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Abstract In the present paper the strain-based approach is applied to develop a
new triangular finite element for the general plane elasticity. This triangular finite
element has three degrees of freedom (two general external degrees of freedom and
the in-plane rotation) at each of the three corner nodes. This element is based on
linear and quadratic variations of the three components of strain. This element is used
to obtain solutions to two dimensional elasticity problems where the contribution of
the shear stress on deformation can be significant.

The performance of the element is investigated by applying it to two well-known
plane elasticity problems; a cantilever beam loaded at the free end and a simply
supported beam loaded by a point load at the mid-span. Convergence curves are
plotted for vertical deflection at the points of application of load as well as for
bending stress at points at the upper tension fibre and shearing stress at internal points
in each problem.

It is found that the solutions obtained using this element are satisfactory for results of
deflection, bending stress and the shearing stress even when only a small number of
elements is used in the finite element solution.
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1. INTRODUCTION

The development of displacement fields by the use of strain-based approach
was first applied to curved elements. It was revealed that to obtain
satisfactory converged results, the finite elements based on independent
polynomial displacement functions require the curved structures to be
divided into a large number of elements, [1], [2]. This work has shown that
there are two essential components to any displacement field. The first of
which relates to rigid body modes of displacements while the second
component is due to the straining of the element and these are
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approximately represented by assumed independent polynomial terms for
the various component of strains in so far as it is allowed by the
compatibility equations.

In reference [3] it was shown that the above approach is not confined to the
development of curved elements only but also to plane elements for the
analysis of plane elasticity problems. Several such rectangular elements
were developed, notably a rectangular element based on linear variation of
the direct strains and constant shearing strain. This element has the two
essential degrees of freedom at each of the four corner nodes, and it was
shown to produce converged results when applied to several elasticity
problems without the use of large number of elements.

In reference [4] Sfendji developed a rectangular element based on linear
variation of all the three strain components. It has two degrees of freedom at
each corner node and at an internal node. A rectangular finite element with
in-plane rotation was developed in reference [5]. In this paper a new
triangular element with in-plane rotation is developed and its performance is
compared to that of the well know Constant Strain Triangle (CST).

2. ANALYTICAL CONSIDERATIONS

2.1 Displacement Fields for Strain Based Triangular Element with In-
Plane Rotation (SBTREIR)

In this section, the strain approach is used to derive the displacement fields for
strain based triangular element with in-plane rotation. The element has three

degrees of freedom at each of its three corner nodes shown in Figure 1.
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Figure 1: Coordinates and nodal points of triangular element with in-plane
rotation (3 DOF per node)
The displacement fields are required to satisfy the requirement of strain-free
rigid body mode of displacement in addition to the straining within the
element. To get the first part of the displacement fields (U;, Vi)
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corresponding to the first mode, we begin by writing the strain/displacement
relationships and make them equal to zero. By integration, we obtain the
expressions for the displacements that give zero strains as follows.

ou
g, =—=0 ===>U =a +f
. v)
0
gy :l:O ==>V =a +f (X)
oy
ou, oV , ,
O Rl I LN N
where f,'(y)and f,'(X) are constants that can be taken as
fi'(y)=-a, === fi(y)=-a5y
f,'(x)=a, ==> f,(x) =a;x
thus
U =a ~ay Eq.1

V,=a,+a;x

The in-plane rotation is calculated using the relation

where
Uy, Vi: displacements in the x and y directions respectively.
€x, &y : direct strains in the x and y directions respectively.
Yxy : shear strain.
a , ay: translations of the element in the x & y directions respectively.
a3  :rigid body in-plane rotation of the element.
The displacements within the element have to be defined by nine constants,
a through ag, (no. of constants should equal the no. of nodes times the no.
of DOF per node). Three constants (a , a, & a3) have already been defined
while the remaining six have to be used to describe the deformation
straining of the element. A first attempt to do so is to assume that
g, =a,+a,y
g, =a,+a, X Eq.3
Yo =g Xtagy
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This arrangement of strains does not contain a constant term in the
expression for v, and it is expected that it wouldn’t give good results. Also

it was found that it leads to a singular displacement transformation matrix
and hence it can’t be used to derive a stiffness matrix.

Several other arrangements were tried to avoid this. A good arrangement
that gives none-singular displacement transformation matrix is found to be
as follows:

g, =a,+ay+a Y
4
X
g, =ag+a x—a — Eq. 4
2 2
X y
Yy = ag +39(X+Y)—357+a77

The constants a4, ag and ag are the terms corresponding to state of constant
strain that ensures the convergence of the solution with mesh refinement.
The constants as, a; and ag are the terms corresponding to linear strain
behaviour within the element.

We observe that, if the terms of this equation are twice differentiated, they
satisfy the general compatibility equation of strains, namely:

% 0% Oy,
=+ =
oy’  ox>  0Oxoy
To get the second part of the displacement fields (U,, V), we first integrate
the fist two equations as follows.

+1(y)

Eq.5

X
U,=a,x+a;xy+a,

5 Eq. 6

V,=a,y+a,xy—a, y: +1(x)

To get the functions f(x) and f(y), we substitute their derivatives in the shear
strain equation then separate the resulting expressions for x and y
respectively as follows:

_au, oV,
oy  ox
2 2

a8+a9(x+y)—a5XT+a7yT:a5x+f(x)+a7y+f'(y)

ny
Eq.7
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a X’ X x> x? X2
fx)= [[2+a,x—a;,——-a.,x]dx = a; —+a,(———— -
()= I +ax—a,—--a:x] s Has(- =) Ay

a y2 y 3 y2 yz Eq.8
fly)= [[2+a,y+a,*——a,yldy = a, = +a,(>——>—)+a, —
W)= [I5+agy +a; > ayldy = a;> +ar (o) va, >

Now, f(x) and f(y) are substituted in U,, V,. By adding the expressions for
Ui& Vi and U, & V; then calculating the in-plane rotation, (Eq. 2) the
complete expressions for the displacement fields are obtained as:

y: oy y

Y
U=a,-ay+a,x+a,xy+a,(-——+-—-)+a; =+a,(—+
1 3y sXy+a,( > 12) 8y (2 4 —)
x> x° X X2 x2y
V=a,+a,x+a;(——-—)+ay+a,xy+a; —+a,(—— Eq.
2 5 ( 5 12) 6y y 85 o > 4 ) q

2 2

d=a, +as(—x—%)+a7(y—y?)+a9(x—y—xy)/2

It is noted that we obtained quadratic terms (x>, x°, > & y°) without
increasing the number of nodes beyond the three corner nodes. This is not
achieved in the known constant strain triangular element (CST). It is
expected that this increase in the degree of the polynomials will result in
accurate solutions using this element as will be shown in the subsequent
discussion.

Having obtained the displacement fields, the stiffness matrix of each
triangular element can be evaluated using the general expression

<] =[c- T[] IB]" DB dvot Jic] Eq. 10
where, the transformation matrix [C] is calculated as

_Ul @(XHYI)_
Vi@ (x,y,)

O, @(x,y,)
U, @(x,,y,)
[C]: V, @(x,,Y,)
O, @ (x,,y,)

U, @ (x;,;)
V, @ (X5,Y3)

O, @ (x;, ¥s3) |

and the strain matrix [B]for this element is
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2
0001 y 0 0 0 X
2
X2
[B]=lo0 0 0 0 0 1 «x 0 -=
2 2
0000 -2 0 X 1 x+y
and [D]is the rigidity matrix given by
I v 0
[D]= E —|v 1 0 |forthe state of plane stress
(1-v7) I-v
0 0
2
I-v v 0
and [D]:# v o 1-v 0 | for the state of plane strain.
(1+v)(1-2v) 1-2v
0 0 5

The performance of the element derived above is investigated by applying it
to two of the famous plane elasticity problems as described below. The
results obtained by the developed element (SBTREIR) are compared to
those given by the well-known constant strain triangular (CST) and the
analytical value for deflection and stresses.

3. DEEP CANTILEVER BEAM LOADED AT THE FREE END

3.1 Problem Description

The first problem is a deep cantilever beam loaded by a point load at the
free end. The beam has length, L=10m, height H=4m, and thickness
t=0.0625m. The material properties; modulus of elasticity and Poisson’s
ratio are taken as E=100,000 kPa and v=0.20 respectively. The point load at
the free end of the cantilever is taken as P =100 kN. In order to achieve full
fixity at the built-in end of the cantilever, all the nodes occurring at that end
are assumed to be restrained in both the x and y directions as well as the in-
plane rotation. The locations of the investigated points within the cantilever
beam are shown in Figure 2. A sample mesh is shown in Figure 3.
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Figure 2: Dimensions of the cantilever beam problem
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Figure 3: Sample mesh of the cantilever beam problem

3.2 Convergence Results of the Deep Cantilever Beam

Table 1 shows a summary of the used mesh sizes in the solution and results
for vertical deflection, bending stress, shearing stress and the in-plane
rotation at the specified points within the deep cantilever beam. Figures 4—7
show graphical comparison between the results obtained by each of the
SBTREIR, the constant strain element, CST and the exact analytical
solution.

Table 1: Results obtained by the SBTREIR and CST for the cantilever beam

problem
Mesh Vertical Deflection Bending Stress Shearing Stress g:tl;lg::;
Size at A (mm) at B (kPa) at C (kPa) at A (Rad)
CST | SBTREIR CST SBTREIR | CST | SBTREIR

2x5 0.632 0.786 1,096.03 | 2,105.46 | 379.00 378.632 0.112
4x10 | 0.922 0.988 2,033.33 | 2,624.35 | 512.83 586.728 0.137
5x12 | 0.978 1.024 2,250.00 | 2,719.65 | 521.00 568.396 0.143
6x15 | 1.015 1.056 2,405.00 | 2,795.31 | 559.67 595.095 0.146
8§x20 | 1.053 1.086 2,583.33 | 2,880.09 576.5 597.552 0.149
Exact 1.105 3000 600 0.156
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Figure 4: Vertical deflection at “A”, (mm) in the cantilever beam
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Figure 5: Bending stress at “B”, (kPa) in the cantilever beam
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Figure 6: Shearing stress at “C”, (kPa) in the cantilever beam
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Figure 7: In-plane rotation at “A”, (Rad) in the cantilever beam

4. SIMPLY SUPPORTED BEAM

4.1 Problem Description

The second problem is a simply supported beam loaded by a point load at
the middle of its upper face. The beam has length, L=4m, height H=1m, and
thickness t=0.5m. The material properties are taken as E=20,000 kPa and
v=0.20 respectively. The point load is taken as P =4.2 kN. The locations of
the investigated points within the simply supported beam are shown in
Figure 8 below.
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Figure 8: Dimensions of the simply supported beam problem
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4.2 Convergence Results of the Simply Supported Beam

Table 2 shows a summary of the used mesh sizes in the solution and results
for vertical deflection, bending stress and shearing stress at the specified
points within the simply supported beam. Figures 9-11 show graphical
comparison between the results obtained by each of the SBTREIR, the
constant strain element CST and the exact analytical solution.

Table 2: Results obtained by the SBTREIR and CST for the simply supported

beam problem

Vertical Deflection Bending Stress Shearing Stress
Mesh Size at A (mm) at B (kPa) at C (kPa)
CST SBTREIR CST SBTREIR CST SBTREIR
1x4 2.138 3.389 3.21 19.75 3.97 4.105
2x8 3.248 4.208 8.98 22.02 3.91 5.151
3x12 3.897 4.655 13.48 23.07 4.38 5.537
4x16 4.306 4.955 16.39 23.64 5.44 6.139
5x20 4.586 5.176 18.23 24.01 5.50 6.208
Exact 6.720 25.20 6.3
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5 4.00
=
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Figure 9: Vertical deflection at "A", (mm) in the simple beam
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Figure 10: Bending Stress at ""B'", (kPa) in the simple beam
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Figure 11: Shearing Stress At '"'C", (kPa) in the simple beam
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5. CONCLUSIONS

The solutions obtained using the proposed (SBTREIR) element are
satisfactory for results of deflection, bending stress, shearing stress and the
in-plane rotation even when only a small number of elements are used in the
finite element solution. The new element gives good results and
convergence to the analytical solution. Also, it has fewer discontinuities in
the corner stresses than the constant strain element
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