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. ABSTRACT: A special measure that generalizes o-additive and o-
maxitive measures, which is called a &-measure, have been introduced
by Z. Riecanovéd [4] and I. Marinové [2]. In this paper, we study the
continuity properties of @&-measures and integration with respect to these
measures, and we show that many of the results about this integration
such as the monotone convergence theorem and Fatows lemma, that have
been obtained by [2] for continuous @&-measures, can be generalized to
non-continuous §-measures.

*

Associate Professor, Department of Mathematics
** Lecturer, Department of Mathematics

13



INTEGRATION WITH RESPECT

1 Introduction

In 1971, N. Shilkert defined a special measure on a ring R of sets, which
he called 0 — mazitive measure, and then he defined integration with
respect to this measure [6]. Although they are different, the o-additive
and the o-maxitive measures have some common properties. Moreover,
common properties of both measures and their integration can be per-
formed simultaneously by the help of another special measure called a
® — measure, which will be one of the techniques for studying these
common properties [2], [4].

In this paper, we study the continuity of a positive set function de-
fined on a ring R of sets and we give conditions which are equivalent to
continuity. In fact, we show that a supremeasure, as defined in [4], is a
positive set function m on a ring ® which is continuous from below and
m(0) = 0. We also study integration with respect to a @—measure and
we show that the monotone convergence theorem, which appears in [2]
and requires that (X, B,m) to be a continuous ®—measure space, can
be generalized by proving it for an arbitrary @—measure space. We then
use this result to derive other results such as Fatou's lemma.

Let & be some binary operation on [0, oo] with the following axioms:
Va,b,c € [0,00],k > 0,

lL.a®b=0bDa.
(a®b)®c=ad (b®C).

. k(a ®b) = (ka & kb).
a®0=a, a®oo=o0.
Ifa<b, then a®@c<bPec

(a+b)@(c+d)<(adc)+ (b d).

N oo oo e

Ifa, — a, by, — b, then a, b, — a @b Yan, by, a,b € [0, c0).

n oo n
We shall write @ a;fora, @ ax @ ... ® a,, and @ a; for sup @ a;.

i=1 i=1 L)
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1.1 Definitions.

Let R be a ring of subsets of a nonempty set X, and let @ be a biné.ry
operation on [0, 00] which satisfies the above properties 1 — 8. A set
function m : ® — [0, 0] is called a @ —measure (see [4]) if

(a) m(@) =0, and

o0 (o0}
(b) m(U E)= @m(E,-) for each sequence of mutually disjoint sets
i=1

i=1
{Ei}2, in R such that U2, E; € R.

A set function m : ® — [0, 00] is called a ¢ — mazitive measure
(see [6]) if m satisfies (a) above and if m({J2, E;) = sup m(E;) for each

sequence of mutually disjoint sets {E;}32, in R such that | Jo, E; € R.

Note that a @—measure agrees with the o— additive measure when
the binary operation @ is the ordinary + operation on [0, 00|, and agrees
with the o—maxitive measure when the operation @ is the maximum
operation on [0, oc]. It is easy to derive (from axioms (1) — (7) of the &
operation and the definition of the @— measure) the following properties:

(a) a<ad®bfor all a,b € [0,).

(b) For all a,b € [0,00], a®b < a+b.

(c) fa,b,c,d€[0,00] are such that a < band ¢ < d, then a®c < b d.
)

(d) A ©— measure is monotone; i.e., A,B € R, A C B implies that
m(A) < m(B).

2 Continuity of a @-Measure

2.1 Definition [1].

Let m be a set function from a ring R to [0, c0]. Then we say that:

(a) m is continuous from above (abbreviated C.F.A.) if whenever E, |
E in R and 3 k € N such that m(Ej) < oo, we then have m(E,) |
m(E);
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INTEGRATION WITH RESPECT

(b) m is continuous from below (abbreviated C.F.B.) if whenever E, 1
E in R, we then have m(E,) T m(E);

(c) m is continuous if it is both continuous from above and continuous
from below.

2.2 Examples.

(a) In this example, we give a continuous @—measure. Let X =
{1,2,3} and R =P(X). Define m: R — [0,00] by

A
m(A);={m&x , iig'

Then m is 0 —maxitive, and thus a &—measure where @ is the max
operation on [0, c0]. It is easy prove that m is continuous.

(b) Let X = [1,00), ® = P(X), and define a set function m : & —
[0, o] by

supFE if E#0 and E is bounded

m(E) := 0 fE=0
00 if E is unbounded.

Then m is a non-continuous o—maxitive measure.

2.3 Definition[4].

Let R be a ring of subsets of a nonempty set X. A set function m: R —
[0,00] is called a supremeasure on ® if m(f) = 0 and m(Use; Ei) = sup
m({Jr, E:) for each sequence of mutually disjoint sets in ® such that
U, Ei e R )

2.4 Proposition.

A set function m : R — [0, 00} is
(i) C.F.A iff whenever {E;}2, is a sequence in ® such that Ny Ei € R,
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and m(NE_, E:) < oo for some k € N, then we have
m(() E:) = inf{m(() Ex)}; (2.1)
i=1 i=1

(if) C.F.B iff whenever {E;}32, is a sequence in R such that o, F; € R,
then we have

m(U E) = sup{m(U E)} (2.2)
i=1 i=1
Proof: (i) (=) : Suppose that m is C F.A. Let {E;}32, be a sequence
in R such that 2, E; € R, and m((_, Ei) < oo for some k € N. Set
F:=NZ,E; and F =N, Ei, ne N Then F,, | F and m(Fy) < oo;
hence m(Fy) | m(F), and therefore m(F) = lim m( F,) = inf m(Fp).
(=) Suppose that if {E;}2, isa sequence in R such that Moy Bi €
R and m(ﬂ1= E;) < oo for some k € N, then (2.1) holds. One can easily
check that m is monotone; i.e., A C B in R implies m(A) < m(B). Let
F, | F in R such that m(F;) < oo for some s € N. Then ()2, F; =
F € ®, and m(");_,Fi) = m(F;) < co. Hence, by hypothesis, we have
m(F) = m(N2, F) = mf m((Nie; F-)—mf m(F,). Since F, | F and m
is monotone, it follows that m(Fy) | and

m(F) = i%fm(Fn) = nlgxgo m(Fy). |

(ii)(=>) : Suppose that m is C.F.B. Let {E;}$2, be a sequence in R
- such that |2, E; € R. Set F =2, E;, and F, :=J_, E;, n€N.
Then F, T F, and hence m(F,,) T m(F), so that

m(UE = hm m UE) = sup{m UE
i=1 i=1
(<=) : Suppose that if { E;}$, is a sequence in €R such that U2, E; € R,
then (2.2) holds. It is easily checked that m is monotone. Let F,T Fin ®R.
Then J;2, Fi = F € R. Hence, by the hypothesis (2.2), we have m(F},) 1
and m(F) = sup{m(UL, )} = supm(F) = lim m(F,). M

Part (a) of the following proposition proves that the second condition

of the definition of the supremeasure of [4] is equivalent to the definition
of continuity from below.
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INTEGRATION WITH RESPECT
2.5 Proposition.
(a) A set function monaring Ris C.F.B., f m({;2, E:) = sup{m(U,, E:)}
for any sequence of mutually disjoint sets {E;}$2; in §}%z such that
U?—ZI E;, €R.
(b) If m: R — [0, ] is a @—measure, then
(i) mis C.F.B. [4];
(ii) m need not be continuous (see Example 2.2(b));

(iii) m is C.F.A. iff whenever E, | § in ® and m(E) < oo for
some k € N, we have m(E,) | 0 [6].

Proof: (a) Let {F;}$2, be any sequence of sets in R such that | J2; F; € R

Let Q, := Fy, and for n > 2, let Q, := F,\ U}, Fi. Then {Q:}; is

a disjoint sequence in ® such that Uz, F; = Ure; @i, and Ui, Qi =
- Fi VneN. Hence

U@ = swpm(JF),

i=1 i=1

m((J F) = m(J Qi) = supm(

=1

and therefore by Proposition 2.4(ii), m is C.F.B. 1

2.6 Lemma [4].

Let m be a set function that is C.F.B. on a ring R such that m(f) = 0,
and let @ be a binary operation on [0, co] satisfying axioms (1) — (7) of
Section 1. Then m is a ©@—measure iff m(AUB) = m(A)®om(B) VA,B €
R such that ANB=0.

3 Integration

3.1 Definition.

A ®—measure space is a triple (X, B,m) where (X, B) is a measurable
space, and m is a @—measure defined on B. In a ®—measure space, a
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property P is said to hold almost everywhere (abbreviated a.e.) if the set
of points where it fails to hold has measure zero.

Throughout this section, unless otherwise stated, we let (X, B, m)
denote a fixed ®-measure space. We shall first define an integral with
respect to m for a non-negative simple function (abbreviated NSF).

3.2 Definition [2].
Let f be a NSF, so that =3t Xz, for some measurable disjoint

sets By and 0 < o; < 00 for 4 — 1,2,3,...,n. We define the integral of
f with respect to m by

/fdm = é oym(E;)
i=1

and we say that f is integrable iff [ fdm < .

| 3.3 Proposition.

[ fdm is well-defined; i.e., it depends only on f and not on 1, 0, ..., Qi
and El, Eg, ceey Eﬂ.

Proof: Suppose that f= ZZ=1akXEk = Z;r;lbjxp}‘) where a, b; > 0,
and {Ep}7_ {Fj}7, are both disjoint in B, Leta,:=0, b,:=0, E, = X\ Uz,
and

Fo:=X\U}L, F}. Then f = 20 % XE, = 70 biX,-

Claim: éak m(Ey) = ébj m(F;).

k=0

J:
[To see this, note that E.=EnX = U;’_‘:O(Ekﬂﬂ), som(Ey) = @;"zo m(E N Fy)
:and hence

@ ar m(Ey) = é ar é m(Ey NF}) = é é‘ak m(E, N Fy).
k=0

k=0  j=0 k=0 j=0
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But if z € Ex N F;, then f(z) = g, = by, and so ar m(Ep N Fy) =
by m(Ey N F;). Therefore

n n m ™m i
@ ar m{Ey) = @ EB by m{Ex N Fy) = @ by @ m{E, N Fy)
k=0 F=0 k=0

k=0 =0

= DumJEnE)=Pt;mE). | n
j=0 k=0

i=0

3.4 Proposition [2].
Letf, g be NSF-s. Then we have

(D S+ <[+ [
(2) Iff-g:ﬂ,thenff+g=ff@f§-

3.5 Definition [2).

(&) If f: X — [0,00) is & measurable function, then we define
ffdm =sup{[gdm:g < f, gis NSF}

and we say that f is integrable iff [ fdm < oc.

(b) I f:X — (—o0,00) is & measurable function, and at least one of
the functions f* := max{f,0} and f~ := — min{ f, 0} is integrable,

then we define
/fdm :=ff+dm—ff_dm

and we say that f is integrable if —oc < ffdm <.

20



Habil and Mahdi

3.6 Remark [2].

For o—maxitive measures, N.Shilkert [6] defined the integral of a non-
negative measurable function as follows:

/ fdm =supa m{z : f(z) > a}.
sh

a>0

If a @—measure m is a o—maxitive measure, then it can be shown (see
[2]) that [ fdm = [, fdm for each non-negative measurable function f.

3.7 Proposition [2].

Let f,g and h be measurable functions such that [ f, [ g and [ h have
meaning; i.e., each belongs to [—oo, 00]. Then we have the following:

1. If f>0,then [f>0.

2. ff<g,then [f< [g.
3. If f <h<gand f,g are integrable, then A is integrable. o,
4. I AC Bin B and f is a non-negative measurable function, then

Lhf <[5t
5. Ifc€ (~o0,00), then fcf =c [ f.

3.8 Proposition.

let f,g and h be measurable functions such that [ f, [ g and [ & have
meaning; i.e., each belongs to [—oo, 00]. Then we have the following:

L. f F € Band m(E) =0, then [, f= [fxg =0 for any non-
negative measurable function f.

2. For a non-negative measurable function f we have [ s S fuf+
[ f where AN B = 0. :

3. If f is a non-negative measurable function and A € B such that
m(A) =0, then [, - f= [, f VBeBwith ANB=0.
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INTEGRATION WITH RESPECT

4. If f is a non-negative measurable function, then [ f=0iff f =0
a.e.

5. If f is integrable, then f is finite a.e.
6. If [ f = [g, then f need not equal g a.e.

Proof: (1) Case 1: Suppose first that f =) . ; X4, is a nonnega-
tive simple function. Then we have 0 < [, f = @, i m(A4NE) <
@®;._, ;m(E) = 0, and therefore [ f = 0.

Case 2: Suppose that f is a non-negative measurable function. Let g be
" a NSF such that g < f. Then by case 1, we have that [ g = 0; therefore

e f=0.

Case 3: Suppose that f is a real-valued function. Then, by case 2, we
have that [, f* = [, f~ =0, andso [ f=0.

(2) Case 1: Suppose that f is a NSF. Then, by part (1) of Proposition
3.4, we have :

/AUBf=/(fo+fX3)S/fo+/fxB=/Af+/Bf~

Case 2: Suppose that f is a non-negative measurable function. Let g be
a NSF such that g < f. Then, by case 1, we have

AUBQSA9+L9SAf+Lf-

As g < f was arbitrary NSF, we have [,z f < [, f+ [5 f-

(3) Let B € B be such that AN B = @. Since f is non-negative,
by parts (1),(2) of this proposition and by part (4) of Proposition 3.7 we

have that
RS RAT R EEY A

Therefore [, o f =[5 f-
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(4)(=>) : Suppose that Jf=0 Let A, = {z:fx) 21} ne
N. Then f > 1y, | and hence m(A,) <nff =0 Vn Thus, as
{z:f(z) >0} = Unwi An, we have that ‘

0sm{z: f(@) > 0}) = m(| 4,) < P m(4,) =0,

n=1 n=]
which implies that m({z : f () > 0}) =0, and therefore f = 0 ae.

(<=): Suppose that f=0ae., andlet E = {z: f(z) > 0}. Then
m(E) = 0; so by part (3) of this proposition, Jf=[ef=0.

(5) Suppose firstly that f is non-negative. Let E := {z: f(z) = 0},
and suppose that m(E) > 0. Then, by part (4) of Proposition 3.7,

'/f=/£7UEC2Lf2nm(E) vn € N.

Take the limit as n — oo to get that J f = o0, a contradiction. Hence,
f is finite a.e.

Secondly, suppose that f is arbitrary function. Since f=ft=f"is
integrable, f*, f~ are both integrable; hence by the above argument, f+
and f~ are both finite a.e.; therefore, f is finite a.e.

(6) Recall Examp‘le 2.2(b), and take f := X2, 9= Xz Then

2=m(@2) = [ 7= [g=m(l 2,
butm{e: f@) 9@} =m(L D) =340 m

3.9 Lemma.

Let {A;}%2, be a disjoint sequence in B and {f;}7_, be a finite sequence
of non-negative measurable functions. Then

b, 0-mnd, 0

i=1 j=13j i=1
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Proof: By monotonicity of the integral (Proposition 3.7(2)), and for

a fixed i € {1,2,..,n}, we have that the sequence {/ L, fi}R, s
5e

increasing, so ‘

sup / fi = lim fi
k UJ—1 A‘7 k—oo ;g=1 Aj
Therefore, by using axiom (7) of the @ operation and since the sequence

{BL, fU?=1 4, Ji}%2, is increasing, we have

n

@(sukp/U?:lAj fi) (lim /Uf-l N fi)

i=1 i=1

i@,

UJ_l 7

I

UJ=1 A.?

The following theorem generalizes Theorem 2 in [2].

3.10 Theorem.

Let f be a non-negative measurable function on (X, B, m). Define a set
function vy : B — [0, 00) by

=./Efdm=/fxE dm.

Proof: According to Lemma 2.6, it suffices to prove the following:
(i) vs(@) = 0; (i) vy is C.F.B; and (iii) v;(AU B) = v;(4) ®
vi(B) VA,B € B suchthat ANB = 0.

(i) This follows from Proposition 3.8(1), since m(@) =

(ii) Let {E;}32, be a sequence in B. The proof that vy is C.F.B. is
realized in three steps.

Then vy is a @—measure.
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Step 1: f = axy4 for some a > 0, and A € B. In this case, by continuity
of m from below, we have

‘ oo ' °3) k :
Vf(U E) = /ang;l(AnEi) =q m(UA NE;) = asgpm(UA N E;)
i=1

i=1 i=1

k
= sgpa m(UA NE;) = Sl}:P/aXAn(U{;l E;)

i=1
k
= su = Ssup v E.,' .
kp/?:lE"f kp f(zL:Jl )

Step 2: f =37 a;xa, where a; > 0, and {A;}7, is pairwise disjoint
in B. In this case, set Ji=aixa, i=1,2,..,n, so that fi-f; =0 for
i # j. Using part (2) of Proposition 3.4, induction, Lemma 3.9 and Step
1 above, we obtain

/U i.fi = é/&% fi= é(SUP[JLIEj fi)

71 B5 3o i=1 k

= Sgp(é/k N fi)=sgp(/uk

=1 E.
=sup/
k k

=17 =
j=1%73

I

s

vi(l E5)

1

J
n

=1

fi)
1
k
f= sup vi(lJ Ey).
j=1

Step 3: fisa non-negative measurable function. In this case, let g be
a NSF such that g < f. Using Step 2 and Proposition 3.7 (2), we get

) k k )
vo(|J E;) = sup v By) < sup v B < vi(lJ Ey).
Jj=1 Jj=1 =1

J=1 J

Taking the supremum over all NSF-s g < f, we obtain

o k ]
Vf(U Ej) < sup Vf(U Ey) <vi(|J B),

=1
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and therefore v¢ (U2, E;) = sup, Vf(U;c=1 E;).
(ili) Let A, B € B such that AN B = .

Case 1: v;(A)®vs(B) = oco. In this case, either vi(A) = oo or v4(B) =
00; 80 V(AU B) = cc. '
Case 2: v;(A) @ v4(B) < oco. In this case, both v;(A) and v¢(B) are
finite. Let g be a NSF such that g < f. Noting that 9xa-gxs = 0 and

using Proposition 3.4(2), monotonicity of the integral and axiom (5) of
the @ operation, we obtain

/ g=/(ng+ng)=/ng®/ng
AUB

/fXA EB/fXB =vs(A) ® vy(B).
Taking the supremum over all NSF-s g < f, we get
vi(AU B) < vs(A) @ v4(B). (3.1)
On the other hand, let € > 0 be given. Then there exist NSF-s gh<f

such that
/f</g+5 and /f</h+5.
A A 2 B B 2

We may assume without loss of generality that g = h. So, using property
(6) of the @ operation, we have

(/Ah+§)ea(/3h+-;—)s (/,4h$/3h)+(§@§)
< (/hXAEB/th)+e.
Since (hxa)-(hxs) = 0, Proposition 3.4(2) yields
vi(A)®vs(B) < / (hxa+hxp) + €= / hx(auB) + €

/fX(AUB) +e=vi(AUB) +e.
Since € was arbitrary, we get

v;(4) ® vy(B) < v;(AUB). (3.2
Now (3.1) and (3.2) imply that vy is finitely @—additive. W

vs(AU B)

IA

vi(A) ® vs(B)

IN

IA
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3.11 Theorem.
Let f, fn (n=1,2,...) be NSF-s such that f, T f. Then

[retmf5

Proof: Since fi < fo <. < f, [fi < [f2< .. < [ f, and hence the
sequence { [ f,}32, is increasing and bounded above by [ f. Therefore

/ £>1im [ £ (3.3)

=00
For the reverse inequality, let € € (0, 1), and suppose that f = Ei;l aiX A
for positive numbers a;, az, ..., ax, and pairwise disjoint measurable sets

Ay, Ay, ..., Ay. Foreachn € Nandeachi € {1,2,...,k}, define A? = {z €
A;i: falz) > (1 —€)a;}. Then A€ B Vn e N and Vi € {1,2,..., k}.

Claim: The sequence {A? : i = 1,2,...,k; n € N} satisfies the
following:

(1) For fixed n € N, we have that A7, A7, ..., A} are disjoint.
(2) For fixed ¢ € {1,2,...,k}, we have that {A?}32, is non-decreasing.
(3) Foreach i € {1,2,...,k}, A; =, AT
[(1) Fixn € N, and suppose that for some i # j, A} N AT # 0. This
implies that A4; N A; # 0, which is a contradiction.

(2) Fixie {1,2,...,k}, and let n < m, so that f, < fn. Let z € AT.
Then z € A;, and fn(z) > (1—¢€)a;. Hence z € A;, and fn(z) > (1—€)ai;
which implies that z € AT*, and therefore A} C A"

(3) Fixi € {1,2,..,k}. Since A? C A; Vn € N, Ui, A? C A,
For the reverse inclusion, let z € A;. Then f(z) = a;, and hence
there exists n, € N such that f,, (z) > (1 — €)a; (since otherwise,
we would have fn(z) < (1 —¢€)a; Vn € N, which would imply that
a; = f(z) = 7}Lngo fa < (1 —€)a;, a contradiction). It follows that z €
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Aj* C UL, A7, and therefore A; C Un=1 47. This completes the proof
of (3), and hence the claim.]

Now, by parts (2) and (3) of the above claim, we have for fixed i €
{1,2,...,k} that A? 1 4; as n — oo. Since m is C.F.B., m(AZ) T
m(A;). Set g, := Zf=1(1 — €)aixar, n € N. Since, by (1) of the above
claim, the sets A7, A2, ..., A} are pairwise disjoint for each n € N y On i
well-defined NSF. Moreover, g, < f, Vn, since for z € X, g,(z) =0 <
fn(Z) or ga(z) = (1 — €)a; for some i € {1,2,...,k}, so that z € A7, and
hence fo(z) > (1 — €)a;. It follows that lim Jo. < nl_l_’l{.lo [ fn. But, by

n—o0
axioms (3) and (7) of the @ operation, we have

k k ‘
lim [ g, = nlgrozo @(1 —e)am(Af) = (1 —¢) T}E&@aim(A?)

n—oo
. i=1 i=1

k k

= (1—e)®aiqlli_.r§°m(‘4?)=(1—6)@%— m(Ai)=(1—e)/f.

1=1

Since € € (0,1) was arbitrary, it follows that

J#<im / fu (3.4)

Now (3.3) and (3.4) yield that [ f = lim [F R
n—oo

As a consequence of Theorem 3. 11, we obtain Theorems 4 and 5 of [2],
since every integrable NSF is a NSF, and every continuous @&—measure
is a ®@—measure. Theorem 3.11 can be improved in the following sense.

3.12 Theorem.

Let f be a non-negative measurable function, and let {fa}2; be a se-
quence of NSF-s such that f, 1 f. Then

/f= lim [ f,.
Proof: Since i< f,<... < f, Jh<[f<.< J f, and hence
lim [ f, < /f.
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For the reverse inequality, it suffices to prove that f g < lim [ f, for
n—oo

every NSF g such that g < f. Solet g be such a function. Foreachn € N,
define

hyn := min{g, fn}.
Then h, < fo Vn, and limh, = g. Since {fn}p; is nondecreasing,
n—o
we must have that {h,}3, is nondecreasing. Hence, by Theorem 3.11,
we have that

/g=hm ho<lim [ fo. W
n—oo

n—eo

3.13 Theorem (Monotone Convergence Theorem).

Let (X,B,m) be a ®—measure space and let f, fn (n = 1,2,...) be
non-negative measurable functions such that fn T f a.e. Then

[r-tm [

Proof: Firstly, suppose that f,(z) 1 f(z) Vz € X. Then JAS[ <
... < [ f, and hence

lim ﬁg/ﬁ (3.5)

n—o

Next, using Proposition 11.7 of [5], we choose for each n € N a non-
decreasing sequence of NSF-s {gI'}32; such that g T fo as i — oo.
Define h, := max{g}, 92, ..., gn}-

Claim: The sequence {h,}22, satisfies the following :
(1) {hn}32, is nondecreasing;
(2) hp < fn Vn; and
(3) f = lm h,.

n-—-—x

[(1) For each n € N, we have

_— 1 2 n+1 1 2 n 1,2
hTH'I - ma'x{gn+17 g'n+1’ "')gn-l,-l} Z max{gn+fign+1i AR ] gn+1} 2 rna‘x{g'nﬁ gn) o
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(2) Forn e N and z € X, we have

ha(z) max{g;(z), g2(z), ..., gM(z)} = g*(z)  for some k € {1,2,..,n}

< frlz) £ fulx).
(3) From (2) we have that h, < f, Vn, and so hm hn < hm fa=f.
For the reverse inequality, fix k € N. Then we have that gk < h for each

n € N such that £ < n. Thus f, = hm gn < hrn hn; and, therefore,
f= hm fr < hm h,. This completes the proof of (3), and hence the

clalm ] Now h 1s NSF Vn, and h, 1 f, so by Theorem 3.12, we have
that

[1=tim [hm<pm [ (36

From (3.5) and (3.6), we have that [ f = hm J Fa
Secondly, suppose that f, T f a.e., and let E:= {z: f(z) # hm fn(x)}

Then m(E) = 0 and foXxge T fxge- Hence, using Proposition 3 8(3) and
the first part of the proof, we have that

/f=/;cf=/fXE°=nl_i£§°/anE°—an§° fn——nh_{go fo. W

As a consequence of Theorem 3.13, we obtain Theorem 6 of [2],
since every continuous @—measure is a @—measure. It should be noted
that Theorem 3.13 is a generalization of the standard monotone con-
vergence theorem (see [1] and [5]), since every oc—additive measure is a
@ —measure.

3.14 Theorem (Fatows Lemma).

Let (X,B,m) be a @—measure space, and let {f,}%, be a sequence of
non-negative measurable functions such that f, — f a.e. Then

/fsu_m/fn.‘
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Proof: For each n € N, set g, = ,%I;.f fx. Then g, is measurable,
n

gn 1 limf, = fa.e.,and g, < fr Vn. Heﬁce, using the monotone conver-
gence theorem(M.C.T.) and monotonicity of the integral, we have that

By generalizing M.C.T.(Theorem 6 of [2]), the following theorem gen-
eralizes Theorem 7 of [2] for arbitrary @—measure spaces.

3.15 Theorem.

Let (X, B, m) be a @—measure space and let f and g be non-negative
measurable functions on X. Then

/f®g=/f®/g.

Proof: It is basically the proof of Theorem 7 of [2]. W

3.16 Corollary.

Let (X,B,m) be a ®—measure space and let {f,}32; be a sequence of
non-negative measurable functions on X. Then

/@fn=€é/fn-

n=1

Proof: Define

g:=@fi and gn:=Ean,~, n € N.
i=1

i=1

Clearly, both g and g, are non-negative measurable functions, and g, T g.
So, by using M.C.T. and Theorem 3.15, we have that

/éfi=/g=ﬂ’§s'/9"=,}3§¥§/ﬂ=§/ﬁ. .
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The Lebesgue dominated convergence theorem provides a difference
between integration with respect to a o—additive measure and integra-
tion with respect to a o~maxitive measure. While this result is always
true when the measure is 0—additive(see [1] and [5]), it need not hold for
non-continuous o—maxitive measures, as the following example shows.

3.17 Example.

Recall Example 2.2(b). We have that X = [1,00), ® = P(X), and
m : R — [0, 0o] defined by

0 ifE=0

sup E if E# 0 and E is bounded
m(E) :=
00 if F is unbounded

Is a o—maxitive measure. Note that m is not continuous. Let E, = (2—
1,2), and define £(z) := 0, fu(2) = Xz, (z), and 9() i= x19(z) ¥z €
X. Clearly, g is a non-negative integrable function, and | f, |[< g Vn €
N. Moreover, f,(z) — f(z) Yz € X. But [ f, = m(E,) = 2 Vn, while
J f = 0. Therefore, [ f # nlir{.lo [ fa

We conclude this paper with the following

3.18 Open Question.

Does the Lebesgue dominated convergence theorem hold true for a con-
tinuous @©—measure space?
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