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ABSTRACT. We prove generalizations of the Yesida-Hewitt decomposi-
tion theorem and the Lebesgue decomposition theorem for positive finitely
additive maesures defined on difference posets (generalizing orthomodular
posets and orthoalgebras) with values in a Dedekind complete Riesz space.
Moreover, we provide some conditions for a difference poset to possess the
Jordan-Hahn property and the approximate Jordan-Hahn property.

1 INTRODUCTION

One of the areas of noncommutative measure theory is the study of measures and
States on algebraic structures less rich than a o~ field which arose from the real-
ization that quantum mechanical events fail to form a o~ field. Such structures
are, for example, quantum logics (=orthomodular posets), orthoalgebras or more
generally difference posets [7, 8, 9, 10, 12]. ,

In the last years many classical decomposition theorems had been proved in
the setting of finitely additive measures defined on orthomodular posets and or-
thoalgebras (2, 3, 4, 14, 15].
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The main results of the this paper are the following: 1) generalizing the
Yosida-Hewitt decomposition and the Lebesgue decomposition of finitely additive
measures, c—additive measures, and completely additive measures on difference
posets with values in a Dedekind complete Riesz space [2, 3, 4]. 2) Finding
necessary or sufficient conditions for difference posets to possess the Jordan-Hahn
property or the approximate Jordan-Hahn property (14, 15].

2 PRELIMINARIES

Let (L, <) be a partially ordered set (poset), and let D be a nonempty subset

. of L. If the supremum (resp., the infimum) of D in L exists, it will be denoted
by VD (resp., AD). In particular, if D = {z,y} we write VD = zVy and
AD=zAy. '

Definition 2.1 [12, 13] Let (L, <) be a poset with a least element 0 and a
greatest element 1. Let © be a partially defined binary operation on L such that
b6 a is defined if and only if a < b. Then (L, <,8,0,1) is called a difference
poset (a DP, for short) if the following conditions are satisfied Va,b,¢ € L:

(DP1) Foranya€L,a00=a.
(DP2) Ifa<b<e, thenceb_<_ceaa.nd (coa)e(cab)=boa.

The following statements had been proved in [10].
Proposition 2.2 Let a,b, ¢ be elements in a DP L. Then
(i) ea<b<c=boa<cOaand (cSa)0(bOa)=cOb.
(i) a<candb<cHa = (cOa)0b=(cOd)Oa.
(ili) a<b<c=> a<coO(boa)and (cO(bOa))Ba=cOb.

Let (L, <,96,0,1) bea difference poset. For any element a € L we put
d:=16a
Then (i) a” = a; (ii) ¢ < b implies & < a’. Two elements a,b € L are orthogonal,
and we write a L b iff a < ¥ (or equivalently b < a’). The properties of a DP

enable us to define a partial binary operation @ : L x L —+ L as follows :

For every a,b€ L witha L b, puta®b:=(a' ©b) = (b ©a). (2.1)
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The partial binary operation @ on L is commutative and associative. Conse-
quently, if a,b € L with a < b, then 3c € Lsuchthat ¢ Lecandb=d@ec.
Moreover, ¢ = b6 a. Very important examples of difference posets are orthomod-
ular posets, orthoalgebras, and effect algebras [6, 8, 10, 12].

Example 2.3 7, 8] An orthoalgebra (OA) is a set L containing two special
elements 0,1 and equipped with a partially defined binary operation ® : LxL — L
such that for all a,b,¢c € L we have ;

(OAl) (C’ommutatzmty) If a @ b is defined, then béB a is defined and
adb=>bDaq;

(OA2) (Associativity) If b @ c is defined and a @ (b @ c) is defined, then
a®bis defined, (a ©b) @ c is defined, and a® (b®c) = (a®b) B¢;

(OA3) (Orthocomplementation) For any a € L there is a unique b€ L
such that a ® b is defined and a B b = 1;

(OA4) (Consistency) If a & a is defined, then a = 0.

Note that every OA (L, ®, 0, 1) becomes a DP if we define © on L by b6 a :=
(a®b') for all pairs (a,b) with a L b, where & is the unique element in L such
that b b = 1.

By Theorem 1.11 in [12], we conclude that a DP with 0,1 and @, defined by
(2.1), is an orthoalgebra if and only if @ < 1©a implies a = 0. Therefore, it is not
hard to give many examples of DPs which are not orthoalgebras. For example,
let H be a Hilbert space, and let E(H) be the set of all self-adjoint operators
A on H with O < A < I, where O and I are the zero and identity operators,
respectively, on H. The partial order on E(H) is defined by setting 4 < B iff
(Az,z) < (Bz,z), z € H, and C = BO A iff (Bz,1) — (Az,2) = (Cz,2), z € H.
It is shown in (10, Example 7] that (E(H), <,8,0,]) is a difference poset which
is not an orthoalgebra.

On the other hand, if in the definition of an orthoalgebra, axiom (OA4) is
replaced by the weaker axiom

(EA4) a ® 1 is defined implies a = 0,
we obtain the so-called effect algebra (EA) which generalizes orthoalgebra. It is
shown in [6, Section 4] that EAs and DPs are the same thing.

Definition 2.4 Let L be a DP. A subset M C L is called an orthogonal set
if any two elements of M are orthogonal. A subset M C L is said to be jointly
orthogonal iff it is an orthogonal set and contained in a Boolean subalgebra. A
difference poset L is said to be locally ﬁmte if every jointly orthogonal subset of
L is finite.
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Let {a1,-- ,a,} € L. Recursively we define for n > 3

a® By :=(a1 @ B an-1) S an, (2.2)

supposing a; @ --- @ an-; and (@1 @ -+ ® an-1) D ap, exist in L. From the
associativity of ® in a DP we conclude that (2.2) is correctly defined, and we
put a1 ®---@ap=a;ifn=1anda; & --®ap, =0ifn =0. Then for any
permutation (41, ,4,) of (1,--+ ,n) and for any k with 1 < k < n, we have

01@...ean=ai1$...@ain’
610 Ban=(010 - Dar) D (ak+1 D Dan).

We say that a finite subset F = {a1, -+ ,an} of L is @ —orthogonal if a; ®
-+ @ a, exists in L. In this case, we say that F' has an €D —join, defined as

‘@F=a1®-~@an.

It is clear that two elements ¢ and b of L are orthogonal, i.e., a L b, iff {g,b} is
& —orthogonal. _ \

An arbitrary subset G of L is @ —orthogonal if every finite subset F of G is
€D —orthogonal. If G is @ —orthogonal, then any subset of G is ) ~orthogonal.
An € —orthogonal subset G of L has an @ —join in L if

De=\ ®F

FeF(G)

exists in L (where F(G) denotes the set of all finite subsets of G). It should
be noted that every jointly orthogonal subset of L is € —orthogonal (but not
conversely). ;

We say that a DP L is a complete DP (resp., a o—DP) if for any €D —orthogonal
subset (resp., any countable ) —orthogonal subset) of L, there exists the € —join
in L [4, 6].

Definition 2.5 [14] Let L be a DP. A finite set D C L is called a difference set
if either D is empty or there exists a strictly increasing sequence (p;)ftq, n > 1,
in (L, <) such that

D={pi©pi-1:i=12...,n}
We say that the sequence (p;), yields the difference set D.

It should be noted that a subset of a difference set of L is a.lsé a diffex;.ence
set. Moreover, by (14, Lemma 2.9}, if D is a nonempty difference set yielded by
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the strictly increasing sequence (p;)ly, n'> 1, then n is the cardinality of D.
and D is orthogonal set of nonzero elements. It follows from {14, Theorem 2.15]
or (8, Lemma 3.1] that every difference set is jointly orthogona.l and, therefore is
€D —orthogonal.

Now, using Proposition 2 2, it had proved in [10] tha.t; if LisaDP, a,bce L
anda < b <, then (c@b)&(bea) = c¢Oa. Using this fact and induction, it can be
easily shown that if D is a difference set which is yielded by the strictly increasing
sequence (p;)q, n > 1, then the P —Jomt of D is given by & D =Pn © po-

A non-zero element p of a chﬂ'erence poset L is said to be an atom in L if, for
elements ¢,7 € L, ,

p=¢q®r implies that ¢=0 or r=0.

Lemma 2.6 [14, Lemma 6.2] Let L be a locally finite difference poset.
Then:

(i) For each ronzero element p in L there exlsts an atom q and an element r
in Lsuch thatp=¢g®r.

(ii) For each nonzero element p in L there exists a difference set D consisting
of atoms such that p = @ D.

(iif) A difference set D consisting of atoms is ma.ximal if and only if 1 = @ D.
Definition 2.7 [1] Let (E, +,., <) be a real vector space wlnch is equxpped

with a partial ordering <. We say that E is a Riesz space xf the following axioms
are satisfied: :

(i) (B, <L) is a lattice;
(i) z,y€F andz<y = z+z<y+zforalzekE;

(iii) z,y€ E and T _<_ y = azis dy héldsrfor allae > 0.

The set of all positive elements of E will be denoted by E* (i.e., Bt := {z €
E z > 0}). For any vector z in a Riesz space we define

gt =2z V0, ™ = (=z) V05 !z} =V (~1).

The elements z*, z~ and |z]| are respectively called the positive part, the negative
part and the absolute value of z. For any z € E, we have (i) z =zt —z~, (ii)
|z| = z* +z~ and (iii) |z| =0 if z = 0.
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A Riesz space E is called Dedekind complete (resp., o-Dedekind complete) if,
for every nonempty subset (resp., countable subset) B of & that is bounded from
above, \/ B exists in E. A Riesz space E is Archimedean if and only if, given
T,y € E* such that nt <y holds foralln € N implies z = 0. It.should be noted
that Dedekind complete Riesz space E is Archimedean {14.

A nonempty subset D of E is directed downwards (resp., upwards), and we
write D | (resp., D 1), if for any z,y € D there exists z € D such that z <
z,z <y (resp., z > z, z > y). Two downwards directed sets {r1 :t €T} and
{y: : t € T} indexed by the same index set T are called equidirected if, for any
s5,t € T, there exists v € T such that z, < z, and Zy < ¢ as well as v, < ys and
Y» < Yt A similar definition holds for upwards directed sets. If {f:} and {g,} are
equidirected, then [11, Theorem 15.8]:

{ft}Tf:{Qs}Tg = {f; +9s}Tf+g (2.3)
{fedf{as}iag = {fi+a}lf+g (2.4)

Finally, we say that a net {zo} in E is order convergent to an element z € E,
and we write T, — z , if there exists a downwards directed net {pe} C E and
{Pa} | 0 such that |z — 2| < po Vo. If Za Tz (0r 4 | z) then 24 S 7 {1].

3 DECOMPOSITION OF MEASURES

Throughout the rest of this paper, V is assumed to be Dedekind complete
Riesz space, and L = (L, </, 8,0, 1) is assumed to be a DP for which the partial
operation @ : L x L — L is defined by (2.1). Consider the following binary
relation <, on VL@ gy < iff py(a) < #2(a) for all @ € L. Clearly the pair
(V%,<a) is a partially ordered set. An element p € VE is said to be positive if
u(a) >0foralla € L.

We say that an element u € V% is a finitely additive measure if pla®b) =
u(a) +u(b) whenever a®b is defined in L. Then #(0) = 0 and p(a’) = u(1) —u(a)
for all a € L. If p is positive, then a < b in L implies u(a) < u(b) in V.
One can easily show that, an element x € V7 is a finitely additive measure iff
k(b © a) = u(b) — p(a) whenever a < b. We define o—additive and completely
additive measures on L as follows. :

Definition 3.1 [2, 4] Let L be a complete DP., A mapping u € V' is said to
be a positive completely additive measure on L if, for any €D —orthogonal system
{a: : i € I} in L, we have for any finite subset F of J

W@ a) - ula)| < b, : (3.1)

iel i€F
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where {br} | 0 and bp, < bg, whenever F, C F;. That is, Lier bla) =
W(Dier ai), and we shall write (B ai) = 2 plas).

If the index set I in (3.1) is only countable, we say that u is a positive
o—additive measure (or a positive countably additive measure), and we write
BBy a:) = L2, plas). .

Since every Dedekind complete Riesz space is Archimedean, we conclude that
p(0) = 0. In fact, for any finite subset F of I with |u(B;c; a:)— L ;e p #(ai)] < bp,
where a; = 0Vi € [ and hence Dicr o = 0, we have that (card( )= 1)|u(0)] <
br | 0, and hence p(0) =

We denote by a(L, V),., oa(L,V)4, and ca(L, V), the sets of all y € VE
which are finitely additive, o—additive, and completely additive measures, re-
spectively. It can be shown that ca(L,V)+ Coa(L,V)+ Ca(L, V).

It is not hard to prove that a positive additive measure u on L is o—-additive
or completely additive iff

{Zu az}Tu@ i) (3.2)

i=l1
or
3 u@}r t u(@a), - (33)
ieF el

where F' runs over all finite subsets of I, whenever {a; : ¢ € I} is a @ —orthogonal
set in L for which €D;c;a; exists in L. Moreover, if 4 and v are elements of
ca(L,V)4, then u + v € ca(L, V)4, where (u + V)(a) = ula) + v(a), a € L.
Indeed, this follows from (3.3) and (2.3).

An element p € a(L, V), is said to be weakly purely additive if
N<athy NE CG(L, V)+ =7n=0. (3‘4)

If (3.4) holds for n € ca(L,V)+, u is said to be purely additive. An element
b € ca(L, V), is said to be purely o—additive, if it satisfies (3.4).

The next result is a noncommutative version of the Yosida-Hewitt decompo-
sition theorem for Dedekind complete Riesz space-valued measures on a complete
difference poset. This result generalizes that one in [2] and [3] to the more general
setting of difference posets.

Theorem 3.2 Let p € a(L, V)4 where L is a complete DP. Then 4 can be
expressed as a sum p = § +, where { € ca(L, V)4, and 7 is a positive weakly
purely additive measure on L.
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Proof. Define Iy = {y € ca(L,V); : v <, p}. Since 0 € Ty, T, is
nonempty. Let C = {v;} be a chain in I’y with respect to the natural order-
ing <n, and define

7(0) = \/ %(¢), c€& L.
J

Since 0 < 7v;(e) € (1) < p(1) and V is Dedekind complete, v(c) is defined
correctly on L. Moreover, v, is finitely additive. Indeed, let a®b be defined in L.
Then 7;(a) 1 Yo(a), 7j(8) T 70(b). Also, it can be shown that {7i(a)} and {v;(b)}
are equidirected. By (2.3), we conclude that

To(a ® ) = 7(a @ b) 1= (v;(a) + 7;(8)) 1= 7;(a) t .‘{"Yj(b) T=Y(a) + 70 (d).

From the definition of vy, we conclude that {7e(c) =m(c)} L O uniformly in
c € L. To see this, let ¢ € L. Then vj{(c) 1, hence —7;{¢) 4 and therefore,
{70(c) = ;(c)} 4. Moreover,

0="5(c) = \/7(0) = A(v(c) = 7i(c)),

7

which implies that {v,(c) — 75(¢)} 4 0. Now, we shall show that v, € ca(L,V),.
Let {a;}iecr be a ©®—orthogonal system in L with g = e ai- Then for any finite
subset F of I, we have

0 < ¥(a) - Z'Vo(ai) =%(@® (@ a;))

i€F i€F
=(ro(a© (P a) ~ w0 (Pa) + (13(a0 (Da)),
i€F i€F i€F
where {y,(a © (Bicra)) = vi(a® (Bicrai))} 4 0. Thus letting P = "7(a O
(Bierai)) —vila® (Bicpai)) and b i=vj(a® (Bicr i), we obtain

0<7(a) = D olas) <pj +b, YF e F(I),
ieF

where {p;} | 0 and, by complete additivity of v; , {b%.}p 0 for each fixed j.
This yields
0<%(a) = /3 (e <mi L0,
F i€F
and therefore v,(a) = Lier To(ai). -
Since ¥, <n p, 7 is a majorant of C in Ty. It follows from Zorn’s Lemma
that ', contains a maximal element §. Then { € ca(L,V), and ¢ <, u. Let
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n:=pu~¢ Clearly n € a(L,V)4. To finish the proof, it remains to show that
n is weakly purely additive. Let v € ca(L,V); be such that vy <, n = p— ¢
Then v+ € € ca(L, V)4 and v + € <p p. Hence v+ ¢ € T, and therefore, the
maximality of £ in ', implies vy = 0. 0 ;

Theorem 3.3 Let u € ca(L,V)+ where L is a complete DP. Then u can be
expressed as a sum p = £ + 7, where £ € ca(L, V)4, and 7 is a purely o—additive
measure on L. ‘

Proof, It is identical with the proof of Theorem 3.2 after changing a(L, V).
to ca(L, V). O

Let W be another Riesz space, and let u € a(L, V)4, A € a(L, W), be
given. We say that (i) 4 is A—continuous, and we write u &« A, if for every
€>0, € €V,, there exists § > 0, § € W, such that a € L, AM(a) < § = p(a) < e
(i) p is A~singular, and write u L A, if whenever v € ¢(L,V)4, v € A and
v <na W, whenever v = 0. Note that if 4 <p A, then y4 <« A; hence u L A implies
BAX=0ina(L,V);. Moreover, if p1,p2 € a(L, V)4 with 5 < X and p2 € A,
then py + p2 K A

In what follows, we present two Lebesgue-type decompositions which gener-
alize those in (3, 4] to the more general setting of difference posets.

Theorem 3.4 Let 2 € a(L, V), let W be a Riesz space, and let A € a(L, W),
. Then there exist two elements &,n € a(L, V)4 such that u = £+, where £ € A
and n L A

Proof. Define Iy = {y € a(L,V)+: v K Aand 7y <n p}. Since 0 € T, T,
is nonempty. Let C' = {7} be a chain in I';, with respect to the natural ordering
<n. As in the proof of Theorem 3.2, we can define v,(c) := V;%(c), ¢ € L, and
prove that v, € a(L, V)+. Moreover, ¥, <n

To establish that v, € I';, we must show that 7o « A. Lete€ V. and ; € C
be given. Since y; < A, there exists § € W such that ¢ € L and A(a) < J implies
vi(a) < e. Then

Yo(a) = (o(a) ~7%i(a)) +vi(a) < pi +¢,

where p; = 7,(a) — vi(a) and {p:i} | 0 because {v,(c) — %(c)} | 0 uniformly in
¢ € L. Therefore v,(a) < . Thus v, is a majorant of C in I',. It follows from
Zorn’s Lemma that ', contains a maximal element . Hence £ € A and £ <, p.
Let n := p —¢. Clearly, 7 € a(L,V)4+. To finish the proof, it remains to show
that 7 L A. Let v € a(L, V)4 be such that v <p 7 = p— € and v < A\. Then
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r+é€a(l,V)y, v+ € <npand v +E KA Soy+ € €T, and the maximality
of § impliesy=0. O

Theorem 3.5 Let u, A € ca(L,V)+ where L is a complete DP. Then there
exist two elements §,7 € ca(L, V)« such that p = & + 7, where £ € A and
nAA=0.

Proof. Define Iy = {7y € ca(L,V); : v € Aand v <5 ). Applying the
proofs of Theorem 3.2 and Theorem 3.4, we obtain a maximal element ¢ in T,
which belongs to ca(L,V)+ and £ € A. Let 7 := p — & Then, 1 € ca(L, V).
It remains to show that n A X = 0. In fact, 0 is & minorant of the set {mA} in
ca(L, V). Let v € ca(L, V) be such that ¥ <, 7 and v <p A. Then 1+€ <n p
Since v <n Aimplies ¥ « A, and since £ & A, we have y+& <« A. Thus 1+ el
By maximality of §, we get v = 0. O

Remark 3.6 We did not prove the uniquness of the decompositions for
measures on orthoalgebras or difference posets. Recently G.T. Riittimann (18]
and A. De Simone (5] have given some conditions that ensure the uniqueness of
decompositions on an orthomodular poset.

4 THE JORDAN-HAHN DECOMPOSITION

The present section is concerned with a relaxed form of the Jordan-Hahn decom-
position in the noncommutative setting of difference posets and ortheaigebras.
In this section, we take V' = R. By a measure on 2 DP L, we mean an element
# € RE which is finitely additive measure on L. A measure 4 on L is said to
be bounded if the image (L) of L under the map x is a bounded subset of R,
and it is said to be positive if x(p) > 0 for all elements p in L. We denote by
ba(L) the linear subspace of all bounded measures on L and by a.(L) the subset
of R of all positive measures on L. Notice that a+(L) is a cone in R* (ie., (i)
e (L) +e-(L) € a4 (L), (ii) Reax(L) € e(L) and (i) as(L)N—a.(Z) = {O).
The subspace a.(L) — a.(L) of R is denoted by J(L). An element of J (L) is
called a Jordan measure.

Lemma 4.1
(i) The positive cone a.(L) is a subset of the linear space ba(L).
(if) J(L) C ba(L).

Proof. (i) Let u be a positive measure on L and let P, q be elements in L
with p < ¢. Then there exists an element r € L such that p L r and ag=per.
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Hence, u(p) < p(p) + p(r) = u(p &) = p(g). Therefore, for all elements p € L,

0 = p(0) < ulp) < p(1).
(ii) It follows directly from (i). O

For an element u € ba(L), we define p*, 1~ and ||uf as follows :
pre) = Ve, @ =-Aus@ lsl=V k).
9sp a<p . Rl

Notice that = is equal to (—u)* and that u* is a super-additive positive
functional on L. Indeed, let p,q be elements in L such that p L q. If r,s are
elements of L withr <pand s < g, thenr Lsand r®s < p@gq. It follows that
u{r®s) < ut(p®q), and by additivity of 4 we conclude that '

p(r) +p(s) et (@ 9).
Therefore, u*(p) +p*(q) < u*(P® g).

A difference poset L is said to have the Jordan-Hahn property (JHP) if for
each u € ba(L) there exist elements v, £ € a..(L) and an element p € L such that

p=v-¢ and up)=0=E0).

A difference poset L is said to have the approzimate Jordan-Hahn property
(AJHP) if for each u € ba(L) there exist elements v, ¢ € a (L) such that

(i) p=v-¢ and
(i) for each e > 0 there is p € L with v(p') <¢, £(p)<e.

If L has the Jordan-Hahn property, then it has the approximate Jordan-Hahn
property. Moreover, the two properties coalesce provided that L is finite.

The following result gives a necessary and sufficient condition for a difference
poset to possess the approximate Jordan-Hahn property. This result generalizes
Theorem 2.1, in [15].

Theorem 4.2 Let L be a difference poset. Then L has the a.p:proximate
Jordan-Hahn property if and only if for each element u of ba(L) satisfying

pp) <1 forall peL, (4.1)
there exists an element v of a4 (L) such that

plg) v(g) £1 forallqeL; : o (42)
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Proof : (=): Let u € ba(L) and suppose that u(p) < 1 Vp € L. Since L
has the AJHP, there exist elements v,¢ € ar(L) such that 4 = v — ¢ and for
every € > 0 there exists p € L such that v(p’),¢ (4;) < ¢. Then for all € > 9,

12 p(p)=v(p)-¢) = v(1) —v(p) - €(p) ,
= v(1) - [v(p) +£&@)] 2 v(1) - 2¢;
and, therefore, v(1) < 1. It follows that v(q) = v(1) — v(¢') < v(1)<1vge L.

(«): Let u € ba(L) be a non-zero element. Since p(q) < ||yl for all g € L,
we have -

" ;
(lluil)(Q) <1 Vgel.

By hypothesis, there exists an element v of a, (L) with (H—EW)(Q) <v(g) < 1Vge

L Set £:=v- ,—5— Then € € a4 (L), p = ||ullv — |ullé, and [jully, ufl €
a+(L). Let € > 0 be given. Then, there exists p € L such that

WO 2l -5 or ) < Sl («3)

Now, from above and (4.3), we have

lulle@) = Il (o) - (o) < llull = () < £ < ¢, and
el (@) < el < 5= 1@) < 5 + 1l ) ~ llal(z)

€ €
S5+5 - lkle) =¢ - lulvi) <
which completes the proof that L has the AJHP, O

A positive measure u € a,.(L) is called a probability measure if u(1) is equal
to 1. We denote by Q(L) the collection of all probability measures on L. A
difference poset L is said to be unital if for each non-zero element p in L, there
exists an element u of Q(L) which evaluates to one on p.

Remark 4.3 Let L be a difference poset, and let H (8(L)) and H{(Q(L))
denote the linear hull and the positive hull of Q(L), respectively. The set Q(L) is
said to have the JHP g, the Jordan-Hahn property in the sense of Riittimann (14]
if for each u € H(Q(L)), there exist elements v,£ € H,(Q(L)) and an element
p € L such that

p=v—¢ ad up)=0=¢p). ) -
Note that, if L has the JHP, then QL) has the JHPpk. In fact, we note that -
Q(L) is a convex subset of itself and J(L) (resp., a+(L)) coincides with H(Q(L))
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(resp., H+(Q(L))). Moreover, by Lemma 4.1, every Jordan measure is bounded.
It follows that (L) has the JHPg. ‘

Theorem 4.4 (14, Corollary 5.3] Let L be a unital orthoalgebra and let
A(L) be a convex set of probability measures on L. If A(L) has JHPp then L is
locally finite.

The next result relates local finiteness of a difference poset to the Jordan-Hahn
property.

Theorem 4.5 Let L be a unital difference poset If L has the Jordan-Hahn
property, then L is locally finite.

Proof. Apply Remark 4.3 and Theorem 4.4 (which is also valid for unital
difference posets) to A(L) = Q(L). O

. The difference poset Schy = {0,a,b,¢,d.¢, f. g, k,h,a' ¥, c . d'\¢, f ¢ K /' 1}
is due to C. Schindler [15]. Figure 4.1(2) below gives its Greéchxé-alagra.m where
each line represents a block (more precisely an eight-element Boolean algebra).
Note that Schog is unital and locally finite, but fails to have the JHP. To see
this, let the bounded measure p be given as in Figure 4.1(b). It clearly satisfies
condition (4.1). The only element v € R which satisfies (4.2) and which is a
positive measure on every block in Schyg is given in Figure 4.1(c). Notice that v
is not a measure on Schyy (becasues, v(c) + v(d) =0 # 1 = v(g) = v(c® d)).

a
a-4 Qs ¢ 6
L—L wLe el
a B. <
Figure 4.1

Let L be a locally finite difference poset. We denote by A(L) the collection
of all atoms in L and by O(L) the collection of all maximal difference sets con-
sisting of atoms. By Lemma 2.6, A(L) and O(L) are not empty, and the pair
(A(L),O(L)) is called the atom-hypergraph of L. A locally finite difference poset °
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is said to satisfy the outer point condition if for every element E in O(L) there
exists an element p € A(L) such that, for all elements F in O(L),

peF & E = F  (44)

The following theorem is a generalization of Theorem 3.1 of [15], which ap-
pears without proof, to difference posets.

Theorem 4.6 Let L be a lbcally finite difference poset. If L satisfies the
outer point condition, then it has the approximate Jordan-Hahn property.

Proof. Let u be a bounded measure on L such that u(p) < 1forallpe L.
For each element F € O(L) we define a scalar tg by

tei= ptp).

pEE

Then, as 4 is a super-additive positive functional on L we have 0 <tg <1 Also
for each element E € O(L), we select, using the outer point condition, pr € A(L)
which satisfies condition (4.4), and define a map w : A(L) — R as follows _

(p) 1= 1-tg +u*(pg), if p = pg for some E € O(L)
“wr= 1t (o), otherwise.
Then w(p) 2 0 and u(p) < pt(p) < w(p) for all p € A(L). Define an element p,
in RE by

_J0, ifp=0
Hu(p) = { 2gen w(a), ifp#0

where N is a difference set consisting of atoms such that € N is equal to p. We
claim that p, is a positive measure on L which extends w. To see this, let p,q be
nonzero elements in L with p L q and let M, N be difference sets consisting of
atoms such that p = @M and ¢ = @ N. Then, M|JN is a difference set and
SMUN) =(@M) e (DN)=peq. Since M\ N is empty,

pP®q) = > wr)=d wr)+ Y. wr)

re MUN reM TeEN
= Nw(p) +/“w(4)'

Note that 1, (p) = w(p) for all p € A(L), since p = @{p}. Moreover, u,(p) >0
because w(p) > 0 for all p € L. Finally, it remains to show that, for every
F € O(L), ¥ perw(p) = 1. To this end, we have two cases to consider. If F is
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a singleton set, then F' = {pr} and Zpe rw(p) = w(pr) = 1. The other case is
that F has more than one element. In this case, we have , o

Sup) = wep)+ , wl)
pEF - pEF\{pr} - ,
= l—trp+up*(pr) + Z £ (p)
- pEF\{pr} -
= 1-tp+y pt)=1l-tr+tr=1
‘pGF ’ .

From the above we conclude p, is a positive measure and u(p) < pu(p) <1 for
all p € L. Therefore the assertion follows from Theorem 4.2. (]

The difference posets (in fact, orthoalgebras) G14 (which is due to Greechie,
see (8, 9]) and Jig (which is due to Janowitz see [9]) are locally finite. Figure 4.2
gives their atom-hypergraph (see (8, 9]) where atoms are represented by points
in the plané and a collection of points connected by a smooth line-segment forms
a maximal difference set of atoms. , e

Jlgi

Figure 4.2

Notice that G4 and Jig satisfy the outer point condition and therefo:e,:by
Theorem 4.6, possess the approximate Jordan-Hahn property.
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