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$OJHEUD�RI�2SHUDWRUV�
$KPDG�0��$/�±�=HLU�'U��%XWKDLQDK�$��+��$KPHG��'U��6DNLQ�$��)DWK\�8QLYHUVLW\�RI�%DJKGDG��&ROOHJH�RI�6FLHQFH��'HSDUWPHQW�RI�0DWKHPDWLFV���,QWURGXFWLRQ�/HW� �;�% EH� WKH� %DQDFK� DOJHEUD� RI� DOO� ERXQGHG� OLQHDU� RSHUDWRUV� RQ� WKH�
LQILQLWH�GLPHQVLRQDO�%DQDFK�VSDFH� ; �:H�VD\�WKDW�WZR�LQILQLWH�GLPHQVLRQDO�%DQDFK�VSDFHV� ; DQG�< IRUP�D�GXDO�V\VWHP�� GHQRWHG� �<�;� � LI� WKHUH� LV� GHILQHG� RQ� <; u D QRQGHJHQHUDWHG�
ERXQGHG�ELOLQHDU�IRUP���������!��>���3���@��
/HW� �[�%7 � � LI�WKHUH�H[LVWV� �<�%7 �� VXFK�WKDW�
� !! �� � \7�[\�7[ IRU�DOO� ;[� DQG� <\� �
WKHQ� �7 LV� FDOOHG� D� FRQMXJDWH� RSHUDWRU� WR� 7 UHODWLYH� WR� WKH� GXDO� V\VWHP�

�<�;� � >���S����@�
/HW�� �<�;�$ EH� WKH�DOJHEUD�RI�DOO� �;�%7 � WKDW�KDYH��ZLWK�UHVSHFW� WR�
WKH� GXDO� V\VWHP� �<�;� � D� FRQMXJDWH� �<�%7 �� � �<�;�$ LV� D�%DQDFK�
DOJHEUD�ZLWK�UHVSHFW�WR�WKH�QRUPDO�JLYHQ�E\��
� `7�7PD[^7

$

� � >���3����@�
$Q�RSHUDWRU�7� LQ� �;�% LV� FDOOHG�D�)UHGKROP�RSHUDWRU� LI�ERWK� �7�D DQG�

�7�E DUH�ILQLWH��:KHUH� �7�D GHQRWHV� WKH�GLPHQVLRQ�RI�WKH�QXOO�VSDFH�RI�
7 � GLP� �7�1 � DQG� �7�E GHQRWHV� WKH� FRGLPHQVLRQ� RI� WKH� LPDJH� RI� 7 �

�7�5GLPFR >���3���@�
,Q�WKLV�SDSHU�ZH�VWXG\�WKH�FRQQHFWLRQ�EHWZHHQ�VRPH�SURSHUWLHV�RI�RSHUDWRUV�

�<�;�$7 � DQG�WKHLU�FRQMXJDWHV� �7 � )RU�H[DPSOH�ZH�VKRZ�WKDW�LI�7 LV�
DQ�RSHUDWRU�LQ� �<�;�$ � VXFK�WKDW�WKH�GLPHQVLRQ�RI�WKH�QXOO�VSDFH�RI�7 LV�
ILQLWH� RU� WKH� FRGLPHQVLRQ� RI� WKH� LPDJH� RI� �7 LV� ILQLWH�� WKHQ�

A�  �7�1�7�5 DQG�� �7��7� DE  � DUH�HTXLYDOHQW��:H�DOVR�SURYH�WKDW�
LI� WKH� FRGLPHQVLRQ�RI� WKH� LPDJH�RI� 7 LV� ILQLWH�� WKHQ� WKH�GLPHQVLRQ�RI� WKH�
QXOO�VSDFH�RI�WKH�FRQMXJDWH�RSHUDWRU� �7 LV�DOVR�ILQLWH�DQG�LQ�IDFW��LV�OHVV�RU�HTXDO�LW��1RZ�OHW� �;�) EH�WKH�VHW�RI�DOO�)UHGKROP�RSHUDWRUV�LQ� �;�% � DQG�IRU�DQ\�
7 LQ� �;�) � WKH�LQGH[� �7�LQG � LV�GHILQHG�E\�WKH�IRUPXOD��
� �7��7��7�LQG ED � 
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OHW� �;��) EH WKH�VHW�RI�DOO�)UHGKROP�RSHUDWRUV�RI�LQGH[�]HUR�DQG� �;�)
EH�WKH�VHW�RI�DOO�ILQLWH�UDQN�RSHUDWRUV��$OVR� OHW� @0> EH� WKH� VXEVSDFH� JHQHUDWHG� RU� VSDQQHG� E\� D� QRQ� �� HPSW\�
VXEVHW�0 RI� ; �
� ���)UHGKROP�2SHUDWRUV�LQ�%�;���,Q�WKLV�VHFWLRQ�ZH�VWXG\�WKH�FRQQHFWLRQ�EHWZHHQ�WKH�SURSHUWLHV�RI�RSHUDWRUV�
7 DQG�WKHLU�FRQMXJDWHV� �7 �)LUVW�ZH�JLYH�WKH�IROORZLQJ�JHQHUDO�SURSRVLWLRQ�ZKLFK�DSSHDUHG�LQ�>���3����@�IRU� WKH� SDUWLFXODU� FDVH� RI� WKH� GXDO� V\VWHP� �;�;� c ZKHUH� ; c LV� WKH� GXDO�
VSDFH� RI� ; DQG� �;�;� c WKH� GXDO� V\VWHP� ZLWK� ELOLQHDU� IRUP� GHILQHG� E\�

�[�[[�[ c! c� �
3URSRVLWLRQ��������� /HW� �<�;�$7 � � WKHQ�ZH�KDYH�
� ���� �7�1�7�5 �A  ���� AA��  �7�1�7�1

���� �7�1�7�5  A� ���� AA �7�1�7�1
3URRI��
� ���� �\7�[�\7�7�1\ ! �� �� ��� IRU�DOO� ;[�

�\�7[ ! �� IRU�DOO� ;[�
A�� �7�5\

����)URP�SDUW������LW�IROORZV�WKDW��
� �7�1�7�5��7�5��7�1 �AAAAAA�    
,Q�VLPLODU�ZD\��ZH�FDQ�SURYH�����DQG�������)RUP�WKH�SUHYLRXV�SURSRVLWLRQ��ZH�&RQFOXGH�WKH�IROORZLQJ��&RUROODU\��������
� /HW� �<�;�$7 � � LI� 7 �RU� �7 � LV� VXUMHFWLYH�� WKHQ� �7 �RU� 7 � LV�
LQMHFWLYH��$OVR�ZH�QHHG�WKH�IROORZLQJ�WZR�OHPPDV�ZKLFK�DUH�NQRZQ��/HPPD��������� $VVXPH� �<�;�$7 �
����,I� Q�� [�����[�[ DUH�HOHPHQWV�LQ� �7�1 DQG� Q�� \�����\�\ DUH�HOHPHQWV�LQ�
< VXFK� WKDW� LNNL \�[ G! � IRU� L�� N�  � ����«�Q� � WKHQ�^ `��7�5@\�����\�\> Q��  ��

����LI� Q� Z�����Z DUH�HOHPHQWV�LQ� �7�1 � DQG�LI� Q� ]�����] DUH�HOHPHQWV�LQ� ;
VXFK�WKDW� LNNL Z�] G! � IRU�L��N� ���«��Q�WKHQ� `�^�7�5@]�����]> Q�  �

OHPPD��������
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� ,I� (� DQG� )� DUH� VXEVSDFHV� RI� D� YHFWRU� VSDFH� 9� ZKRVH� LQWHUVHFWLRQ� LV�WULYLDO��WKHQ�(�KDV�D�FRPSOHPHQWDU\�VSDFH�WKDW�FRQWDLQV�)���1RZ�ZH�FDQ�VWDWH�RQH�RI�RXU�PDLQ�UHVXOWV��7KHRUHP��������� /HW� �<�;�$7 �
����,I� f��7�D WKHQ� A�  �7�1�7�5 LII� �7��7� DE  �

����,I� f�� �7�D WKHQ� A� �7�1�7�5 LII� �7��7� � DE
SURRI�
� ������ � ,I� ��7�  D � WKHQ�LW�LV�FOHDU�WKDW�� �7��7� DE  � �
1RZ���DVVXPH�WKDW� �Q�7� ! D DQG�^ `Q� [�����[ LV�D�EDVLV�RI� �7�1 � WKHUH�
H[LVW� Q� OLQHDUO\� LQGHSHQGHQW� HOHPHQWV� Q�� \�����\�\ LQ� < VXFK� WKDW�

LNNL \�[ G! � IRU� L�� N�  � ��� «�� Q�� � � � � >��� 3�� ��@�� >��� 3�� ��@�� 6R�^ `��7�5@\�����\> Q�  �� >OHPPD�����@��
)RU�HYHU\� \ LQ�< � ZH�GHILQH��
� ¦
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WKLV�LPSOLHV�WKDW� A� �7�1Z \ VR��� �7�5Z \
��

+HQFH��HYHU\��� <\� FDQ�EH�UHSUHVHQWHG�LQ�WKH�IRUP��
� \QQ�� Z\���\\ ��� DD � ��� �7�5Z \

�� DQG� ! � \�[ LLD
7KHUHIRU���� <�7�5@\�����\> Q�  � � DQG�VR��
� �7�1GLPQ�7�5GLPFR   � WKDW�LV�� �7��7� DE  �

� � &OHDUO\�� A� � �7�1�7�5 >��� 3�� ���� 3�� ���@�� 7R� SURYH� WKDW�
�7�5�7�1 �A � � LI� ��7�  D � WKHQ� � ��7�1  LPSOLHV� WKDW��

<�7�1  A DQG�KHQFH� � � A�  �7�1�7�5 � $VVXPH� WKDW� �Q�7� ! D
DQG���^ `Q� [�����[ LV�D�EDVLV�IRU� �7�1 >���3����@��>���3����@��
7KHUH�H[LVW�Q�OLQHDUO\�LQGHSHQGHQW�HOHPHQWV�� Q� \�����\ LQ�< VXFK�WKDW��
� LNNL \�[ G! � IRU����L��N� ���«�Q��
VR� � � � � � � ^ `��7�5@\�����\> Q�  �� >OHPPD�����@� � � �DQG� �7�5 � KDV�D�
FRPSOHPHQWDU\� VSDFH� WKDW� FRQWDLQV� � @\�����\> Q� VLQFH�
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�7��7�Q@\�����\GLP> Q�
�   ED � KHQFH����

�7�5@\�����\>< Q�
�� �

1RZ��LI� <�7�1\ �� A � WKHQ��
�

Z7\���\\ QQ��
���� DD � <Z�&L ��D VLQFH� IRU� DOO� N��

QN� dd � ZH�KDYH�
� ¦ ! ��! ��!�!  � �

NNNNLNLN Z�7[Z7�[\�[\�[� DDD
KHQFH� Z7\ � � L�� H�� � � � �7�5\ �� � WKXV� � � � � � �7�5�7�1 �A �
WKHUHIRUH� A�  �7�1�7�5 �
����$VVXPH���� �<�;�$7 � DQG�� f�� �7�D � WKHQ� �;�<�$7 �� DQG�
7 LV�WKH�FRQMXJDWH�RSHUDWRU�WR�� �7 DQG�VLQFH� f�� �7�D � WKHQ�E\�SDUW�RQH�

A� �7�1�7�5 DQG�� �7��7� � DE DUH�HTXLYDOHQW���
1RZ��VXSSRVH� �<�;�$7 � � ,Q�WKH�IROORZLQJ�WKHRUHP�ZH�VKRZ�WKDW�LI�WKH�
FRGLPHQVLRQ�RI�WKH�LPDJH�RI�7 LV�ILQLWH�WKHQ�WKH�GLPHQVLRQ�RI�WKH�QXOO�VSDFH�
RI�WKH�FRQMXJDWH�RSHUDWRU� �7 WR�7 LV�DOVR�ILQLWH��7KHRUHP��������� /HW� �<�;�$7 �
����,I� f��7�E � WKHQ� f�� �7�D � ,Q�SDUWLFXODU� �7��7� ED d� �
����,I� f�� �7�E � WKHQ� f��7�D � ,Q�SDUWLFXODU� �7��7� �d ED �
3URRI��� ����,I� ��7�  E � WKHQ� ;�7�5  WKLV�LPSOLHV�WKDW�WKH�FRQMXJDWH�RSHUDWRU�

�7 WR�7 LV�LQMHFWLYH��>�&RUROODU\�����@�VR� ��7�  �D �
1RZ�ZH�PD\� DVVXPH� WKDW� �P�7� ! E � DQG� DVVXPH� WKH� FRQWUDU\�� WKDW�

�7�1 � LV� LQILQLWH� GLPHQVLRQDO�� WKHUHIRUH� RQH� FDQ� FKRRVH� Q� OLQHDUO\�
LQGHSHQGHQW�HOHPHQWV� Q� \�����\ LQ�� �7�1 � VXFK�WKDW� PQ ! �
7KHUH�H[LVW�Q�OLQHDUO\�LQGHSHQGHQW�HOHPHQWV�� Q� [�����[ LQ� ; VXFK�WKDW��
� LNNL \�[ G! � L��N� �������«��Q��
� WKHQ��� ^ `��7�5@[�����[> Q�  � �OHPPD��������
6LQFH� �7�5 KDV� D� FRPSOHPHQWDU\� VSDFH�ZKLFK� FRQWDLQV� � @[�����[�[> Q�� �
WKHQ��
� P�7��7�5GLPFR@[�����[GLP>Q Q�   d E
DQG�WKLV�LV�FRQWUDGLFWLRQ��
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7KXV� �7� �D PXVW�EH�ILQLWH�DQG�DOVR�� �7��7� ED d� �
����6LQFH� � �<�;�$7 � WKHQ� � �;�<�$7 �� DQG�VLQFH� � f�� �7�E �
WKHUHIRUH�E\�SDUW������ �7��7� �d ED ��
8VLQJ�WKLV�WKHRUHP�ZH�KDYH�WKH�IROORZLQJ�&RUROODU\�&RUROODU\���������
� /HW� �<�;�$7 � � LI�� �7�E DQG� �7� �E DUH�ILQLWH��WKHQ� �;�7 )�
DQG�� �<�7 )�� �
)RUP� RXU� SUHFHGLQJ� WKHRUHPV� ���� ��� DQG� ���� ���� ZH� REWDLQ� GLUHFWO\� WKH�IROORZLQJ�UHVXOW��&RUROODU\��������� /HW� �<�;�$7 � � WKHQ��
����,I� f��7�E � WKHQ� A� �7�1�7�5 LI�DQG�RQO\�LI� �7��7� � DE �
����,I� f�� �7�E � WKHQ� A�  �7�1�7�5 LI�DQG�RQO\�LI� �7��7� DE  � �
,W� ZDV� SURYHG� LQ� >��� 3�� ���@� WKDW� LI� � �<�7��;�7 )) �� � DQG�

�7�LQG�7�LQG �� WKHQ����� A� �7�1�7�5 � A�  �7�1�7�5
�7��7� � DE � �7��7� DE  �

:H�SURYH�D�VWURQJHU�UHVXOW�DV�IROORZV�7KHRUHP��������
� /HW� �<�7��<�;�$7 )�� � � WKHQ� WKH� IROORZLQJ� VWDWHPHQWV� DUH�
HTXLYDOHQW��
���� A� �7�1�7�5 DQG���� A�  �7�1�7�5
���� �7��7� � DE DQG���� �7��7� DE  �

���� �7�LQG�7�LQG �� 
3URRI��� ������ � IROORZV�IURP�7KHRUHP��������
� ������ � WULYLDO��
� ������ � VLQFH� �7�E DQG� � �7� �E DUH� ILQLWH�� E\�7KHRUHP� ���� ����

�7��7� ED d� DQG�� �7��7� �d ED � WKHQ�
� �7�LQG�7�LQG�7��7��7��7��7�LQG  � �d� ��� DEED
7KHUHIRUH������� �7��7��7��7� �� � � DEED �
7KXV������ �7��7� � ED � DQG��� �7��7� ED  �

)URP�WKH�SUHYLRXV�WKHRUHP��ZH�KDYH�WKH�IROORZLQJ�FRUROODU\��&RUROODU\���������
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� $VVXPH� �<�7��;�7��<�;�$7 �� )) ��� � � WKHQ� 7 DQG� � �7
DUH�ELMHFWLYH�LI�DQG�RQO\�LI�RQH�RI�WKHP�LV�LQMHFWLYH�RU�VXUMHFWLYH��/HW� �<�;�$7 � � -RUJHQV� LQ� >��� 3�� ���@� SURYHG� WKDW� LI��

�<�7��;�7 )) �� � � DQG� �7�LQG�7�LQG �� � WKHQ� WKHUH� H[LVW�
SURMHFWLRQV� 3 DQG�4 LQ�� �;�)�<�;�$�$�) � VXFK�WKDW�
� �7�1�3�5  �7�5�3�1 ��  

�7�5�4�1  �7�1�4�5 ��  
,Q�IDFW��ZH�FDQ�VD\�PRUH�WKDQ�WKLV�7KHRUHP���������� /HW� �<�;�$7 � � 7KHQ�WKH�IROORZLQJ�DUH�HTXLYDOHQW��
���� �<�7��;�7 )) �� � � DQG��� �7�LQG�7�LQG �� 
����7KHUH�H[LVW�SURMHFWLRQV� 3 DQG�4 LQ�� �$�) VXFK�WKDW�
� �7�1�3�5  �7�5�3�1 ��  

�7�5�4�1  �7�1�4�5 ��  
�3URRI�� ������ �
/HW�^ `Q� [�����[ EH D�EDVLV�RI� �7�1 � WKHQ�WKHUH�H[LVW�Q�OLQHDUO\�LQGHSHQGHQW�
HOHPHQWV� Q� \�����\ LQ�\�VXFK�WKDW�� LNNL \�[ G! � L��N ���«�Q���>���3����@��
>�� 3����@�'HILQH� 3 E\��
� ¦
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6R� �$�)3 � � DQG� VLQFH� IRU� DOO� N � NN [3[�QN�  dd � 3 LV� D�
SURMHFWLRQ� DQG� �7�1@[�����[>�3�5 Q�   � &OHDUO\�� WKH� FRQMXJDWH�
RSHUDWRU� �3 WR� 3 LV�JLYHQ�E\�
� ¦
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� ^ �\�[�<\�3�1 L ! �� � IRU�DOO�L��� `QL� dd
�\�[�<\^ ! �� IRU�DOO� A � �7�1�`7�1[

EXW� A��  �7�1�7�5 >7KHRUHP����@���KHQFH� �7�5�3�1 ��  �
:H�FDQ�GHILQH�WKH�SURMHFWLRQ�4 LQ� �$�) E\�� ¦
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:LWK� Q� Z�����Z IRUP�D�EDVLV�RI� �7�1 � DQG� Q� ]�����] OLQHDUO\�LQGHSHQGHQW�
HOHPHQWV�LQ�; VXFK�WKDW�� LNNL Z�] G! �
,Q�D�VLPLODU�ZD\�DQG�ZLWK�WKH�DLG�RI� A� �7�1�7�5 ZH�FDQ�VKRZ�WKDW��
� �7�5�4�1  � �7�1�4�5 ��  

������ �
7R�SURYH�WKDW� �;�7 )� � LW�IROORZV�IURP� �;�)3 � WKDW� f��3�5GLP
DQG� VLQFH� �7�1�3�5  � VR� f��7�D � 6LQFH� 4 LV� D� SURMHFWLRQ� DQG�

�7�5�4�1  � �� WKLV� LPSOLHV� WKDW� �4�5 LV� D� &RPSOHPHQWDU\� VSDFH� WR�
�7�5 DQG�VLQFH� �;�)4� � WKHQ� f��4�5GLP DQG�VR� f��7�E � 1RZ��

ZH VKRZ�WKDW� �<�7 )�� �
6LQFH� 3 DQG�4 DUH�SURMHFWLRQV�RI�ILQLWH�UDQN��ZH�FDQ�HDVLO\�VKRZ�WKDW� �3
DQG� �4 DUH�DOVR�SURMHFWLRQV�RI�ILQLWH�UDQN��WKHUHIRUH��
� f�  ��� �4�5GLP�7�1GLP�7�D DQG�E\��� �7�5�3�1 ��  

f�  ��� �3�5GLP�7�5GLPFR�7�E �
,W� UHPDLQV� WR� SURYH� WKDW� �7�LQG�7�LQG �� )RU� WKLV�� ZH� VKRZ� WKDW�

�7��7� ED  � � %\�K\SRWKHVLV��WKHUH�H[LVWV�D�SURMHFWLRQ�4 LQ� �$�) VXFK�
WKDW� �7�5�4�1  DQG� � � � �7�1�4�5 ��  � E\� >���3���@� 4 FDQ�EH�
UHSUHVHQWHG�LQ�WKH�IRUP� ¦
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ZKHUH� Q� [�����[ DUH� OLQHDUO\� LQGHSHQGHQW� LQ� ; DQG� Q�� \�����\�\ DUH�
OLQHDUO\�LQGHSHQGHQW�LQ�< � %\�>���3�����@��� @[�����[>�4�5 Q� � DQG�VLQFH�

�7�5�4�1  � WKHUHIRUH� �7�5@[�����[>; Q� � DQG� VR� Q�7�  E �
1RZ���VLQFH���� ^ `Q������N��\�]�;]�4�1�7�5 N  ! ��  �
WKHQ� IRU� DOO� !! � �dd �

NN[ \7�[\�7��QN��N IRU� DOO� ;[� DQG�
VLQFH� �<�;� LV�D�GXDO�V\VWHP��WKHQ�� �\7 N  � IRU�DOO� QN��N dd � WKDW�LV�

�7�1\N
�� ZKLFK� DUH� OLQHDUO\� LQGHSHQGHQW� LQ� �7�1 � � WKHUHIRUH��

�1GLP�Q �d DQG� VR� �7��7� �d DE � 6LQFH� fd�7�E WKHQ��
�7��7� ED d� >7KHRUHP�����@� ��+HQFH� �7��7� ED  � � 6LPLODUO\��ZLWK�

WKH�DLG�RI�WKH�SURMHFWLRQ� �7��7��3 �d ED � 7KXV��
� �7�LQG�7��7��7��7��7�LQG ��� � � � DEED
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