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Abstract Keywords:

In this present paper, we derive several subordination results for analytic Cho-Kw 0;1_5 rivastava

function defined by convolution, and we prove several inclusion relations Operator

associated with the o -neighborhood of certain subclasses of analytic Subordination

functions with negative coefficients defined by the Cho-Kwon-Srivastava “neighborhood

operator by making use of familiar concept of neighborhood of analytic Convolution

function. The results of partial sums and subordinating results and result of

integral means inequalities and also obtained.

1. Introduction: )
p+

LetS | bethe class of function f (z) of the form Ns()=qkk ET kiz ZC‘HP L

f(z)=z +Zak+p “?,(peN),(1.1)

which are analytlc and P -valent in theunit disk
U ={Z 1z eld, |Z | <1} Also let Tp denote the subclass

of Spconsisting of analytic and P -valent functions

which can be expressed in the form

f(z)=2"->a.,,z"", ( cop 2 )(p eN),(1.2)
k=1
Let

g(z):ZP_Zbk+pzk+p (bk +p = )(1 3)
k=1

Then the Hadamard product (or convolution)f *g of

the analytic functions f and g isdefined by

(f *g) Zak+p k+p k+P (ak+p20bk+p— )(1 4)

Definition 1.1 ([3] see also [7,9]), we define the ¢ -

neighborhood of function f (z) €T is definedby
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. (1.5)
and ) (k + p)‘ak+p ~Csp 35}
k=1

In particular, for the identity function
h(z) =z, we immediately have

N5(h)={k keT, k@z)=2"-D ¢, 2"
k=1

and Y (k +p)[C.,
k=1

< 5} (1.6)

Definition 1.2 [10]
The linear operator Lp (a, C) : Sp - Sp ,is defined by

L,(ac)f(z)=4¢,(a C'Z)*f(Z) (zeU) ,(1.7)

Where¢ acz Z( © , (1.8)
k=0 k

(a), is the Pochammer symbol.
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Definition 1.3 [2] introduced the linear operator
Lﬁp (a, C) : Sp - Sp analogons to Lp (a, C), defined by

Lo (ac)f z)=¢; (a.c;z)*f (z) (peN;aceR/Z;;4>-p),(1.9)
where ¢; (a,c; Z)is the function defined in termsof the

Hadmard product (or the
followingcondition
Zp

¢, (a,c;z)>x<(/5p(a,c;z)=W

We can easily find from (1.7), (1.8) and (1.9) and for the
function f(z) €T, that

Convolution) by

.(1.10)

L‘ac

Z (p+4) C)k
o k() oo
Itis easily verified from (1.11) that

2(L (a+L0) ) (0)=aL (a.c) 1 (2)-(a- )L} (a+Lc) F2), (1.12)
And
Z('—ﬁ(a,c)f)' (2)=(A+p)L, " (ac) f(2)-AL; (a,c) f(2). (1.13)

Also by specializing the parameters a,C, A we obtain
Remark 1.1If we put a= p+1,c=A=1, in (1.11)then
we get

L (p+11) f(2) = f(2).(1.14)

Remark 1.2If we put a= p,c=A=1, in (1.11)then we
get

L, (p.1)f(2) =

Remark 1.3If we put c=a,A=n, in (1.12)then we
get

L (a,a) f(z) =D""f(2)

2" (., 20) .(1.11)

@@ .(1.15)
p

(n>-p),(1.16)

where D"P"f(z)is the well-Known Ruchewehy

derivative of order N+ P -1,
Now making use of Cho-Kwon-Srivastava operator
L/; (a, C) defined by (1.11), we introduced the following

subclass Sp(f,g,a,b,c,ﬂ,ﬁ) of p -valentanalytic

function .
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Definition 1.4forpeN;aceR/Z;;beC’;A>-p;0<f<1
and for allzeU, let Sp ( f, g,a,b,c,/l,,B) denote the
subclass ofSp consisting of p -valent analytic function

f(z) and g(z)defined by (1.2) and (1.3), respectively,
and satisfying

1 z[Ll ac)(f *g) (z)]

M T L (a0 o))

(1.17)

L: (a,c)(f '
zﬂl Z[f(ac)( *g)(Z)] =P,
b| L;(ac)(f *g9)@)
where, (f *g)(z) defined by (1.4).
Remark 1.4 Settinga=p+landc=A1=1in definition

1.4 then we obtain the classS (f,g,p+1b11p)

satisfying
1( 2(f *g)(2) ] 1[z(f*g)'(z) J
Redl+—| ————-p 1 2fB|-| —————-p |,
{ ( b\ (f*g)(2)
(zeU;peN;beC’;0< B<1).
1.5If we

bl (f*9)(2)

Remark put

p=c=1=1b=1-y (0<y<)) andg(z):li in Remark 1.4,
-1

the class Sl(f,li,Z,l—y/,l,l,ﬁj reduces to the class
A

UST (7, ) (see[4], [5] and [8]).
Remark 1.6If we put =1 in Remark 1.5, the class
Sl( f é , 2,1—7/,1,1,1j is reduced to the class S™(y)
(class of starlike function of order y ) (see[1]).

2. Coefficient estimates:

f andg definedby(1.2) and (1.3),
respectively,satisfy the following condition:

STk(B+D)+b{]4 (2.0)fa. b
k=1
(peN;aceR/Z;;beC’;A>—p;0<p<1; zeU),

(p+ /1) (©)

Lemma 2.1let

<lb| ,(2.1)

p+k

Where ¢ (a C)
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then f(z)eS,(f.g,a,b,c,2,4).

Proof. Itsuffices to show that.

2[ L (ac)(f ) (@)] 2[ L% (a.c ()]
L e R e e s S
Let (2.2) hold . Then we have
A ECTGRIERTICo) B Y NGO TG () | Bt ) 2k (.00, 3, "
L (a.c)(f+0)@) L (a.c)(f+0)@) _ PEMN&Q%W%W o

This complete the proof of lemma 1.
3. Inclusion relationships involving Nj(h)of the

class Sp(f,g,a,b,c,/l,ﬂ):

In our investigation of the inclusion relation involving
N, (h), we shall require the following Theorem .

Theorem 3.1A function f(z) €T, defined by (1.2)
belongs to the class S ( f,g,a,b,c, 4, B) ifand only if

2Lk(A+D+ ] (3,) by <] 1 (3:1)
(peN;a,ceR/Z;;beC’;A>-p;0<f<1; 2€U),

where ﬁf (a, C) defined by(2.2) . The result is sharp .

«

Proof . we only need to prove the
Theorem 3.1.
Let f(z) defined by(1.1) belongs to the class

S (f,g,a,b,c,}t,ﬂ) ,we can write
Z[Lﬂ )(f=g (z)} re Z[L’,;(a,c)(f*g)(z)}’_p
L (a.c)(f=g)(2)

L@ )(f “9))
ikqﬁf(a,c)bwamkzk

only if’part of

GG g@] | @A)
_(1 ,5) Lﬁ(a,c)(f*g)(z) =

or equivalently,
D kel (a,c)by,ay,, 2" b

Re{ +2 <
1—2% (a,c)b,, a,,.2" (1+5)
k=1

.(3.2)

58 UG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0

We now chose values of zZ on the real axisandlet z —>1
through the real values, then the inequality (3.2)
immediately yields the desired condition (3.1) .
Theorem 2If 5 _ a(p+1)|o| (p>\b\)'(3-3)

c[ @+ B)+[p[](p+A)b,.,

2a+l-c(p+A4)
(p+c+4)

then S, (f,g,ab,c,4, B) < N,(h).(3:4)

Proof. Let f(z)e$S, (f.g,a,b,c, 4, ), then in view of
Theorem 1 and under the condition we have
[(,8+1)+\b\]¢f(a,c)gawbwsg[k(ﬁ+l)+\b\]¢j(a,c) b <]l

andassume that >

)

Whichyields Za ajp (35)

pric = [(B+1)+]o[|c(p+A)b,.,

On the other hand , we also find from (3.1) and (3.5)

i ﬂ+1 (p+k)¢k (aC) p+kbp+k

+Z[|b|— p (,B+1)]¢kl (a,c)a,. b, <p|

Or,
Sp+ Ay +j)bp+1 > (B+1)(p+k)a,,,
<P +i[p (ﬂ+1)—|b|]¢,f (a,c)a,.b,.,
_(p-1)bl(s+1)
(B+1)+[b]
Hence


http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/

Neighborhoods and partial sums of certain class of analytic and
multivalent functions involving the Cho —Kwon-Srivastava,

Jamal Shenan et al.

3 a(p+1) _ (3.6)
kz;(p+k)ap+kSC[(ﬂ+l)+|b|:|(p+l)bp+1 _5 (p>|b)|,

then f(z) € Ns(h).This completes the proof of
Theorem 3.2

Corollary 3.21If

(p-+1)[b]

=5 (p>n),3-7)
[(5+2)+ bl 2
and assume that kK >1, then S,(f.9,p.b, )= Ny(h) (3.8)
Proof. Putting a= p+1,c=A =1in the Theorem 3.2.

1—
Corollary 3.31f0 = —7/,
2+p-y
and assume that K >1. Then UST (y, 8) = N, (h) (3. 10)
Proof. Putting a=p+lp=c=4A=1 b=1-y (0<y<]),

0<y<13.9

z
and g(z2) = 1—in the Theorem 3.2.

1—
Corollary 3.4If6 = 3—7 ,

0<y<1(3.11)

and assume that K >1. Then S™(y) < N, (h) (3.12)

Where S*(y) the class of starlike functions of order y .
Proof.
a=p+Lp=c=1=£=1Lb=1-y (0<y<l,and

g(z) =~ in the Theorem 3.2.
1

Putting

4. o0 —neighborhood for the class SE“) ( f, g,a,b,c,/l,ﬂ).
In this section, we determine the neighborhoodfor the
class SE“) ( f, g,a,b,C,/l,,B) , which is define as

follows.
Definition4.1 A function f(z) €T, is said to be in the

class SE“)(f,g,a,b,C,/l,,B) if there exist a function
k(z) e S, ( f,0,a, b,C,i,ﬂ) such that,

k(z)
Theorem 4.1let k(z) €S ( f,0,a,b,c, /I,ﬁ) and
. 5bp+1¢l&fa,c)[ﬂ+1+|b|] 42
(p+1)| by (a,c)(B+1+[b]) o] ]
then N, (k) = sff’) (f.g.a,b,c,4,B).(4.3)

‘m—l‘< p-a,(z eU,0<a<p).(41)
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Proof.Suppose that f(z) e Nj(k).we find that from
(1.4)

o0

Z(k + p)‘ak+p _Ck+p

k=1
which immediately have

o0
Z‘ak-m - Ck+p
k=1

as k(Z)eSp(f,g,a,b,C,/l,,B), then we have from
Theorem 3.1

<8, (44)

o

3G < L (4.6)

k=L ) (a,c)bp+1[|b|+(,3+1)]

so that

‘f 2) J% ob, .4 @.c)[ B+1+]p|]

) 1< - =p-«a
k(z) (p +1)[bp+1¢1 (a,c)(ﬂ+1+|b|)—|b|]
provided that « is given by (3.4.2). thus

f(2)e SE") ( f,g,a,b, C,Z,ﬂ). This completes the
proof of Theorem 4.1 .
Corollary 4.1 let k(2)e S, ( f, g,a,b,c,l,ﬂ) and

b, [ B+1+]p[] @)
(p+1)[by..(+1+b])-b]
then N, (k) sfjf’ (f.g9,p+1b11 p).(4.8)
Proof. Putting a= p+1,c= A =1in the Theorem 3.2.
Corollary 4.2 let Kk(z) eSp(f,g,a,b,c,/’t,ﬂ) and

i 5(2+p-7)
202+ B)(1-y)+ 2%’

then N (k) cUST“(y, ). (4.10)
Proof.Putting a=2,p=c=4=1b=1-y (0<y<1), and

(4.9)

in the Theorem 4.1 .

z
9(2)=1

4.3let
5(3-7)
6(1—7/)+27/2
then N (k) = ST (). (4.12)

Corollary

k(z)eS,(f,g,a,b,c,4,B)and

a=1- ,(4.11)
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Proof. Putting a=2p=c=A=f=1Lb=1-y (0<y<]),

and g(z) = —Z_in the Theorem 4.1.
1-z

5. Subordination Results:

Definition 5.1 A sequence {bmk}io of complex is

called subordination factor sequence if for any regular
and convex function

k(z) =2 ¢,z with c, =1,zeU,
k=0

> 0,0 Con2? < g(2) (zeU).(5.1)
k=0

[11] the sequence{bmk}k:O is

Lemma 5.1

subordination factor if and only if
Re{1+ 2> b2 p+k} >0 (zeU).(5.2)
k=0

Now, we obtain the subordination result for the class
S,(f.g.a,b,c,4,p).
Theorem 5.1 let f(z)eS, ( f,0,a,b,c, 4, ﬁ) of the
form (1.2) and
m(z)=>_c,, 2"
k=0

function inU , then

szl,be regular and convex

b, (@C)(B+1+)
Z[bpﬂqﬁf(a,c)(ﬁ+1+|b|)+|b|] (f=m)(z)<m(z) ,(5.3)
Re(f(2)} > 2| b6 (a,)(B+L+[p]) +/b]] o

b, (a,c)( B+1+]p])

and the subordination result (5.3)is sharp for the
maximum factor

bp+l¢ﬁ(a,c)(ﬁ+l+|b|) 55)
2[bp+l¢f (a,c)(pB +1+|b|)+|b|]

Proof. Let f(Z)eSp(f,g,a,b,C,/l,ﬂ)of the form

(L) andm(z) = D c,,, z""" c,=1,
k=0
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be regular and convex function inU .to show

subordinating result (5.3), we need to show that

b, . (@.C)(B+1+p)) (5.6)
2[b,..4 @.O(p+1+bl)+pl] " |

isa subordinating factor sequence with a, =1which in

view of lemma 5.1is true if

e 1+i bpﬂ;gib1 (a,c)[(ﬂ+1)+|b|}
= [bpﬂq (a,C)[ (B+1)+[o[]+]o
Since
K[ (B+1)+[b]]b,.. 8/ (@.c) = [(B+1)+|b[]b,.4 (a,c)>0 (k=1),

on using Theorem 3.1, we have for |Z| =r<l1,

Re{1+ b, @c)[(B+)+p]] < }_

}awkz"*k} >0 ,(zeV)-(5.7)

o, @50 B |

i b, . (a.c)(5+1+b])
eql+ z
[b,.4@c)(p+1+p])+b[]

1 - ) p+k
[bp+1¢f(a,c)(ﬁ+1+|b|)+|b|}kz-;bpﬂqjl @c) (A +Lrbl)a.z }

b, .4 (a.c)(B+1+p])
(b, (@.c)(B+1+]p|)+ D]
o]

DECEEEE
=1— bp+1¢1ﬂ(a’c)('8+l+|b|) —
"~ [byud’ @) (B+1+]b])+[b[]

b —0

[b,.d’ (@,c)(B+1+[p|)+o]]

Which evidently prove of (5.7), and hence the
subordinationresult (5.3), we easily get the result (5.4),
and for the function

b, (a,c)(f+1+]o]
2/ (3,C)(B+1+[o]) +[o]]

>1-

p+k

f(2)=2"-

" €S, (f,9,ab¢4p),
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b, . (a,¢) (A +1+]0])
2| b, .’ (a,0) (8+1+b])+ o]

maximum factorfor the subordinationresult in (5.3).

isthe

it can be verified

6. Partial Sum:

In this section, we determineinequalities involving
partial sums of f(z)eT, where the Partial sum of

f(z) €T, defined by (1.2) is defined as follows
zo;nzl).(6-1)

Theorem 6.1Let f(z) €T, is defined by (1.2) belong

to S,(f,g,ab.c,1,5),
The

+p

fo(z)=zPand ¢ (;)_,» —>a,, 2" (a
k=1

e{(f*g)(z)}> - 1 (ZEU,neN),(6'2)
(f+9),(2) H,.(f.9,a,b,c,4,5)

and
Re{(f*g>n(z>}> Hou(f.g.abeif) oo
(fx0)(2) ] 1+H,.,(f.g,.abc 2 )
Where
[(n+1)(ﬂ+1)+‘b[|(c)n+l(p+l)n+1 (6.4)

Hn+1(f’glavbvcl/1!ﬂ): (a) (1) ‘b‘

(peN;aceR/Z;;beC';A>-p;0<p<1;z€U).

Proof. Let f(z)eT,is defined by (1.2) belong to
Sp(f,g,a,b,c,/l,ﬂ), then from Theorem 3.1 and
usingH_,(f,9,a,b,c,4,p)>H. (f,g,abc A4, 5)>1,(6.5)

we get

Zap+kbp+k +Hn+1 g ab C, /1 ﬂ z ap+kbp+k

k=n+1

i (6.6)
Z (f gabC/Iﬂ) p+k p+k —1'
91(2):Hn+1(f ,g,a,b,c,i,ﬂ)
Set {(f £0)2) _{1_ 1 }} (6.7)
(f *g),(2) H,a(f9.ab.c,48)
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Hn+1(f ) g,a,b,C,ﬂ,,ﬁ) Z ap+kbp+kzk

k=n+1
:1— - )

n
k
1- Zap+kbp+kz
k=l

which is analytic in U and g,(0) =0. If (6.7) holds we
find that

9,(z) -1 _
9,(z)+1
Hrvrl(]c ,9,a,b,c, 4, 5) z ap+kbp+kz ‘ ‘
k=n+1
2[1_Zap+kbp+kz ‘ j_Hnﬂ,(f 1gla1bacuﬂqﬂ) Z ap+kbp+kz k
k=1 k=n+1

Hn+1(f ' g,a, b,C,ﬂ,ﬂ) Z ap+kbp+k

< k=n+1

2_22 ap+kbp+k - Hn+1(f 0,4, b,C, A, ﬂ) Z ap+kbp+k

k=1 k=n+1
<1

)

which show theRe{g,(z)}>0,and from (6.7), we

obtain the inequality (6.2).
Similarly , if we put

_ (f*9).(9) __H,.(f.9.abc 4 p)
9,(2) =1+ Hn+1(f,g,a,b,c,/1,ﬂ){ (f*g)2) 1+ Hml(f,g,a,b,c,/l,ﬂ)}
(6.8)

{1+ H”*l(f ,g,a,b,c, Z’IB)} kzlap+kbp+kzk
=1— =N+ ,

1- Z ap-¢-kbp-¢-k Zk
k=1
and making use (6.5), we find that

gz(z)_l
gn(z)+1

‘ ~{1+H,,(f,9,a,b,c,4,A)} i a,.,0,.,2° ‘

k=n+1

‘2(1—iap+kbp+kzkj—{l+ H,.(f.g.ab,c,1,B)} i a,,b,.. 2"
k=1

k=n+1

{1+H,.(f,g.ab,c,2,8)} > a,,b,,

< k=n+1

z_zzap+kbp+k _{Hn+1(f ) g,a,b,c,ﬂ,ﬂ) _1} Z a‘p+kbp+k

k=1 k=n+1
<1,
which proved the inequality (6.3).
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7. Integral means inequalities:

Lemma 7.1If the functions f and g are analytic in U
with g < f ,then for
n>0and O<r<],

J, lo(re") g0 < [t

Proof. In 1925, Littlewood [6]
Theorem 7.1 let f(z)eS (f,g,a,b,c,4, /), and

suppose that

Z¢k a,c)a

re’ )r do .

| | H
b < =12,..),(7.1)
preve [] B+1) |b|} (] )

If there exist analytic function w(z) given by

a C a‘p+kbp+k

(w(z)! =[ ﬂ+1 +|b|]Z¢k 2(7.2)

thenfor z = re" (0 <r<l),
!

where (f *Q)

(z)‘ d0 (c>0), (7.3)

L;(a,c)(f*g)(z)\"de;f i (ac)(F*g)

p+j

ori (2) is given by

b Jo1.(7.4)
(ac)[ i(B+1)+[[]

Proof. By virtue of (1.11) and (7.4) we have

( )p+] (Z)_

Lo (a.c)(f *9)(Z)=z"—i¢ﬁ(a,c )., 27 (7.5)

k=1
and
b |

L (ac)(fg), @)=z - w76
»(ac)(fxg), ()=2 Nk (7.6)
then we must show that

2.0[ A gqjk (a.c)a,,b,,, 2 odeng A i /j! b]z"*"ﬁde (6>0),
by lemma 7.1,it is sufficient to show that

1- Z¢k a,.c)a,,b,, 2 <1- ﬁ 21.(7.7)

Setting

_ S p) k _ | | j
1 kzz;;/ﬁk (a,c)a,, b, 2 =1- —[ 0] w(z)}',
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which readily yields (7.2) and w(0) =0.Now, we prove
that the analytic function w(z)satisfies |w(z)|<1,
z €U . Using (7.1), we obtain

‘{W(Z) I:J ﬁ+1 +|b|]z¢< a, C P+k p+k Zk

This completes the proof of the Theorem .

Corollary  3.8Let f(Z)eSp(f,g,a,b,c,/”t,ﬁ)and

suppose that

Sa b < P (i=12...).(7.8)

kZﬂ: P (B+1)+]0[]

if there exist analytic functionw(z)given by
[i(B+

. + b o
{(w(2)}' = |b|) | Héamkbmk 2" ,(7.9)

thenfor z=re"’ (0<r<1),

2z 27

[ [(f=o)@["do< [ [(f=q),, (@ do (o>0),(710)
0 0

where (f * g)pﬂ. (2) is given by

P (7.11)

b
f _
(T*9),., @=2" [i(B+1)+[b[]

Proof. Putting a= p+1,c=A1=1in Theorem 7.1.
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