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ملخص + اسم البحث   
 
 
 

Abstract: This paper proves that under some conditions the σ-
quasi centrality is preserved under quotient mapping . Also two 
examples of two complex Banach algebras an given: 

(a) Q(A), )(AQσ  and )(AQρ  need not be subsets of  Q(B), )(BQσ and 

)(BQρ respectively. 

(b) Q(B), )(BQσ  and )(BQρ  need not be subsets of Q(A), )(AQσ and 

)(AQρ  respectively. 
For  a closed subalgebra B of a unital complex Banach algebra A. But we 
also show that under some conditions  Q(A) , )(AQσ  and )(AQρ  are 

subsets of  Q(B), )(BQσ   and )(BQρ  respectively; moreover we show that 
under some conditions Q(B) is a subset of Q(A). 
Where Q(A) is the set of quasi central elements in A, )(AQσ  is the set of 
σ-quasi central elements in A, and )(AQρ  is the set of ρ-quasi central 
elements in A. 

Finally we show that under some conditions  I
n

i
iBQ

1

)(
=

  =  Q(A), 
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σ
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ρ
 = )(AQρ , for n21 B , . . . ,, BB  as 

closed subalgebras of a unital complex Banach algebra A. 
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1. Introduction 
 

The purpose of this paper is to study under what conditions, the σ-
quasi centrality is preserved under the quotient mapping, and to study the 
relation between the centrality of the complex Banach algebra and the 
centrality of its closed subalgebras. 
  Throughout this paper all linear spaces and algebras are assumed to 
be defined over ¢, the field of complex numbers. 

Let A be any complex Banach algebra, then the center of A is 
denoted by  Z(A) = { a∈A : ax = xa  for all  x∈A }. 
In [4] and [5] Rennison defined the set of all quasi central elements in A by 
Q(A)=

1≥
∪
k

{a∈A: ||x ( λ - a ) || ≤  k || ( λ - a ) x ||    for all x∈A and  all  λ∈¢ }. 

The set of all σ-quasi central elements in A is denoted by       
)(AQσ = 

1≥
∪
k

{ a∈A : || x ( λ - a ) || ≤  k || ( λ - a ) x ||   for all x∈A  and  all  

λ∈ )(aAρ }, and he has shown that  Z(A) ⊆ Q(A) ⊆ )(AQσ . 
In [3] Hussein and Asiad  define the set of all ρ-quasi central 

elements in A by )(AQρ = 
1≥

∪
k

{ a∈A : || x ( λ - a ) || ≤  k || ( λ - a ) x ||  for all 

x∈A  and  all  λ∈ )(aAσ  }, and they have shown that Q(A) ⊆ )(AQρ . 

 
2. The σ-quasi center in a quotient Banach algebra  

In [5] Rennison shows that “ if A is a Banach algebra over the 
complex field ¢, I  is a closed ideal of  A that  has a bounded right 
approximate identity and  a  is quasi central element of A, then  I + a  is 
quasi central element in  A/I”. 

In [1] As’ad has shown that under the same conditions the above 
what? holds for ρ-quasi centrality. 

But we don’t know that under the same conditions the above holds 
or not for σ-quasi centrality. In  the following theorem a condition is added 
through which a similar result is achieved. It is a main result of this section.  
 
2.1 Theorem:- Let A be a Banach algebra over the complex field ¢, let  I  
be a closed ideal of A, let  I  has a bounded right approximate identity and 
suppose that  )(/ aIIA +ρ  ⊆ )(aAρ , where  a  is σ-quasi central element of 
A. Then I + a  is σ-quasi central element in  A/I. 
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Proof  
Let a∈ )(AQσ , x∈A, λ ∈ )(aAρ  and suppose that  { ei } is a right 
approximate identity in  I  with  || ei || ≤ M  for all I. 
Then given ε>0, choose h∈I with  ||( λ-a ) x-h ||  <  || I +  ( λ - a ) x || +ε, and 
then choose  ei   with   || h - h ei ||  < ε. 

Since  x ei  ( λ - a ) ∈ I, then  for all    I + x ∈ A/I   and   λ ∈ )(aAρ , 
|| ( I + x ) ( λ - I - a ) ||  =  || I + x  ( λ - a ) ||  ≤  || x ( λ - a ) - x ei  ( λ - a )  || 
=  || ( x - x ei )(λ - a) ||  ≤  k || (λ - a)( x - x ei ) ||,  for some k ≥1  
=  k || (λ - a)x -(λ - a)x ei ||    
≤   k { || ( λ - a ) x - h ||  +  || h - h ei  ||  +  || h ei  - ( λ - a ) x ei || } 
<  k { ( M + 1 ) || I +  ( λ - a ) x ||  +  ( M + 2 ) ε } . 

Since  ε is arbitrary and that  )(/ aIIA +ρ  ⊆ )(aAρ ,  we obtain for all    
I + x ε A/I   and   λ ∈ )(/ aIIA +ρ ,  
||( I + x )( λ - I - a )||  ≤   k( M + 1 )|| I + ( λ - a)x||=  k( M+1 )||(λ-I-a)(I+ x )||.  
Hence  I + a  is a σ-quasi central element in  A/I. 
 
3. Relation ship between centrality of Banach algebra and      
centrality of its closed subalgebras 
The following examples show:  

(a) Q(A), )(AQσ  and )(AQρ  need not be subsets of  Q(B), 
)(BQσ and   )(BQρ respectively . 

(b) Q(B), )(BQσ and )(BQρ  need not be subsets of Q(A), 

)(AQσ and )(AQρ  respectively . Where B is a closed subalgebra of 
a unital complex Banach algebra A. 
 
3.1 Example: There is a unital complex Banach algebra A and a closed 
subalgebra B, with  

(a) a∈Q(A), but  a∉Q(B) .  
(b) a∈ )(AQσ  but  a∉ )(BQσ  . 
(c) a∈ )(AQρ  but  a∉ )(BQρ . 
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Construction:- 

Let   A = {  β = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
w
yx

0
 :  x,y, w ∈¢  }  and define 

 || β || = max { | x | + | y | ,  | w | }, which makes  A  as a unital complex 
Banach algebra .  

Let  B = { α = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00
yx

 : x,y∈¢  }  which is a closed subalgebra of  A , and 

let   a = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
10
01

, then a ∈Z(A) , and so a ∈Q(A) , a∈ )(AQσ  and a∈ )(AQρ . 

But it is clear that  a  does not belong to any of Q(B), )(BQσ or )(BQρ , 
because a∉B. 
 
3.2 Example: There is a unital complex Banach algebra A and a closed 
subalgebra B, with  

(a) a∈ Q(B) but  a∉ Q(A).  
(b) a∈ )(BQσ but a∉ )(AQσ . 
(c) a∈ )(BQρ  but  a∉ )(AQρ . 

 
Construction 

Let X be a Banach space over ¢, and let BL(X) be the space of all 
bounded linear operators on X with pointwise addition and scalar 
multiplication but the product as a composition, then BL(X) becomes a 
complex Banach algebra with unity I under the norm   ||T|| = ||||sup

1||||

Tx
x

Xx
=

∈
. 

Let   A = {  β = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
h
gf

0
 :  f, g, h ∈BL(X) }  and define 

 || β || = max { || f || + || g || ,  || h || }, which makes  A  as a unital complex 
Banach algebra.  

Let  B = { α = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
f
gf

0
 :  f,g∈BL(X) }  which is a closed subalgebra of  A,  

and let a = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
I
II

0
, then a ∈Z(B), and so a ∈Q(B) , a∈ )(BQσ  and 

a∈ )(BQρ . 
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Then )(aAσ = { λ∈¢ : 
1

0

−

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
II

III
λ

λ
does not exist } =  {1}. 

Now take  x  = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00
II

,  then   ||(λ-a)x||  =  || ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00

0 I
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00
II

||  =  0, and 

|| x(λ-a) ||  =  || ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00
II

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00

0 I
|| = 1. 

Hence there exist x= ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
00
II
∈A, and λ=1∈ )(aAσ ,with ||x(λ-a)||> k||(λ-a)x ||  

for all k ≥ 1. 

So that a = ⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
I
II

0
∉ )(AQρ  and so a∉ Q(A). 

But )(aAσ is a countable set, then by [ 3, Corollary ] a∉ )(AQσ . 
The following theorem is one of the main results in this section: It 

shows that under some conditions Q(A), )(AQσ  and )(AQρ  are subsets of  
Q(B), )(BQσ and   )(BQρ respectively . 
 
3.3 Theorem: Let A be a complex Banach algebra with unity e, B  a closed 
subalgebra of  A  and  e, a∈B.  

(a) If a∈Q(A) , then  a∈ Q(B).  
(b) If a∈ )(AQσ , then  a∈ )(BQσ . 
(c) if a∈ )(AQρ , )(aAρ is connected , then a∈ )(BQρ . 

 
Proof 
(i) Let a be any element in Q(A), then there exists  k ≥ 1  such that, 
|| x ( λ - a ) || ≤  k || ( λ - a ) x ||    for all x∈A  and  all  λ∈¢, then 
|| x ( λ - a ) || ≤  k || ( λ - a ) x ||    for all x∈B  and  all  λ∈¢ . 
But  a∈B, then a∈ Q(B) . 
   
(ii) Let a∈ )(AQσ , then there exists  k ≥ 1  such that, 
|| x ( λ - a ) || ≤  k || ( λ - a ) x ||    for all x∈A  and  all  λ∈ )(aAρ . 
But a∈B, the unital closed subalgebra of A, then by [ 6, Theorem 10.18 ], 

)(aAσ ⊆ )(aBσ , and so  )(aBρ  ⊆ )(aAρ . 
Hence there exists  k ≥ 1 such that, 
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|| x( λ - a ) || ≤  k || ( λ - a ) x ||    for all x∈B and all λ∈ )(aBρ , that means 
a∈ )(BQσ . 
 
(iii) Let a ∈ )(AQρ , then there exists  k ≥ 1  such that, 
|| x ( λ - a ) || ≤  k || ( λ - a ) x ||    for all x∈A  and  all  λ∈ )(aAσ . 
But a∈B, the unital closed subalgebra of A  and )(aAρ is connected,  
then by [ 6, corollary  pp.239 ], )(aAσ  = )(aBσ . 
Hence the result follows.  
 
Corollary: If A is a complex Banach algebra with unity e andℑ ={B:B⊆ A}  
is a collection of closed subalgebras  of  A and  a, e ∈I

ℑ∈B

B , then 

(a) If  a ∈ Q(A), then a ∈I
ℑ∈B

BQ )( . 

(b) If a∈ )(AQσ , then  a∈I
ℑ∈B

BQ )(σ . 

(c) If a∈ )(AQρ  and )(aAρ  is connected, then a∈I
ℑ∈B

BQ )(ρ . 

Proof : 
Follows directly from Theorem 3.3 above. 
The following proposition shows that under some conditions we can have 
Q(B)  can be a subset of Q(A) .  
 
3.4 Proposition: Let A be a complex Banach algebra with unity e, and let B 
be any dense subalgebra of  A  , then Q(B) ⊆ Q(A) .  
 
Proof  Let a be any element in Q(B), then there exists  k ≥ 1  such that, 
|| x ( λ - a ) || ≤  k || ( λ - a ) x ||    for all x∈B  and  all  λ∈¢. 
But for any fixed  x∈A , there exists a sequence  ( nx )  of elements of  B 
such that lim nx = x,  then  
|| nx  ( λ - a ) ||  ≤   k || ( λ - a ) nx  ||    for all  n and  all  λ∈¢. 
Then by the continuity of the norm, we have  k ≥ 1 such that  
|| x ( λ - a ) ||  ≤   k || ( λ - a ) x ||    for  all  λ∈¢.  
But  x  is arbitrary in A, then a∈ Q(A). 
Hence Q(B) ⊆ Q(A) .  
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In the following theorem we give sufficient conditions are given to get  

I
n

i
iBQ

1

)(
=

  =  Q(A), I
n

i
iBQ

1

)(
=

σ
  = )(AQσ   and  I

n

i
iBQ

1

)(
=

ρ
 = )(AQρ , for 

n21 B , . . . ,, BB  as closed subalgebras of a unital complex Banach algebra A.  
 
3.5 Theorem:  If  A  is a complex Banach algebra with unity e and 

n21 B , . . . ,, BB are  closed subalgebras  of  A such that U
n

i
iB

1=

= A  and  a, 

e∈I
n

i
iB

1=

, then 

(a) a ∈I
n

i
iBQ

1

)(
=

 if only if  a ∈ Q(A) . 

(b) If )(aAρ  is connected then, a∈I
n

i
iBQ

1

)(
=

σ
 only if a∈ )(AQσ . 

(c) If )(aAρ  is connected then, a∈I
n

i
iBQ

1

)(
=

ρ
 only if  a∈ )(AQρ . 

 
Proof  
We prove (ii) and omit the similar proofs of (i) and (iii). 
By the corollary of Theorem 3.3 above a∈I

n

i
iBQ

1

)(
=

σ
, if  a∈ )(AQσ . 

Conversely suppose that a∈I
n

i
iBQ

1

)(
=

σ
, then a∈ )( iBQσ  for all i.  

But a∈ )( iBQσ  means that there exists ik ≥ 1 such that  
|| x ( λ - a ) ||  ≤  ik  || ( λ - a ) x ||   for all x∈ iB  and all λ∈ )(a

iBρ . 
Since )(aAρ  is connected then by [ 6, corollary  pp.239 ], )(aAρ  = )(a

iBρ  
for all i. 

But U
n

i
iB

1=

=A, then there exists k= max { nkkk ,...,, 21 }≥1||x(λ-a) ||≤  k ||       

( λ - a ) x || for all x∈A and all λ∈ )(aAρ . Hence a∈ )(AQσ . 
 
3.6 Proposition: Let A be a unital complex Banach algebra and  k ≥ 1.  
Then  

(a) If  a ∈ ),( AkQρ ∩ 1−A   then  1−a ∈ )||,a|| ||||( -1 AakQρ  . 

(b) If  a ∈ ),( AkQρ and  b∈ 1−A  then  
1−b ab∈ ),||b|| ||||( 2-12 AbkQρ  . 
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Proof 

(a) Let a ∈ ),( AkQρ ∩ 1−A , then  || x ( λ - a ) || ≤  k || ( λ - a ) x ||    

for all x∈A  and  all  λ∈ )(aAσ , and 1−a ∈A and so 0 ∉ )(aAσ . 
 
Note that  λ∈ )(aAσ only if  1)( −aλ 111 )( −−− − aλ does not exist only if 

111 )( −−− − aλ  does not exist only if 1−λ ∈ )( 1−aAσ . 
Now for any λ∈ )(aAσ and all x∈A we have  
|| x )( 11 −− − aλ  ||  =  || x ( λ - a ) 1)( −aλ ||  ≤   || x ( λ - a )|| | 1−λ | || 1−a ||  
≤  k || ( λ - a ) x || | 1−λ | || 1−a ||  =  k || λa ( 1−a - 1−λ ) x || | 1−λ | || 1−a || 
≤  k || ( 1−λ - 1−a ) x || || a || || 1−a || . 
Therefore,  || x ( µ - 1−a  ) ||  ≤   k || a || || 1−a || || ( µ - 1−a  ) x ||    for all x∈A  
and  all µ∈ )( 1−aAσ . This means that 1−a ∈ )||,a|| ||||( -1 AakQρ .  
 

(b) Let a ∈ ),( AkQρ and  b∈ 1−A  then, 

)( 1abbA
−σ = { λ∈¢ : ( λ - 1−b ab) -1 does not exist }  

= { λ∈¢ : 1−b  ( λ - a) -1b does not exist } = )(aAσ . 
 
Now for any λ∈ )( 1abbA

−σ = )(aAσ and all x∈A we have  
|| x ( λ - 1−b ab) ||  =  || x 1−b  ( λ - a)  b||  ≤  || 1−b bx 1−b ( λ - a )||  || b||   
≤  || 1−b ||  || bx 1−b ( λ - a )||  || b||   
≤  k || ( λ - a) bx 1−b || || b || || 1−b ||  =   k || b( λ - 1−b ab ) x 1−b || || b || || 1−b || 
≤  k || b || 2 || 1−b || 2  || ( λ - 1−b ab ) x || . 
Therefore,  1−b ab∈ ),||b|| ||||( 2-12 AbkQρ  . 
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