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Abstract: Peristaltic motion of an incompressible Newtonian fluid through a porous
medium is studied in a two-dimensional uniform channel with a sinusoidal wave on
its wall. The fluid is subjected to constant transverse magnetic field. Using a
perturbation expansion on the wave number as a parameter, the velocity field and
the pressure gradient are obtained in explicit form. Moreover, the pressure rise and
the friction force were computed numerically. The results show that the pressure rise
increases as the permeability decreases and it increases as the magnetic parameter
increases. Further, it is noted that both pressure rise and friction force does not
depend on permeability parameter as well as magnetic parameter at a certain value
of flow rate. The results were studied for various values of the physical parameters
of interest.
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1. Introduction

Investigation of flow dynamics of a fluid in a channel, induced by a
wave traveling on its wall, has many applications in various branches of
science. The physical mechanism of the flow induced by the traveling wave
can be understood and is known as the so-called peristaltic transport
mechanism. The analysis of the mechanism responsible for peristaltic
transport has been studied by many authors. Latham’s investigation [10]
may be the first study in this field and since that time several theoretical and
experimental investigations have been made to understand peristaltic action
in both mechanical and physiological situations. Some of these studies were
made by Burns and Parkes [4], Barton and Raynor [2], Shapiro ef al.[17],
Roos and Lykoudis [16], Shukla ef al. [18], Srivastava et al. [22,23,24],
Srivastava and Srivastava [20,21], Srivastava [19], Elshehawey and
Mekheimer [8], Bohme and Friedrich [3], El Misery ef al. [6], Elshehawey
et al.[7], Mekheimer ef al. [11] and Elshehawey and Sobh [9] .

The fluid motion through a porous medium has been studied by
many authors. The usual starting point in the solution of problems is the
Darcy’s experimental law. Some studies about this point have been made by
Varshney [26], Raptis et al. [13,15], Raptis and Peridikis [14], and ElI-Dabe
and El-Mohandis [5].

Many authors have studied the magnetohydrodynamic flow. Mitra
and Bhattacharyya [12] studied the magnetohydrodynamic flow of the fluid
suspension, while Sud et al. [25] investigated the effect of moving magnetic
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field on blood flow. They observed that the effect of suitable moving
magnetic field accelerate the speed of blood.

With the above discussion in mind we purpose to study the effect of
porous medium as well as the transverse magnetic on peristaltic motion of a
Newtonian fluid. This model may be applied to the movement of the urine
in the ureter in the presence of some stones in its lumen. Because of the
complexity of the governing equations, a perturbation solution with wave
number as a parameter is obtained to first order. The velocity field and
pressure gradient were obtained in explicit forms. Moreover, the pressure
rise per unit wavelength and the friction force were computed numerically
and were plotted with the variation of the flow rate.
2. Formulation and Analysis

We shall consider a two-dimensional channel of uniform thickness
2a, filled with an incompressible conducting Newtonian fluid through a
porous medium occupying a semi-infinite region of the space and is
subjected to constant transverse magnetic field. The walls of the channel are
flexible and non-conducting, on which are imposed travelling sinusoidal
waves of moderate amplitude. The geometry of the wall surface is

H(Yj)=a+bgn%§cf—ch, 2.1)

where b is the wave amplitude, 4 is the wave length, ¢ is the propagation
velocity, , 7 is the time and X is the same direction of the wave
propagation.

Choosing moving coordinates (x,y), (wave frame), which travel in
the X -direction with the same speed as the wave, the unsteady flow in the
laboratory frame (X,Y) can be treated as steady [17]. The coordinates
frame are related through

¥=X—ct, y=Y,

(2.2)

u=U —c, V=V, (2.3)
where (U,V)and (u,7)are the velocity components in the corresponding
coordinate system.

The non-dimensional forms of equation of continuity, equations of

. . . ou Ov
motion and the boundary conditions, respectively, are —+—=0,

ox Oy
(2.4)
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2 2
Resu 4y 01| 0P 52 Ou O —(lJrMReju 2.5)
ox Oy ox ox" Oy k

2 2
Re§3(uﬁ+vﬁJ = —@+52(52 o + o j—é‘Z%, (2.6)

ox Oy oy ox’ 3y’
ou
— =0, y=0 for y=0, (2.7a)
dy
dH
u=-1, V=—— for y=H, (2.7b)
dx
where the non-dimensional variables and parameters,
F, X 5V d  ap W T b
AT T T T Z’p_c/w’v_ac’u_ ¥y
— - B2
U=Y s pe=r -k p=T04
c A )7 a pc
H=£=1+ésin27zx=1+(psin27zx,
a a

have been used.
Note that pis the pressure, u# is the viscosity, p is the density, v; is the
kinematic viscosity, kis the permeability parameter, By is the constant

magnetic field, o is the electrical conductivity,o is the wave number, Re is
the Reynolds number, M is the magnetic parameter andgp <1, is the

amplitude ratio.
3. Rate of Volume Flow
The instantaneous volume flow rate in the fixed frame is given by
0= [U(X.T.0dr . 3.1)
where H is a function of X and 7 .
The rate of volume flow in the moving frame (wave frame) is given by

g = [a.y)dy. (3.2)

where H is a function of X .
Using equation (2.3), one finds that the two rates of volume flow are related
by

O=q+cH. (3.3)
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: . A -
The time-mean flow over a period 7= — at a fixed position X is defined
c

as

_ 1 ¢ _

Q=?Lde, (3.4)
which can be written, using (2.1) and (3.3), as

Q=q+ac. (3.5)

Defining the dimensionless time-mean flows @ and F in the fixed and wave
frame respectively as

= Q and = i, (3.6)
ac ac
then making use of (3.6), equation (3.5) can be rewritten as
O=F+1, (3.7)
where
H(x)
F = udy . (3.9)

4. Perturbation Solution
We expand the following quantities in a power series of the small
parameter o as follows

u = u, +ou, +0(5%)

V=1, 4+ +0(5)

P _ %+5%+O(52)

ox  Ox X

F = F,+6F, +0(5%) , (4.1)
The use of expansions (4.1) with equations (2.4), (2.5), (2.6) and (2.7) gives

the following systems
System of order zero

Ty T _ (4.2)
ox Oy '

2
op, _0 lio _LMO’ (4.3)
ox 0Oy k,
Po _y. (4.4)
oy

with the boundary conditions
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au,
— =0, v, =0 for y=0, (4.5a)
oy
dH
Uy, =—1, Vo= for y=H. (4.5b)
where £, =L.
1+ kM Re

The solution of this system for u, subject to the boundary conditions is

T el

It is clear that as k tends to infinity and M tends to zero, the velocity u(
becomes

wms(al -

The instantaneous volume flow rate £() in the moving coordinates is
given by

F, = fuody

(el o} )

which implies that

% _ [FO ik tanh[\/l;ciJ / [kmtanh(\/}li_lJ - le} @7

Using (4.2), (4.6) and (4.7), we obtain the alternative form of () and vy as

U, =c, +¢, cosh(ij , (4.8a)

T
v, = —chy —c/ [k sinh Lj (4.8b)
0 0 I\/_l (\/k_l

where
¢y =~k (bF, +b)). ¢, =(ayF, +a)

a, = [\/171 sinh(%] - Hcosh(%]]] b, = i—?cosh[%}
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[ H H a
a, = [ao Jk smh{\/k_J - 1] / cosh(\/k_l] by = \/Esmh(\/%} (4.9)

System of order one
Equating the coefficients of 6 on both sides in (2.4), (2.5) and (2.6),

we get
G Mg (4.10)
ox Oy
2
Ref g 0y, o |2 TR0 O L (4.11)
ox oy ox oy Kk
P _y. (4.12)
y
with the boundary conditions
oy,
§—y=o, v, =0 for y=0, (4.13a)
u, =0, v, =0 for y=H. (4.13b)

Solving this system for u; , after using (4.8), we obtain

— @ i i _ B C(,)Cl - i
u, = kl( e ][COSh(\/k_l]/COSh(\/k_lJ 1} Re[ 1 (y'-H )COSh{\/k_IJ
+ @(Zcod +3cyc, ){ y sinh[ﬁ} -H tanh[%} cosh[ﬁ}}

+k (cocq + e ){COSh(\/Z—J / COSh[\/Z_IJ —~ IH : (4.14)

The instantaneous volume flow rate F1 is given by

k= _LHul dy

_, (ixp'J / [ao cosh[\/i_lﬂ + Re[k(cocg + c,c,’)/ [ao cosh[\/lz—l]]

ok
_ %M —ﬁ(ZCOC; +3c4¢) Lt Hvann| 7 [sinn| L.
2a, 4 dy \/E \/k_'
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. . . d,
On solving this equation for % , one finds
x

% = b,F, +Re(b, ) + b, F, +b;). (4.15)
X

where

b2=—k1b0 L+Htanh A sinh A ,
T P W

kb,
b, = 2k byb,al, — a,a} — klbb} +3k,a,b,b; -2,
’ ’ ’ ! k2a b’ !
b, = 2k,bb,a, —a,a, — a,a| + 2k,b,b,a —— a‘ O —k’bb,
0

' klzbl’ 2 ’ ’
+3kabyb — =L kbb] + 3kaghb

2 ’
by =2kbb,al —a,al — k*bb! +3k,a,b,b — % . (4.16)

a,
Using (4.15) in (4.14), the alternative form of 1 becomes

Y
u, =c, +c, coshl —
y 2 Y . y
+ Re| ¢, + ¢ cosh| — |+ ¢, V" cosh| — |+ ¢, ysinh| — | |,(4.17)

where
¢, =—kbF, ,c,=a,F,, c, =—k (b3F02 +b,F, +bs +c,c +clcl’),
B kl(b3F02 +b,F, + b5 +c,c +clc1’)+ c(')clH2

cs =
cosh[HJ !
i
—£(2c ¢/ +3c}c, )H tanh A
4 o~1 o+l \/k_l s
/ k
¢, =—%, c, =g(2coc{ +3che,). (4.18)
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. : .4
Now, the axial velocity component u and the pressure gradwntﬁ can be

expressed, to first order where F =F-0 F} , as

u=—k (byF +b)+(a,F + al)cosh[%J
1

y 2 Y : y
+0Re| a, +a, cosl{—} +a,y cosl{—} +a; ysmh(—] , (4.19)
[ NL? VK, VK,

%’:bozwb1 + 5 Re(b, F* +b,F +b,), (4.20)

where
a, = —k,(by +ayal + klb,b))F* —k, (b, + a,a, + aya, + k’bby + k’bby)F

— k(b5 +a,a; + k12b01bf) 5

a, SR S Y b, +2k*"* byal, H sin A +4k}bb), +a,(4a, +a.b)) - F’
.{ H ] N3
4cos —k

+34k b, +k’'? (2b,a) +2b,a] +3a,b) ) H sinh[i]+4aoa,' +a,(4ay +agby)
Jk
2 ' ' ' 2 H
+ 4k (bby + b,b)) — k,bja,H" cosh| — |+ F
T

+ {4k by +4k bb +aagb + 2k3/2b1a{Hsinh[%JH :
1

Kaoby o (a b, +a,b))F + kib

a, = 1
k?/ k?/2
a; =— (2ba'" +3a b )F — (2ba0+2ba1+3ab'+3a0b)F
k?/Z
(2b,a; +3a,b;),

a, = le[3\/k_1 sinh[%} = Hcosh{%ﬂ . (4.21)
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The pressure rise per wavelength 4p, and friction force F) are given by

Ap, = Edp dx , (4.22)

and  F, = _LH( j . (4.23)

Using (4.20) in (4.22) and (4.23) then evaluating the integrals numerically
we obtain both pressure rise and friction force. The results are discussed
through Figs.1-4.

5 Results and Discussion

In our discussion, we have to choose the channel width a and the
wave length A such that the wave number 0 be less than one. It is clear that
our results calculate the velocity and the pressure gradient in explicit form
to the first order of & without restrictions on the amplitude ratio and the
Reynolds number. Further, as M tends to zero and k tends to infinity, the
results extend the work of Shapiro et al. [17] in which they used two
separating expansions, an expansion in powers of & with Re=0, and an
expansion in powers of Re® with 5=0.

The relation between pressure rise (4p,)and flow rate (@) is
displayed in Fig.(1) at Re=10, 6=0.02 , M=10 and ¢ = 0.8 with different
values of k& (k=0.05, 0.1, 0.5 and 10). As shown, the pressure rise does not
depend on £ at a certain value of flow rate. Also, it is important to note that
the pressure rise increases as the permeability decreases. This is because of
the resistance caused by the porous medium. In the case of ureter stones this
causes renal colic (ureteric colic).

The effect of the magnetic field on the pressure rise is clear in
Fig.(2) at Re=10, 6=0.02, k=1, = 0.8 and (M=0, 5, 10 and 15). As shown,
the pressure rise increases as the magnetic parameter increases.

Shown in Fig.(3) the effect of porous medium of the friction force at
Re=10, 6=0.02, M=10, ¢ = 0.8 and (k=0.05, 0.1, 0.5 and 10). It is noted that

the friction force increases as the permeability decreases.

In Fig.(4), the relation between friction force and flow rate is plotted
at Re=10, 6=0.02, k=1, = 0.8and (M=0, 5, 10 and 15). It is clear that the
friction force increases as the magnetic parameter increases. Also, we notice
from Fig.(3) and Fig.(4) that the friction force increases as the flow rate
increases.
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As aresult, explicit forms for the axial velocity component u and the
pressure gradient Ep for peristaltic motion of a Newtonian fluid in a
channel can be obtained from equations (4.19) and (4.20) by letting the
permeability parameter £ tends to infinity and the magnetic parameter M
tends to zero.
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Fig.(2) Pressure rise versus flow rate at Re=10, k=1, ¢=0.08 and 5=0.02.
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Fig.(4) Friction force versus flow rate at Re=10, k=1, ¢=0.08 and 5=0.02.
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