need at least 2 consecutive layers 

(circles) to achieve failure of the system, 

hence       1

1 0 :
L C

nX X P    and then 

       
 1

11 0

n

L C L C

X P

X


   

2. For i=1,2,…,m-1, and for all 
 L C

X   

        

     
 

      
 

      
 

      
 

     
 

     

1

1

1

1

1

1 1

1

1

1

1

n

n

n

n

n

L C L C

i i

L C

i i

Y P

L C

i i

Y P

L C

i i

Y P

L C

i i

Y P

L C L C

i

Y P

X P A X

P Z X A Y

P Z X A Y

P Z X A Y

P Z X P A Y

F X Y F X i

 



















 

 
 

  
  

 
 

  
  

 

 

 







 

and then 

       
 

    
 

   
 

     
 

      

1 1

1 1

L C

L C L C

L C

L C L C

i i

X

L C L C

i i

X X

L C L C

L C
X

P A X

P A X X

F X i F i

 



 

 



  
   

  

 

  

 



 

3. For i=1,2,…,m-1, and for i=1,2, …, m-1 

and for all 
 L C

X   

        
 

   
 

   
   

   
   

     
 

     
   

1 1

1

1

1

1

,

L C

L C

L C

L C

L C

L C L C

i i

i

L C

i

Y

L C

i

Y X

L C

i

Y X

L C

i i

Y

L C

i i

Y X

X P A X

Z X

A Y

P
A Y

A X Y

Z X A Y

P Z X A Y

 



















 

  
 

   
   
    
        

       
  

   
    

     

  
 

  


 

     
   

   

      
 

      
   

    
   

1 1

1

1

1

1

,

L C

L C

L C

L C

L C

i i

Y X

L C

i

L C

i i

Y

L C

i i

Y X

i i

Y X

Z X A X Y

X

P Z X A Y

P Z X A Y

P Z X Z Y

 

















 
 
 
 
   
  
   
 
   

  
    

 

 

  






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