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Abstract In this paper we show that, for a closed ideal J of a unital complex
Banach algebra A, if a is a quasi centralizing element of J and b belongs to J, then

ab and ba are linearly dependent if and only if ab = ba. Also we get generalizations
of some of Renneson's results.

1. Introduction

In this paper we study some properties of centralizing in a unital
complex Banach algebra, where we generalize some results related to
centrality in a unital complex Banach algebra that was obtained by Rennison
in [7] and Sarsour and As'ad in [8].

Throughout this paper all linear spaces and algebras are assumed to
be defined over ¢, the field of complex numbers.

Let A be any complex normed algebra, then we denote the center of
A by
Z(A) = {aeA:ax = xa for all x € A }, and the centralizer of a subset
Bof A by C(B) = {aeA :ax = xa for all xeB }. For aceA, the
spectrum in A of a will be denoted by o ,(a) and the resolvent set, its
complement in ¢, will be denoted by pa(a).

In [6] Rennison defined the set of all quasi central elements in a
complex Banach algebra A by Q(A) = N Q(k,A), where

Qk,A) = { aeA: ||x(A-a)]] < k]| (A-a)x| for all xeA and all

he¢ }.

Also he defined the set of all o-quasi central elements in A by Q4A) = 1§>J|Q6(k’A)’
where Qq(k, A) = {acA:|x(A-a)|| < k| (A-a)x ]| for all xeA and all Ae
pa (a)}.

In [5] the set of all p-quasi central elements in A was defined by
Qp(A) = VO (kA), where Qp(k,A) = {acA: [[x(A-2a)| = k[ (-2)x|

for all xe A and all A eca(a) }.
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Similarly in [1] the following three concepts were defined as folow:
let B be a subset of a complex nomed algebra A, then
1) The quasi centralizer (quasi-commutant) of B is QC(B) = o OC(kB),

where QC(k,B)={acA:|[x(A-a)| < k| (A—a)x| forallxeB and
all Le¢}.

2) The o-quasi centralizer (¢ -quasi-commutant) of B is QC4(B) =
kL>J1QCaﬂc, B), where QCq4k, B) = {acA: ||x(h—a)| <k|(A—a) x| for

all xe B and all he pa(a)}.
3) The p-quasi centralizer ( p-quasi commutant ) of B is QC, (B) =
Y OCy(k, B) , where QC,(k, B) ={ac A: || x (. —a) || <k || (A—a)x || forall

xeB and all Leca(a)}.
Remark:- In this remark we state [1 , Theorem 2.1 ] that will be used
frequently in this paper, the theorem states that:
If A is a complex normed algebra and D < B cA. Then for k=1,
(i) CB) < OCk B = 0Cs(k B) n OC,(k B).
(ii) Ok 4) = 0OCk 4 < OCk B) <
OC(k, D).
(i) Qs (kA =0C, (k4 < OC,(k B) <
0C; (k, D).
) Opk4) = 0C,(k4) = 0C,(k B) < OCyk D).
2. Some Properties of Centralizing
For a Banach algebra A we well denote 4~' for the set of all
invertible elements in A. The following propositions generalise some
resultsin [ 7 ] and [ 8 ] which have similar proofs.
Proposition 2.1:- Let J be an ideal of a unital complex Banach algebra A

and k> 1.

(i) If a eQC_(k,J) and p is a complex polynomial of degree d
then pla) €e0C_(k*,J).

(ii) If a eQC_ (k,J)n4A™, then a'e OC, (k| alla’|,J).

(iii) If a eQC_(k,J)and bed™, then

b abeQC, (k| b [Ib™[7,J).
Proof:-
(i) Let xeJ and A € p,(p(a)) be arbitrarty.

However, for any A € p,(p(a)) there exist «,, a,, ........ NS
a, and B in ¢ suchthat L -p(@)=B(a -a)( &, -a) ceerenennnn.n.
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(a,,-a)(a, -a).[See3,page21]. Then «,, ,, ........... , Oy s O
belong to p,(a).
Now, since a € OC_(k,J) and J is an ideal of A, then

[x(A-p@)[ =[[xP(a-a)(a,-a).......... (a,-a)(a,-a)]
<k |[(a,-a) xB(a -a) (a,-a).ccccernn.... (a,,-a)| <k’
l(a,,-a)(a,-a) x B(a,-a) (a,-a).cceennenne. (a,,-a)
and so on after d-steps we get that

| x (A -p@)| < kY (e -a) (ay-a) e (a,,-a)(a, -a)x B

= k| (A-p(a)) x|l
Therefore, p(a) € OC_ (k“,J) 0
(ii) LetaeQC_(k,J)ymA4a™, then |[x(A-a)|< k| (A-a)x|
for all xeJ and all Ae p,(a). Since a”' €A then Oc p,(a)and
O p,(a).
Note that, for A #0,
rep,(a') if and only if (A-a’')” exists if and only if
(A 'a) (A—a™) exists ifand only if (L' -a) ! exists if and only if

Alep,(a).
Now for any Ae p,(a™'), L # 0 and all xeJ we have
Ix (A=a™) [ =lx(2"-a) o)™ < [x(A ' -a)|[[%]lla]

<k[(A'=a)x|Mlla ') = k[ Ala(-a)x|[[%]]a]
< k[[(A-a™) x][llalfla™].
However, ||x a™ || = [laa”'x a”'|| < [ a” x|[la][la”|
<k a'x|allla"].
Therefore, || x (A-a™' )| < k| a|lla”'|||(h-a" )x]| forallxel and
allLe p,(a'). This means that a”' € QC_(k| a||a™|,J)O
(ili) Letae QC_(k,J)and be A~ then,
p,(b'ab)={ he¢ : (L - b'ab) " exists } = {Le¢: b (L-a) 'b exists}
= pyla).
Now for any A€ p, (b 'ab)= p,(a) and all xeJ we have:
Ix(%-b"ab)[| =[x 5™ (A-a) b <[ b7bx b7 (A-a)| | b]
157" Ibx b (A -a)] || b
k[[(A-a)bxh'||||b]l||d7"| sinceaeQC,(k,J) and bx b'e ]

IAIA

59



Some Properties of Centralizing in a Unital

= klb(h-b"ab)xb b 67] < kb6 | (A- b "ab) x|

Therefore, b™'abe QC_(k||b|* | b |*,J) O

Similarly one can prove the following two propositions for p-quasi and
quasi centralizer. However, Proposition 2.3 (ii) and (iii) can be proved in
another way by using Proposition 2.1 and 2.2 and [1, Theorem 2.1(i) ].
Proposition 2.2:- Let J be an ideal of a unital complex Banach algebra A

and k>1.
(i) If aeQC,(k,J)na™ then a'e QC, (k|alla™],J).
(i) If a eQC (k,J) and bed™ then

babeQC, (k||| b |7,J).

Proposition 2.3:- Let J be an ideal of a unital complex Banach algebra A

and k> 1.

(i) If a eQC(k J) and p is a complex polynomial of degree d
then pla) eOC(k“,J).

(ii) If a € OC(k J) nA™" then a' € OC(k| al|a”|,J).

(iii) If a € Q0C( k J and beA™  then

babeQC (k|| b (|67 |7, J).
Now we can remark here that Renneson’s and As’ad’s results in [ 7 ]
and [8] respectively become corollaries of our propositions.
Corollaryl :- Let A be a unital complex Banach algebra, k >1 and p is a
complex polynomial of degree d.

(i) IfaeQ,(kA),then p(a e Q (k’,A4).

(ii) Ifae Q. (k,A)n A  then a' e Q (k| allla’],A).

Giii) If a € Q_(k,4A) and bed™, then blabe
O, (klIB]* 6717, 4)

(iv) Ifa e Q,(k,A)N A™" , then a” € O, (k| a|la™[,4).

v If a e Q,(kA) and bed™, then b'labe
O, (klIB]* 6717, 4).

i) Ifa € O(k A) then p(a) € O(k?,A).

ii) If a e O(k A) N A7, then a™' € Q(k| all||a™ |, 4).
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ii)If a € O( k A) and be A, then b'labe
Ok | B]I* 167 [, 4).

Proof:
Let J = A in the above propositions, then use [ 1, Theorem 2.1 | [
3. Linerly Dependence in Quasi Centralizing Sets

If A is acomplex normed algebra and acA, then the inner
derivation corresponding to a is denoted by D, which is a bounded
linear operator on A defined by D, x = ax -xa. The bounded linear

operators L, and R, on A aredefinedby L,x = ax and R,x =
1

xa. D, is called topologically nilpotent if lim || Da ||5=0.

The following theorem generalises proposition 3.4 in [ 7] ( which has a
similar proof ), so the proposition becomes a corollary of our theorem. In
the proof of the following theorem we shall use [2, Theorem2.3] which
states that “ Let A be acomplex Banach algebra with unity, J a closed
ideal of A, and ae QC(J). Then D, is topologically nilpotent. Where
D, is restricted to a domain J.

Theorem 3.1:- Let J be a closed ideal of a unital complex Banach algebra
A, and let ae QC(J) and be J. Then ab and ba are linearly dependent if
and only if ab = ba.

Proof:

Suppose that ab and ba are linearly dependent. Then there exist o, B € ¢
suchthat a#0 or B#0 and aab+ ba =0. Then two cases.

Casel: If o+ B =0, itis clear that ab = ba.

Case 2: If o+ B #0, then

0 = oaab+pba = (aL, +BRa)b = [(+ P )La-P(La-Ra)] b=[(ax + B)La
- B Da] b.

Hence ab = L;b = yD,b, where y = P e ¢. However, L, and
a+pf
D, commute, then by induction we have, L'b = y»"D/b for all natural

numbers n, and so a"b = y"D"b. Since aec QC( J) then by [2,

1
Theorem2.3] D, is topologically nilpotent; that is lim|D, |* =0.

1 1 1 1

However,|a b|| =|y D,b| <|7||ID,| Ib]*,then forany Le ¢\{0},
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1

lim|| 2 "a b|"=0,. Hence the series fO)=>_2""a"b is absolutely
-® n=0

convergent, then by the completeness of A the series converges. But J is a

closed ideal of A and a"b ] for all natural numbers n, then f (1) €J and
(A-a) f (L) =D.
However, ac QC( J), then there exists k > 1 such that ||f (L) (A - a)|| <k ||(A
-a)f)| = k| b|. Therefore, fA)(h-a) =b + A'(ab—ba) + 17°(
a’b-bab)+...... is abounded J-valued function on ¢\{0} which can
easily be seen analytic there. But {0} is a countable compact subset
of ¢, then by [9] it has zero analytic capacity and so by [4, Theorem
1.10VIII], f extends to be analytic on ¢. Hence, by Liouville's
Theorem f(L) (A - a) is constan, which implies that ab = ba.
Therefore, ab = ba whenever ab and ba are linearly dependent.
The converse is straitforword [
Corollary:- [ 7, Proposition 3.4 |
Suppose that A is a unital complex Banach algebra, ac Q(A) and b e A.
Then ab and ba are linearly dependent if and only if ab = ba.
Proof:
Let J = A in the above Theorem, then use [ 1, Theorem 2.1 | [J

At the end we shall write the following paragraph which consists of
the proofs of Lemma 2.2 and Theorem 2.3 from [2] which are not a part of
this paper, but they are written here because [2] is not published until the
moment of writing this paper.
2.2 Lemma in [2] Let A be a complex Banach algebra with unity, J a
closed ideal of A, and k > 1 such that ac QC(k, J). If M is a closed
commutative subalgebra of BL(J) containing the identity operator I, L, and
R, then ||D,T || <(k+ 1)|| A—L)T || for all Te M and all 1€ ¢. Where L,
and R, are restricted here to a domain J.
Proof

Since ae QC(k, J), for all x in J and Ae ¢ we have, |[x (A-a)| < k
| (A -a)x|[. However, |x(A-a)[ = [[(A-Rq) x| and [[(A-a)x] =
[ (A—=La) x|, then || (A-Ra) x|l < k| (A—La)x|. Sothat ||Dux| = |
(A-Ry)x-(A-Ly x| < (k+ 1| (A-Ly) x| Finally, since TxeJ for
all xe J, then the result follows by replacing x by Tx in the above inequality
and taking the supremum over all x in J with || x || =1 [

In the proof of the following theorem we need [6, Theorem 4.2],
which states that " Suppose that M is a commutative complex Banach
algebra with unity, that u and v are elements of M, and that for some ¢ >0,
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lux || < c| (A v) x| for all xeM and all Ae ¢. Then u € Rad(M), the
radical of M.
2.3 Theorem in [2] Let A be a complex Banach algebra with unity, J a
closed ideal of A, and ac QC(J). Then D, is topologically nilpotent. Where
D, is restricted to a domain J.
Proof

Since J is closed in the Banach algebra A, then J is complete and so
BL(J) is a complex Banach algebra. Since ae QC(J), then there exists k>1
such that a€ QC(k, J). Now, let M be a closed commutative subalgebra of
BL(J) containing the identity operator I, L, and R,, then by Lemma 2.2,
DT < (k+1)||(A—Ly) T| forall TeM and all Le ¢. But M is closed
in BL(J) and BL(J) is complete, then M is complete, then by [6, Theorem

1

4.2] we have D, € Rad(M) and so lim|| D’Z,HZ = 0.

That means, D, is topologically nilpotent [
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