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Abstract: In this paper we shall find the general solution g: S;x S;x...x S, —
F of a generalization of d’Alembert equation g(X;+ Vi, Xo+ Y2, ..., Xo+ Yu) +2(X;
FO1 Y1, X2F O2Y2, ee0 Xnt O Yu) = 28(X15 X25 +- s X0) 81> Y25 -5 Vo) ((X15 X2+ Xu),
(yl, YQ,...,yn) € SIX Sg x,..X S,, ),

the general solution h: S;x S, x...x §; xTyx T, x...x T,, - G of generalizations
of Jensen equation

hxi+ Y1, X+ Y2,.00 X0 T Ya, L, oy tw)F WX+ O1YV1, Xo0F 2 Y2,..0 Xn T Cn Va, L1,
tg,,,, tm) =2 I’I(X,, X2,... Xn, tl, tg,,,, tm) ( (X, s X250 Xp, tl, tg,..., tm), (yl
3 Y250 Y, t;, t,.., tm) S SIX Sg x,..X S,, x T[X T2 x,..X Tm ),

and h((Xl + yl; tl), (X2 + YQ, tg),...,(Xn + yn, tn)) + h((X[ + 01)’1, tl), (X2 + (72)/2, tg),
v (X0 F OV ) ) =2h((x1, t1), (X2, &), ..(Xn, t) ) (X1, X05.. %), (V1
,YQ,...,yn,), (tl,tg,..., t,,) S SIX Sg x,..X Sn,

and the general solution k: S;x S, x...x S, — H of a generalization of the
quadratic equation

k(xi+vi, %+ Y2, .. st Ya) + K(Xi+0,Y1,XF Y2, .0 XagF Cn V)
:Z)k(x,, X2y oo X)F 2K(V1, Voreo Vi) ( (Xis X2yev0 Xn), (V15 Y2502 Vo) € SiX Sp X...X
SH g

where S,,S,,...,S,T;, T,.., and T, are commutative semigroups ,F is a
quadratically closed field of characteristic different from 2, G is a 2-cancelative
abelian group, H is an abelian group uniquely divisible by 2 and for each i= 1,
2,...n, o; is an endomorphism of S; with o; (o; X;) = X;.
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1. Introduction

Throughout this paper, (S, +), (S, +), (S2, +), ....,( S, +), ( Ty, +), (T2,
+), ... and (Ty, +) will denote semigroups ( a semigroup is a set with an
associative binary operation), F a quadratically closed field of characteristic
different from 2, G a 2-cancelative abelian group, H an abelian group
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uniquely divisible by 2 and for each 1 = 1, 2,...n, o; will denote an
endomorphism of S; with 6; (6; Xi) = Xi.

A function h defined on S x S is called symmetric if h( x,y)=h(y, x)
for all x, yeS, and it is called biaditive if h(x+y,z)= h(x,z) + h(y, z)
and h(x,y+z) =h(x,y)+h(x,z)forallx,y, zeS. A function 7y : S;x
S, x...x Sy, — F is called multiplicative if it satisfies y( xi+ yi, X2 + y2,...,
Xnt Vo) = X(X, X2,..., Xn) X(V1, Y2,..., Yn) for all (Xi, X2,...,Xn), (Y1, V25-+, ¥n)
e S1x Sy x...x S,.

In [2], Sinopoulos solve three functional equations, namely
the d’Alembert functional equation g(x+y)+ g(x+oy) = 2g(x) g(y),
X, YES,
the Jensen functional equation g( x+y) + g(x+toy) = 2g(X), X, yeS,
and the quadratic functional equation g( x+vy) + g( x+ o y) = 2g(x) + 2g(y)
X, yeS.

It would be noted here that in the case where S is an abelian group and F =
G =H = the complex field, the equations were solved by Stetkaer in [3].

In this paper we solved general equations of the above three
functional equations, where our proofs are similar to that in [2], accordingly
the above three equations become easy corollaries of our results in this
paper.

Specifically, in this paper we shall find the general solutions of the
following functional equations

g xityi,xaty2, ...... , XoTVn)t+ g(Xi+01y1, X+ G2Y2, ...... , Xpt On
Yn) = 2g(X1, X2, -+ Xn) (Y15 Y250-5 Yn) ((X15 X250 05 Xn), (Y15 Y2500, Yn) € SiX
Sy %...x Sy ),

h(xXi + vy, X2+ ¥2,..0, Xo T Vo, t1, 2oy tm) + h(X1+01y1, X2+ G2 V2,.., Xn T
Gnyn,t1,t2,..,tm) = 2h(X1,X2,...,Xn, t1,t2,..,tm)( (X],Xz,...,Xn,t1,t2,..,tm),
(Y1 Y2, ¥, U1, T2, tm) € SiX Sy X . xSy xTixTox.. . xTh,

h( (X1 +y1, t1), (X2F ¥2, ©2),.. (Xt ¥, ta) ) + h( (X1 + 01y1, t1), (X2F G2y,
t2), ...y, (Xnt On¥n, ta) ) =2 h( (X1, t1), (X2, t2), ..s(Xn, ta) ) (X1, X2,...,
Xn), (Y1 ,YQ,...,yn,), (t ,tz,...,tn) e Six Sy x...x S, and
k(xi+yi,X+ty2,...... , Xntyn) + k(xitoryi, X2+ 622, ...... , Xpt
On Yo ) = 2k(x1, X2, ..., Xn) T 2 k(y1, ¥2,.-0, ¥n) ( (X1, X25+. 0, Xn), (Y15 Y2 5-++5 Yn)
e S1x Sy x...x Sn)

2. A generalization of d’Alembert Equation

In this section we find the general solution of a generalized
d’Alembert functional equation where we write the general solution g : S;x
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S; x...x S, — F in terms of multiplicative functions, 1i. e. in terms of
solutions of the functional equation
fixi+ty, x2+tv2...., Xntyn) = f(x1,%0,... ... ,Xn) (Y1, Y25+, ¥n)

Theorem 2.1

Let (S1,+), (S2,*), ......... (Sn, ) be commutative semigroups and F be a
quadratically closed field of characteristic different from 2. If for i = 1,
2,......n, o; is an endomorphism on S; with o; (0; x;) = x; for all x;e S;, then
the general solution of

gQ(xi+ty X2ty ... , XoF Yo )+ (X101 Y1 ,X0F G2 V2 ,...... , XnFOn Yo )=

2g(X1,X2, , X0)2(Vi, V2,... Vo) for all (x;, Xo,..., Xp). (V15 Y2 5. Vo) I S;X S5
X Sy (D

is given by g(x1 ,Xg, ...... Xn) = /2 [x(x; s xz, ...... Xp) + (01 X1, 02 X2, ......

OnX )] for all (X],Xg, LX) ESIXSoX .. xSy . v (2),

where y: S;x S;x..x S, — Fisan arb1trarymult1plzcat1ve ﬁmctzon

Proof:

First we use the property that y is multiplicative and o; (ci (yi)) = Vi
to check that (2) satisfies equation (1). For all (xi, Xa,..., Xn), (V1, ¥2 5-++s ¥n) 1NN
Six Sy x...x S, we have,
28(X1, X2, +veus Xn) (V1> V250005 Yn) = 2{2 [x(X1, X2, ...., Xn) T %(01X, O2X2,....,
ann)] } {1/2 [X(Yh Y2,...0s yn) + X(Glylv 62y2, ..., GnYn)]} = [ X(le X2y eeens
Xn) X(V1, ¥250+00s ¥n) + %(X1, X2, .... Xn) %(C1 Y1, 02 V2, ..., OnYn) + Y(01X, G2
X2y +eees On Xn) X(YV1, Y2540 ¥n) T (01X, G2X2, .... OnXn) X(C1Y1, O2Y2 5 +--us
onyn)] =2 [x( xXit y1, X2+ y2, ..o, Xt yn) + x( X1+ 01y1, X2+ O2Y2, ..., Xn
+ Ouyn) T xo1xit y, 62Xa t y2, .., OuXat yn) + (0 X1+ O1y1, O2X2
+062y2,...., OnXnt OnYn) | =g( X1+ y1, X2+ y2, ...... , Xn T Vn) + g( X1+ o1y1,
X2+ 62Y2, ...., Xat On¥n ). Hence (2) is a solution of (1).

Conversly, assume that g is a solution of (1). We show that g must
have the form (2). Throught the rest of the proof let (xi, xa, ...., Xa). (Y1,
V2,...., Yn) and (ty, ta, ....,t,) be any elements in S;x S x...X S,

Foralli=1,2,...... , n, replace in (1) yi by o; yi and use the property that oc;
(oi (vi)) =yi to get, 2g(x1, X2, ...., Xn) €(01Y1, O2Y2,...., OnYn) =

g( xi;to1y, X2+ 62y2, vevy Xnt On¥n) + (X1t Yy, X2+ V2, ooty Xn T Vo).
Then by (1) and using the assumption that the characteristic of F is not 2 to
get,

(Y15 Y25 05 Yn) = E(O1Y15 O2Y2seeevy OnYn)  ceveenneennneenneenneemnneenneennnns 3)
Again by using o; (oi (vi)) =yi and (3) we get

g(xito1y1, X2+02y2, ...., Xnt Onyn) = g(01X1+ y1, G2Xoty2, ..., OnXpt Yn)...(4).
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We have two cases.

Case I: g(xi+ty, X2ty ....Xnt yn) = g( x1to1y1, X2+ G2y2, vovry Xn 7t
OnYn )

Then by substituting in (1) and dividing by 2 we get,

g(xitynL Xty ooy Xn T yn) = (X1, X2, -5 Xn) (Y1, Y250 -5 o). Hence g is
a multiplicative function. By (3) one can have g(xi, Xz, ...., Xn) = %2 [g(X1 ,

X2, ...., Xn) T g(01X1, 02X2, ....... ,On Xn)| . Hence we can write g in the form
of (2).
Case 2. g(xi+ty, X2ty ....Xnt yn) # g x1to1y1, X2+ G2y2, vo'ry Xnt
OnYn)-

Then there exist (uj, Uy, ...., Uy ), (Vi, V2,...., Vo) In S;x Sy x...x S, such that
g(wtvy, uptvy, ..., Upt Vi) - g(urtorvy, Uz + o2va, ..., Upt 0pvy) # 0 (5)
Define a function f: S;x S; x...x S, —»F by f(xy, X2, ....,Xn) = g( x1+ vy,
X2+ Vo, oo, Xnt Vi) - g( X101V, X2+ O2V2, ..., Xnt OV ). Then f(uy, uy,
...., Un ) # 0 and by using (3) and (4) one can show that f(x, X2, ...., Xs) = -
floi1x, 02X2,.... OnXyp) ....... (6)

Now, by (3) f(xito1y1, X2 + G2y2, ...., Xnt Onyn) = g(x1to1y1t+ vi, Xo +
G2y2t V2, «eeey Xn T OnYn T Vn) - g(X1T01y1+ O1VI, X2 + G2yot+ Gava, vvvy X T
OnYnt+ OnVn)

=  gloixitoyit vi), c20X2 + Gayat V2), ..., On(Xn + OnYn + Vu) ) -
g(o1(xj+o1y1t+ 61v1), 02(X2 + Gayat Gav2), ..., On(Xn T OpYn+ V) ) = - f
(o1x1F y1, 62X2+ Y2, ...., OnXnt Yn).

Hence f(x;to1y1, X2 + 62y2, +..., Xn T+ Onyn) = - f (61X1+ y1, 62X2 + V2, ...,
OnXntT Vo) ....(7)

Use the definition of f and the equation (1) to get

fixity,xoty, . ....Xntyn) + f{ XyTo1y1, X2+ G2y2, +ory, Xn+ OpYn) =
gxityit v, ot yot va, oo, Xnt yat ve) - g(xit yit orvi, X+ oyt
O2V2, «vvey Xn T Vot Onvn)  + g(Xito1y1t VI, X2+ G2yt Vo, ..., Xnt OnYnT Vn)
- g(x;to1y1t 01V, X2+ OG22t GaVa, ...y XnF On¥nt OnVa) = [g(Xit Vit Y1, X2
+vatyy, oo, Xnt Vpt vyt g(xX1 + Vitory, Xo+ Vot Gay2, eeny Xn Tt Vit
onyn)] — [g(X1 + o1Vit y1, Xo t Gava + ¥2, ..., Xn T OnVt y) + g(Xito1vit
o1y1, X2+ 02Vot+ G2y2, ooy, X+t OVt Onyn) | = 2 g(Xi+ v, Xo+Va, ooony X T
Vn) (Y1, ¥25..-0 Yn) — 2 g(X1 + 61V, X2+ Gava, ..oy XnF OnVi ) €(Y1, V2,eeees
Vo) = 2 f(x1, X2, ..., Xn) &(Y1, Y2...., Yn). Hence

f(x1+y1, X2ty2,...Xntyn ) + f(Xito1y1, X2 T62Y2,. .., XntOnyn) = 2f(X1, Xa,.., Xn)
g(ylv ¥y2,.., yn)

Interchange (xi, Xz, ...., Xs) and (yi, y2,...., ¥a) in the above equation to get
fly1+x1, y2+x2,..,yntXn ) + f(y1+01X1, y2 t02Xa,..., YyntonXa) = 2 f(y1, ¥2,--» ¥n)
g(Xl, X2yeey Xn).
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Adding the last two equations and use (7) then divide the resulting
equation by 2 to get,
f(X1+ylv X2+y2,--,Xn+Yn) = f(le X2,e05 Xn) g(ylv y2,.., yn) + f(}’], y2,.., yn) g(le
X2, Xn) - (8)
By using (8) we have, f{ (x;+t1)+y1, (X2+t2)+y2,..,(Xnttn) +yn ) = (X1, X2,.., Xn)
g(tlv t,.., tn) g(ylv Y2,--5 yn)+f(tlv t,.., tn)g(X1, X25-+5 Xn)g(}’l, Y2,--5 Yn)+f(y1, Y255
yn)g(X1+t1, Xo+o,., Xn+tn), and, f(X1+(t1+y1), X2+(t2+y2),..., Xn+(tn +Vn )) =
f(X], X2y.es Xn) g(t1+y1, trtya,.., tn+yn) + f(t1, t,.., tn) g(y1, Y2505 yn) g(X1, X2y.es
Xn) + f(y1, ¥2,.., Yn) g(t1, t2,.., tn) (X1, X2,.., Xn).

Subtract the last two equations then simplify to get [g(x;+t;, Xo+ta,.,
Xn+tn) - g(X1, X2y.es Xn) g(t1, t,.., tn)] f(Y1, Y2505 yn) = [g(t1+y1, t2+yo,.., tn+yn) -
g(ti, ta,.., tn) (1, Y2,.., Yn)] f(X1, X2,.., Xn). Let (y1, ¥2,.., Yn) = (Ui, Uz, ...., Uy)
in the above equation we have
[g(xitt1, Xotto,., Xptty) - (X1, X2,.., Xn) g(t1, t2,.., ta)] f(Ug, Uy, Uy ) =
[g(t1+u1, tr+uy,.., tn+un) - g(t1, t,.., tn) g(ul, uz,...., Uy )] f(X], X2y.es Xn).

Since f(uy, uy,...., Uy ) is a nonzero element in the field F, then

g (x1t+ty, Xotts,., Xotty ) — g (X1, X2,.., Xn) g (L1, t2,.., tn) = h (t, to,.., tn) f(xy,

X200y Xn) eveveeann(9)

where h(t1, t,.., tn) = [f(l.l], Ilz,...,un)]-l[g(ﬁ‘f‘u], tr+uy,.., tn+un) - g(t1, t,..,

ta)g(u, uz,..,un)].

Then by (9) h(ty, ta,.., tn) f(x1, X2,.., Xn) = h(Xy, Xa,.., Xn) f(t1, t2,.., tn). Set (x,

X2,.., Xn) = (U1, Ua,...,Un), then h(t, ta,.., ty) f(us, uz,...,un) = h(uy, us,...,un)

f(t1, t2,.., ta) and so h(ty, ta,.., ta)=[f(u1, Uz,...,un)]" h(uy, uz,...,up) ft1, ta,.., to).
Since F is quadratically closed, then there exists an a.cF such that o

= [f(u1, ua,...,u)]”" h(uy, ua,...,un), so h(ty, ta,.., t) = o f{ty, to,.., tn).

In (9), replace (t, ta,.., tn) by (V1, ¥2,-.., ¥a) and use the above equation to get,

g(xityi, Xoty2,., Xntyn) =g(X1, X2,.., Xn)2(Y1, Y2,.,¥n) + (xzf(yl, V2,..,yn) (X1,

X2,..5 Xn) -..(10).

Multiplying (8) by a we get o fixityi, Xo+y2,...Xntyn ) = o f(x,
X205 Xn) &(Y15 Y255 Yn) T A (Y1, V2,505 Yn) €K1y X2pees Xn) venvenneeneennannnns (11).
Adding (11) to (10) and simplifying to get,
(g + (Xf)(X1+y1, X2+y23"vxn+yn) = (g + (Xf)(X], X2,e0s Xn) (g + (Xf)(Y1, y2,--,Yn)
Subtracting (11) from (10) and simplifying to get,
(g - (Xf)(X1+y1, X2+y23"vxn+yn) = (g - (Xf)(X], X2,e0s Xn) (g - (Xf)(Y1, y2,--,Yn)-
Hence we can choose the functions y; = g + af and y» = g — af which are
multiplicative functions. Moreover, g(xXi, X2,.., Xn) = Y2[x1(X1 , X2, ..., Xn) +
Y2(X1, X2, ..., Xn)] as desired.
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Finally, By (3) and (6) one can note that, y;(01Xi, G2Xa,..., OpXy) =
g(01X, 02X2, .... OnXp) + af{01X, 02Xz, .... OnXn) = g(X1, X2, ..., Xn) — of(X1, X2,
ey Xn) = 02(X1, X2, ...y Xn).

Therefore, any g satisfies (1) must be of the form (2). Hence the general
solution of (1) is given by (2) m

Now, Sinopoulos’s result becomes a corollary of our theorem, where

it is the case of n =1 in our theorem.

Corollary 2.2 [2, Theorem 1 ]

Let (S,+) be a commutative semigroup and F is a quadratically closed
field of characteristic different from 2. If ¢ is an endomorphism on S with
o(ox) = x for all xe S, then the general solution of g( x+ y)+ g(x+oy)
= 2g(x) g(y) forallx,y in S isgiven by g(x) = »[x(x)+ x(c x)] for all
xeS, where y:S—F is an arbitrary multiplicative function.

3. Generalizations of Jensen Equation

This contains three theorems that discuss general solutions of three
types of generalized Jensen functional equation from which we can get two
corollaries appear as corollary and theorem?2 in [2].

Theorem 3.1

Let (Si,*), (S2,*), ...... , (Su,*), (T, +), (To,+), ... , and (Ty+) be
commutative semigroups and let G be a 2-cancelative abelian group.
Suppose that for each i =1, 2,......n, o; is an endomorphism on S; with o; (o;
x;) = x; for all x;e S;. Then the general solution h: S;x S, x...x Sy x T;x T,
x...x T,— G of'the functional equation
h(xi+ i, XoF Y2,..0 Xat Yu, ti, toyeey tw)+ W(X1 + G1 Y1, X2+ O2 V2,..., Xn T On Vi
, U1, b,.., tm):2 h(X], X2,..., X, L1, bo,.., tm) for all (X1, X2, Xn, L1, Uo,.., tm),(_)/J
3Y25e Y, Ly L2y, tm) bGIOHg to S;x Sy x..x 8§, x Tiyx T,x..x Tm(IZ)
is given by h(x;,Xo,..., Xn, ti,t,..,tm)= QO(X1, X2, ..., Xn, L1, bo,.., tw) + a(ty, a,..,
l‘m) for all (X], X2,..., Xn, L1, b2,.., tm)E Six Sox .. X Sy xTixTox.. XTh.... (13),
wherea : Ti)x Trx..x T, — G and @ : S;x Sy x..x §gx Tix Trx..xTy
— G are arbitrary functions with ¢(X1+ Vi, X2+ Y2,..., Xn T ¥n, t1, t2,ee, tm)
= (p(X1 , X2,..., Xp, 11, 2,.., tm) +0 (Y1, Y25+ -5 Y, t1, t2,.0, tm) and (P(X], X2, ...
Xn, L1, bo,.., tm) = - (p(O'JXJ, 02X2, ..., OpXy, L1, bo,.., tm) for all (X1, X2,..., Xn, L1,
L,.., tm), (_)/1 3Y25 Y, L1, Lo,.., tm) e S;x S x..x §;x Tix Thx..x Ty
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Proof:

In the proof we let (x1, X2,..., Xn, t1, t2,ee, tm), (V1 ¥25- -5 Yoo t1, t25ees tm)
and (zi, 2a,..., Zn, t1, t2,.., tm) to be any elements in S;x S;x...x S, x T1x T,
X, X Th.

First we show that (13) is a solution of (12). We use (13) and the
given properties of ¢ to get, h(x; + yi, X2+ V2,..., Xa + ¥, t1, t2,.., tm ) + h(Xy
+ 01Y1, X2 T G2Y2,.-., Xn t On¥n, t1, t2,.0 tm) = O(X1 T V1, X2+ V2,..0, Xn T+ Vi, t1,
t,.., tm) + a(t1, t,.., tm) + (p(X1 + 01Y1, X2t 02¥2,..., Xn T On¥n, t1, t2,.., tm) +
a(ty, ta,.., tm) = O(X1 , X2,..., Xn, t1, t2,ees tm) + @ (Y1, ¥2,- -5 ¥no t1, t2,.., tm) + a(ty,
t,.., tm) + (p(X1 , X2, ..., Xp, 11, 2., tm) + (p(G1Y1, 02Y2 5. ++» OnYn, t1, t2,.., tm) +
a(t, to,.., tm) =2 [(p(X1, X2y. ..y Xn, 1, 12,0, tm) +a(ty, to,.., tm) 1=2 h(X], X2yenns
Xn, t1, t2,.., tm). Hence (13) is a solution of (12).

Conversly, we assume that h is a solution of (12) and we shall show
that h has the form (13). In (12), for each i =1, 2,...n, replace y; by yi + oiy;
and use the property ci(c; (vi)) =y to get, h(x; + yi+ o1y1, X2+ y2 + 62y2,...,
Xn T+ Yot OuYn, t1, t2,.0, tm) + (X1 + o1y11 y1, X2+ G2y2 F ¥2,..., Xo T OnYnt Yn,
ti, to,.., tm) = 2 h(xy, X2, ..., Xn, t1, t2,.., tm). Since the semi-groups are
commutative and G is 2-cancelative,then h(x; + yi1+ o1y1, X2 + y2 + o2y2,...,
Xn T Yot On¥n, th, 2,0y tm) = (X1, X2, ooy Xny 1, 12000 tm) evvennieninines (14).

Again in (12), for each i =1, 2,...n, replace x; by X; + z; to get h(x; +
Zi+t yi, X2+ Zot yo,..., Xn + ZyF Vi, t1, to,.., tm) + (X1 + z1+ O1y1, X2 + 22+
02Y2,.++s Xn Tt Zn + OnV¥n, t1, t2,.., tm) =2 h(X1 + z1, X2+ 2,..., Xn + Zp, ty, t2,..,
tm), interchange y; by z; in the last equation to get h(x; + yi+ zi, xo + yot
Z2y.ees Xnt Yo + Zn, t1, to,.., tm) + (X1 + yi+ 0121, X2+ Yot G2Z2,..., Xn T Y +
OnZn, t1, t2,.., tm) =2 h(X] TV, X2t ¥2,.., Xn T ¥n, 1, 12,0, tm).

Add the last two equations and simplify we obtain, 2 h(x; + z;+ yj,
X2+ 2ot Ya,.. 0 Xnt Zot Vi, t1, to,., tm) + h(Xi + 211+ G1y1, X2+ 22+ G2y2,.. ., Xn
+ Zy + OnYn, t1, to,.., tm) T h(X1 + yi+ 6121, X2 + Yo+ G272,..., Xn+ Yo + OnZy, t1,
t,.., tm) =2 h(X] + 2z, X0+ Zo,..., Xq T Zp, ty, t2,.., tm) + 2 h(X1 + vy, Xpt
V2,.ees Xn T Vi, t1, t2,.., tm ). By using (12) and oi (oi (yi)) = yi we have, h(x; +
Z1+ 01Y1, X2 T 2o+ 02¥2,..., Xn Tt Zy + Op¥n, t1, t2,.., tm) + h(X1 + yit+ 6121, Xo +
Vot G2Z2,..., Xn T Vo T OnZn, t1, to,.., tm) = h(x; + (z1+ o1y1), X2 + (Z2+
02Y2)s-+ s Xn T (Zn + OuYn), t1, to,.., tm) + h(X; + 01(z1+ 01y1), X2 + ©2(z2t
02Y2),-++» Xn T On(Zn + On¥n), t1, t2,.., tm) = 2 h(Xy, Xa,..., X, t1, t2,.., tm). But G
is 2-cancelative then, h(x; + z;+ yi, X + Zo+ v2,..., Xn + Znt ¥n, t1, to,ee, tm) +
h(X], X2,...5 Xn, t1, {2,.., tm) = h(X] + 2z, X0+ 7p,..., Xy t2Zy, t1, 2,.., tm) + h(X] +
Vi, X2 V2,000, Xn + Vi, t1, to,.., tm).  Setting z; = o; X; and obtain, h(x; +
o1X; t yi, Xo+ 02X2 + y2,..., Xn + OnXn + Y, t1, .., tm ) + (X1, Xo,..., X, t1,
t,.., tm) = h(X] + 01Xy, X2 + 62X2,..., Xp+ OnXy, t1, to,.., tm) + h(X1 +y, X2t
V250 ees Xnt Yo, t1, t2,ees tm).
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By interchanging x; and y; in (14) and using the last equation we
obtain that, h(yi, y2,...,¥n, t1, t2,.., tm) + h(Xi, Xo,..., Xp, t1, t2,.., tm) = h(x; +
01X, X2 T G2X2,..., Xn + OpXn, t1, to,.., tm) + h(xi+y1, X2+ y2,..., Xn + ¥, t1,
2500y tm) eveennnnn. (15). Interchanging x; and yi, h(xi, Xa,..., Xn, t1, t2,.., tm)
+ h(y1, Y25 -5¥ns t1, t2,.., tm) = h(Y1+ O1Y1, Y21 02¥2,..., ¥n T On¥n, t1, 12,.., tm)
+ h(y1 + X1, Y2t X250 .05 Yo T Xa, t1, t2,.., tm).

Then by the last two equations we have, h(x; + 6;X;, X2 + 02Xa,..., Xpt
OnXn, t1, t2,.., tm) = (Y1t O1Y1, Y2t G2¥2,. .., Yo T On¥n, t1, t2,.., tm). Thus h(x; +
01X1, X2 + 02Xp,..., Xpt OpXp, ti, t2,.., tm) 1S constant in the first n variables;
that is it is a function of (t;, ta,.., tm), say a(ti, ta,.., tm). So that (15) gives
h(X] Ty, X2+ ¥2,..., Xt Vi, 11, t2,.., tm) - a(ty, to,.., tm) = [h(X], X2y. ..y Xp, L1,
t,.., tm) - a(ty, to,.., tm)] + [h(Y1, Y25 5¥n, t1, £2,.0, tm) - a(ty, to,.., tm)].

Finally, by taking o(X; , X2,..., Xn, t1, t2,.., tm) = h(X1, X2,..., Xn, t1, t2,..,
tm) - a(ti, t2,.., tm) we have h in the form (13). Moreover, ¢(x; + yi, X2+ y2
yeoos Xn T Y, t1, t2,.., tm) = h(X] tTVyi, X2t ¥2,..., X0t Y, t1, to,.., tm) - a(t1,
t2,.., tm) = O(X1, X2,..., Xn, t1, 12,0y tm) + @ (Y1, ¥2,- -+, ¥ns L1, t2,.., tm) and 0 =
h(X1 + 01X, X2 + G2X2,..., XnT OnXn, t1, 12,.., tm) - a(t1, t,.., tm) =0 (X1 + 01X1,
Xy + G2X2,..., Xnt OnXn, t1, t2,.., tm) = QO(X1 , X2,..., Xn, t1, t2,.0y tm) T @ (01X1,
02X2,. .., OnXn, t1, t2,.., tm) Which implies that @(x;, Xa,..., Xn, t1, t2,.., tm) = -
¢(01X1, 02X2,. .., OnXn, t1, t2,.., tm).

Therefore, the general solution of (12) is given by (13) m

Similarly one can prove the following theorem.

Theorem 3.2

Let (S1,+),(S2,+),...... ,(Sy,*) be commutative semigroups and let G be a
2-cancelative abelian group. Suppose that for each i =1, 2,......n, o; is an
endomorphism on S; with o; (0; x;) = x; for all x;e S;. Then the general
solution h: S;x S;x...x S, — G of'the functional equation
h( (X] + vi, t1), (X2+ ¥z, tg), ...... , (Xn+ Yo tn)) + h((X] + o1 Y1, t1), (X2+ o2
V2, t2) ... s (Xat O Vo, ta) ) = 2 h( (x1, t1), (X2, &), ...(Xn, t,) ) for all
(X1, X200 Xn)y (V1 ,Y2-- oY), (1 5t2,.., ty) belong to S;x S, x..x S, is
given by
h( (x1, t1), (x2, to),...... (X, ta) ) = B((x1, t1), (x2, t2),...... (X, ) )+
a(t, t,.., ty) for all (x;, x2,..., Xn), (ti, ta,.., t;)€ S;x S;x...x S,, wherea :
Six S$x..x 8 — G andB: (S;% S)) X(S:x S$5) X..xX (Spx Sp) — G are
arbitrary functions with the properties B( (x; + yi, t1), (X2 + Y2, t2), ..., (Xa
*+ Yo, tn)): B( (XI s tl)a (XZJ tZ):"'a(XID tn))+ B( (_YI s tl)a (_YZ, tZ)a "'a(ym tn))
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aﬂd B((XI D t])) (X29 tZ)) "')(XH) tn)) = - B( (O-]XI D t])) (O-ZXZJ tZ)) ) (O-n Xns tn))
for all (x;, X2,..., Xn), (V1,Y2--5¥n), (ti,t2,.., t;) belong to S;x Sy x...x S,

Proof:
Left to the reader m

Now the corollary in [ 2 ] follows directly from theorem 3.2.

Corollary 3.3 [2, Corollary ]

Let S be a commutative semigroup and let G be a 2-cancelative
abelian group. Suppose that o is an endomorphism on S such that o(c (x)) =
x for all xe S. Then the general solution h: Sx S— G of the functional
equation
h(x+y,t)+ h(x+oy,t) =2h(x, t) forallx,y,te S isgiven by h(x, t) =
o(x, t) + a(t) for all x,te S, where a : S — G is an arbitrary function and
¢: Sx S— G is an arbitrary function additive in the first variable with ¢(x,
t)=-@(ox,t) forallx, te S.

Similarly as in the proof of Theorem 3.1 one can prove the following
theorem.

Theorem 3.4

Let (Si,*), (S2,F), ...... , (Su,*) be commutative semi-groups and let
G be a 2-cancelative abelian group. Suppose that for each i= 1, 2,......n, o;
is an endomorphism on S; with o; (o; (x;)) = x; for all x;e S;. Then the general
solution g: S;x S; x...x S, — G of the functional equation g(x; + yi, X2+ y»
veewXn Tt Yo)+ X1+ 011, X201 C2V2,..0 Xa+ On Yn) = 28(X1, Xo,..., X,) foOr all
(X1, X250 Xn)y (V1,Y25-. Yu )€ SiX SoX..x S, is given by g(x;,x2,..., Xa)
= o1, X2, ... Xy) + a  for all (x;, X2,...,X,)€ S;X S3Xx...x S,, where ae G
is an arbitrary constant and ¢ : S;x S, x...x S, — G is an arbitrary
function with
OXi+ Vi, X2t Y2,.c0Xnt Vo) = (X1, X2, Xn) + O (V1, Y2,.., Yu) and o(x;

, X2, o0y Xn) = - Q(O1X1 , O2X2,..., OpXy) fOr all (X;, Xo,..., Xn), (Vi Y25+ Yu )E
Six S x...x S, .
Proof:

Left to the reader m

Hence Theorem 2 in [ 2 ] becomes an easy corollary of Theorem 3.4
above.
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Corollary 3.5 [2, Theorem 2 |

Let (S,+) be a commutative semigroup and let G be a 2-cancelative
abelian group. Suppose that o is an endomorphism on S with o (o x) = x for
all xe S. Then the general solution g: S— G of the functional equation g(x
+ y)+ g(x+ oy) = 2g(x) for all x,ye S is given by g(x) = ¢(x)+ a for
all xe S, where aeG is an arbitrary constant and ¢ : S — G is an
arbitrary additive function with @(x) = - ¢(ox) for all xe S.

4. A generalization of quadratic Equation

In this last section of this paper we find the general solution of a
generalized quadratic functional equation from which we can get theorem 3
in [2] as a corollary of our result.

Theorem 4.1

Let (S1,+), (S2,*), -..... (Sn,*+) be additive semigroups and let H be an
abelian group, uniquely divisible by 2. Suppose that for i = 1, 2,......n, o; is
an endomorphism of S; with ocj(o;x;) = x; for all x;e S;. then the general
solution k: S;x S;x...x S, — H of the functional equation
k(xi+yi, X+ Y2, ... , Xn T Vo) + k(Xi+ 01 Vi, X2+ G2Y2, o.u.. , Xp + Op
Vo) = 2k(x1, X2, ..., Xn) + 2k(y1, ¥2,..., Vo) for all (x;, Xo,..., %), (Vi, Y2+ V)
inS;x Sx..x S, (1)
is given by k(x; ,xo,... ... , Xn) = B((x1, x1),(X2, X2) ,... ... ,(Xn, Xn) ) T (X
XDyt ,Xn) for all (x;, X2, ...Xp)€ S;xSpx..x S, . . (1 7)
where B : (S;x S;) x(S:% Sg)X X (Sex Sp) —»H and(p S;XSZX XS,
— H are arbitrary functions with the properties: B( (xi, t1),(x2, t2),...... ( Xa,
ta) ) = B((t1, x1),(t2, X2),...... ,(to, Xn) ), B( X1+ y1, t),( X2+ Y2, t2),...... ,(Xn+
Vo, tn) ) = B( (x1, t1),(X2, t2),...... , (X, t) )+ B((y1, t),(y2, t2),...... (Yo, th)
), B((x1, tit yi1),(X2, 2+ y2),...... ,(Xn, tt Vo) ) = B((x1, t1),(X2, t2),...... ,( Xn,
t) ) + B((x1, y1),(X2, ¥2),...... (X0, Yu) ), B((01X1, y1),( 02X2, ¥2),.. ... ,( O Xu,
yn)) = - B( (X1 s _YJ),(XZ, _YZ), """ s (XID yH) )9 (P(XJ Ty, X2t Y2, Xt yH) =
OX1 5 X200 Xn) + OV1, Y2,.. Vo) and o(x; ,xo,... ... , Xn) = Q(01X1, O2X2,...... s
onXn) for all (x;1, X2,...,%n). (Y1, Y2,--» Ya) @nd (t;,ta,.. ,ty) in S;x Sy X...x S,

Proof:

In the proof we let (xi, Xa,..., Xn), (Y1, Y2,--., ¥n) and (t1, ta,.., t,) to be
any elements in S;x SyX...x S,

First we show that (17) is a solution of (16). We use (17) and the
given properties of B and ¢ to get, k(x;+ yi, X2+ y2,..., Xa+ yn) + k(x; +
O1Y1, X2+ 02y2,..., Xat Onyn) = B( (X1 +y1, X1+ y1), X2+ y2, X2+ y2), ...,(Xa
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+ Vo, Xo T Vn) ) T 0(X1 + y1, X2+ yo,..., Xn T yn) + B( (X1 + 61y1, X1+ 01y1), (X2
+ 02y2, X2 T G2¥2),. .., (Xn+ On¥n, Xn T OnyYn) + ©( X1 + G1Yy1, X2 + O2Y2,..., Xn T
Gn}’n) = B( (le Xl)v (X2v X2)v "'v(Xnv Xn) ) + B( (le yl)v (X2v Y2),-.-,(Xn, yn) ) +
B( (ylv Xl)v (y2v X2)v "'v(ynv Xn) ) + B( (ylv yl)v (y2v y2)v "'v(ynv yn) ) + (P(le
X2,..., Xn) T O(V1, ¥2,..., ¥n) + B( (x1, X1), (X2, X2),..., (Xn, Xn) ) + B( (x1,
Gl}’l), (X2v 02}’2),-~-, (Xnv GnYn) ) + B( (Glylv Xl)v (Gz}’z, X2)v"'v (Gn}’n, Xn) ) +
B( (o1y1, 61y1), (02y2, 62¥2),- -+, (On¥n, OnYn) )+ @( X1, X2,..., Xn) + @(01y1,
02Y2,...,0nYn) = 2 B((x1, X1), (X2,X2), ...,(Xn, Xn) ) + 2 B((x1, y1), (X2,
Y2),-.-,(Xn, yn) ) + B( (ylv yl)v (y2v y2)v "'v(ynv yn) ) + 2 B( (Glylv Xl)v (Gz}’z,
X2)v"'v (Gn}’n, Xn) ) + ( (Glylv Gl}’l), (Gz}’z, 02}’2),-~-, (Gn}’n, GnYn) ) +2 (P( X1,
X2,.00sXn) T 2 0(Y1, V2,000, Yo) = 2 [ B((x1, X1), (X2, X2), ...,(Xn, Xn) ) + ¢(
X1, X25.00 Xn) ] + B( (ylv yl)v (y2v y2)v"'v(ynv yn) ) - B((ylv Gl}’l), (y2v
Gz}’z),. o) (ynv GnYn) ) +2 (P(Yh y2,...s yn)
= 2k(X1, X2y eey Xn) +2 [B( (ylv yl)v (y2v y2)v"'v(ynv yn) ) + (P(Yh Y2,...s yn) ]
= 2 k(xi1, X2, ..., Xn) T 2 k(y1, ¥2,...,yn). Hence (17) is a solution of (16).
Conversly, we assume that k is a solution of (16) and we shall show
that h has the form (17) with the properties in the theorem. In (16), for each i
=1, 2,...n, replace yi by o;y; and use the property ci(ci(yi)) = vi to get, k( x;
+ 01y1, X2+ 02¥2,..., Xn T On¥n) + k(X1 +y1, X2 + y2,..., Xn + ¥a) = 2k(x1,
X2,..., Xn) t 2k(o1y1, 62y2,..., Onyn). Hence by (16), 2k(xi, Xa,..., X5) +
2k(o1y1, G2Y2,.. ., OnYn) = 2k(X1, X2, ..., Xn) T 2k(Y1, Y2,-.., ¥n).
However G is an abelian group that uniquely divisible by 2, then we have,
K(G1Y1, 02Y2,- 5 00Yn) = K(V1, ¥25evs ¥i) coveennenneeneeienneeneennaniieenans (18).

Also in (16), for eachi=1, 2,...n, we replace first x; by x; +t; and
then by x; + oitj, to get k(x; + ti+yi,, o+ t2+ y2,..., Xn T ta+ya) + k(x;+
ti+ o1y1, Xo t 2+ 02y2,..., Xn F th + Onyn) = 2k(x1t+ t, Xot o, ..., Xt ty) +
2k(ylv Y2,...s Yn),

k(X] + oiti+ y1, X2+ o2ty + y2,..., Xp T Optp t yn) + k(X] + o1ti+ o1y1, Xp +
Oty + 02¥2,..., Xn T Onta + Onyn) = 2k(x1+ o1ty, XoF Oota, ..., Xpt Optn) +
2k(Y1, Y25- -5 Yn)-

By subtraction we obtain k(x;+ t;+ yi, Xo+ ta+ y2,..., Xopt ta T yn) +
k(X] + t1+ o1y1, Xot to + 62y2,..., Xp T th + Gnyn) - k(X] +oitit y1, Xo+ oxta +
V2y.evy Xn T Ontn + Yn) - k(x; + oiti+ o1y1, X2 + otz + G2Y2,..., Xn + Opty +
onyn) = 2 [ k(xi+ t1, xot+ to, ..., Xq+ tn) -k(X;+ O1t1, XoF Oaty, ..., Xnt+ Onty) |.

Hence [ k(X] thty,Xtthtyy,..., Xpttht yn) - k(X] + oi1tit+ yi, X2
+ ooty + Va,..., Xnt Ontn T ya) | + [K(X1 + t1+ 01y1, X2+ 2+ 02y2,..., Xn+ th +
OnYn) - k(X; + o1t1+ o1y1, X2 + Gota + G2Y2,..., Xn  Onta+ Onyn) 1 = 2 [ k(x1+
t1, Xot+ to, ..., Xpt tn) -k(X1+ oity, Xot+ ooty ..., Xyt Gntn) ] which can be
written as,
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h((xi+y1, t1), (X2ty2, t2),..., (Xn+ Ya), tn)) + h((xito1y1, t1), (X2 t02y2, 12),...,
(Xt Gayn)s 1) = 2 (X1, £1)s (X2 2)sros (Koo ©0)) worermrnrmnmro (19),
where h((xi, t1), (X2, t2),..., (Xn, tn)) = Y4 [K(x1+ t1, XoF to, ..., Xp+ ty) - k(X +
o1t1, Xot+ ooty, ..., Xpt Gntn) ] =1 [k(X1+ t1, Xot to,..., Xyt tn) - k(X], X2yenus Xn)
K(tr, ey 1) Tonenn (20).

According to Theorem3.2 we have h( (xi, t1), (X2, t2), ...,( Xn, tn) )
= B( (X1, t1), (Xz, tz), cens (Xn, tn) ) + a(t1, t,.., tn) where a: S;x S, x...x
S, — H and
B 1 (S1x Sp) x((Syx Sp) x...x (Spx Sy) — H are arbitrary functions with the
properties B((x; + y1, t1), (X2 + y2, t2), ..., (Xn + ¥n, tn)) = B((x1, 1), (X2,
t2),...,(Xn, tn)) + B((y1, t1), (V2, t2),...,(Vn, tn)) and B((xy, t1), (X2, t2),...,(Xn, tn
)) = -B((o1x1, t1), (02X2, t2),...,(Xn, Onts)). Hence by using these properties we
have
h((X], t1), (Xz, tz),...,( Xn, th )) + h((G]X], t1), (GzXz, tz),..., (Xn, Cn ty )) =2
a(ty, ta,.., tn).

From (20) one can easly see that h((xi, t1), (X2, t2),...,(Xn, tn)) =
h((t1, x1), (t2, X2), ...,( tn, Xn)). By using (18) and (20) we have h( (xi, t1), (X2,
tz),...,( Xn, tn) ) =- h((G]X],'[]), (GzXz, tz), e, (Xn, (o tn) ) So that a(t1, t,..,
t,) = 0 which implies that h( (xi, t1), (X2, t2),...,(Xn, tn) ) = B( (x1, t1), (X2,
t2),...,(Xn, tn) ).

Thus B( (x4, t1), (X2, t2), ...... , (X, tn) ) = B((t1, x1), (t2,%2), ...... , (tn, Xn))
and

B((x1, t1+ Y1), (X2, to yz), ey (Xp, tat yn)) = B((x1, t1), (X2, tz),...,( Xn, tn) ) +
B((le yl)v (X2v y2)v cees (Xnv yn))

For each i =1, 2,...n, in (16) replace yi by x; and in (20) replace t;
by xi to get, k(2x, 2Xa, ..., 2X,) + K( X; + 01X, X2+ 02X2, ..., Xn+ On Xp ) =
4k(x1, X2, ..., Xn), and h((xi, x1), (X2, X2),..., (X0, X)) = %2 k(2xy, 2%,...,
2X,) - k(x1, X2,..., Xn). Together
h((x1, x1), (X2, X2),..., (Xn, Xn)) = k(Xi, X2,...,Xn) - Y2 kK( X; + 01X, X2+ G2Xa,
..., Xp T0pXy). Hence k(xi, Xa,....Xn) = B((X1,X1), (X2, X2),...,(Xn , X))
+2k(x1+01X1, X2+62X2,.. ., Xy TOnXy).

To end we define ¢ : S;xS,x...x S, — H by o(x;,x2, ..., Xn) = 2 k( x; +
01X, X2+ 02X, ..., Xp TOnXp).

Finally we show that o(x; + y1, X2+ ¥2,..., Xa + ¥a) = 0(X1, X2,..., Xn)

+ (p(}’h Y2,..., yn) and (p(X1 19, G JS , Xn) = (p(($1X1, 02X0yevvnnn , Gan).
For each i =1, 2,...n, replace x; by x; + 6x; and y; by y; + cy; in (16) and use
ci (oiyi) = yi to obtain,
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k( x; +o1X1+ y11+61y1, X2 + 02Xo+ Yot G2y2,..., Xn TOnXn + YntOnyn ) = k( x5 +

01X1, X2 + 02X2, ..., Xnt On Xn) + k( y1+ 01y, Y2+ 02¥2, ..., Yo+ On Va ).
Hence

ox1t+yL X2t y2,..., Xnt Yn) = 0(X1, X2,..., Xn) T O(Y1, Y2,-.., ¥n). By using o;
(oix; ) = x; we have, @(o1x;, G2Xa,...... , OnXn) = O(X] ,X2,... ... , Xn). Thus k

has the requiered form.
Therefore, (17) is the general solution of (15).

Hence Theorem 3 in [ 2 ] follows directly from our Theorem 4.1
above.

Corollary 4.2 [2, Theorem 3 |

Let (S,+) be an additive semigroup and let H be an abelian group,
uniquely divisible by 2. Suppose that o is an endomorphism of S with o(ox)
= x for all xe S. Then the general solution k: S — H of the functional
equation
k(x+y) + k(x+oy) =2k(x;) + 2k(y) forall x,y in S is given
by
k(x) = B(x, x)+ ¢(x) for all xe S, where B: Sx S — H is an arbitrary
symmetric biadditive function with B(ox, y) =-B(x,y) and ¢ : S — His
an arbitrary additive function with ¢(x) = ¢( ox).
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