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Abstract

A relativistic classical spinning-point particle is studied as a second-order
singular Lagrangian system using the canonical formulation. The equations
of motion are total differential equations in many variables. These equations
of motion are in exact agreement with those obtained using Dirac’s method.
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1 Introduction

The Hamiltonian formulation of singular Lagrangian systems was initiated
by Dirac [1]. He obtained the equations of motion of a singular Lagrangian
systems by using the consistency conditions. He also showed that the number
of degrees of freedom of the mechanical system can be reduced.Recently,
an alternative method is the Hamilton-Jacobi formulation, or the canonical
method which is developed by Güler [2-4]. Güler used the Hamilton-Jacobi
equations to obtain the equations of motion as total differential equations.
Now, a brief review of this approach will be introduced. If the rank of the
Hessian matrix

Aij =
∂2L

∂q̇i∂q̇j
, i, j = 1, ..., n (1)

is n−m, m < n, then the system will be singular, otherwise it will be regular.
The standard definitions of linear momenta are

pa =
∂L

∂q̇a
, a = 1, ...,m (2)

pµ =
∂L

∂q̇µ
, µ = m + 1, ..., n. (3)

In this formulation the usual Hamiltonian H0 is defined as

H0 = −L + pawa − q̇µpµ. (4)

Therefore, the equivalent Lagrangian method is used to obtain the set of
Hamilton-Jacobi partial differential equations (HJPDEs) as

H ′
α(tβ , qa,

∂S

∂qa
,

∂S

∂tβ
) = 0, α, β = 0, 1, ...,m (5)

where
H ′

α = Hα + pα (6)

The equations of motion are given as total differential equations in variables
tβ ,

dqa =
∂H ′

α

∂pa
dtα, dpµ = −∂H ′

α

∂qa
dtα, (7)

dpµ = −∂H ′
α

∂qµ
dtα, dz = (−Hα + pa

∂H ′
α

∂pa
)dtα, (8)

where
z = S(tα, qa). (9)

In Ref.[4,5], a third method depends on Lagrangian formulation was devel-
oped to study the singular systems. here, the Euler-Lagrange equation for
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field system is used to obtain the equations of motion for the singular system.
since there are additional constraints (Eqn.5) given in the phase space, they
should also appear as constraints in the configuration space. The Euler-
Lagrange equation for singular Lagrangian system are given in the form,
[4,5]

∂

∂xµ
(

∂L′

∂(∂µqa)
)− ∂L′

∂qa
= 0, ∂µqa =

∂qa

∂xµ
, (10)

with constraints

dGµ = − ∂L′

∂xµ
dt, dG0 = −∂L′

∂t
dt, µ = 0, n−m + 1, ..., n. (11)

Here the modified Lagrangian L′ is defined as

L′(xµ, ∂µqa, ẋµ, qa) ≡ L(xµ, qa, q̇a = (∂µqa)ẋ), (12)

and
Gµ = H(qa, xµ, pa =

∂L

∂qa
). (13)

The solution of equation (10) with the constraint equation (11) gives us the
solution of the system. In this paper we will study a system of the interaction
of a charged particle of charge e with electromagnetic field.

2 Treatment of the interaction of a relativistic
particle of charge e moving in an external
electromagnetic field as a contentious sys-
tem

We consider the singular Lagrangian of a complete system of particle and
the electromagnetic field

L = −mc(q̇µq̇µ)
1
2 − e

c
Aµq̇µ − 1

4
FµνFµν . (14)

This singular Lagrangian can be treated as continuous system in the form

q1 = q1(q0, τ), q2 = q2(q0, τ), q3 = q3(q0, τ). (15)

The time derivatives of (15) takes the form

q̇1 =
∂q1

∂τ
+

∂q1

∂q0
q̇0, q̇2 =

∂q2

∂τ
+

∂q2

∂q0
q̇0, q̇3 =

∂q3

∂τ
+

∂q3

∂q0
q̇0. (16)

The Euler-Lagrange equation of the continuous system is

3



∂

∂xµ
[

∂L′

∂(∂µqa)
]− ∂L′

∂qa
= 0, (17)

where xµ ≡ q0, τ and qa ≡ q1, q2, q3. By substituting (16) into (14) the
modified Lagrangian L′ is

L′ = −mc[q̇2
0 − (

∂qa

∂τ
+

∂qa

∂q0
q̇0)(

∂qa

∂τ
+

∂qa

∂q0
q̇0)]

1
2 − e

c
q̇0A0

+
e

c
(
∂qa

∂τ
+

∂qa

∂q0
q̇0)Aa −

1
4

FµνFµν . (18)

Euler-Lagrange equation (17) becomes

∂

∂τ
[

∂L′

∂(∂qa

∂τ )
] +

∂

∂q0
[

∂L′

∂(∂qa

∂q0
)
]− ∂L′

∂qa
= 0. (19)

Explicitly,

∂

∂τ
[mc(

∂qa

∂τ
+

∂qa

∂q0
q̇0)B +

e

c
Aa] +

∂

∂q0
[mc(

∂qa

∂τ
+

∂qa

∂q0
q̇0)B +

e

c
Aa]q̇0

+
e

c
q̇0

∂A0

∂qb
− e

c
[
∂qb

∂τ
+

∂qb

∂q0
q̇0]

∂Ab

∂qa
+

1
4

∂

∂qa
(FµνFµν) = 0, (20)

where
B = [q̇2

0 − (
∂qa

∂τ
+

∂qa

∂q0
q̇0)(

∂qa

∂τ
+

∂qa

∂q0
q̇0)]−

1
2 (21)

The constraints equations (10) read as

dGµ = − ∂L′

∂xµ
dt, (22)

dG0 = −∂L′

∂τ
dt = 0, (23)

where ∂L′

∂τ = 0 because L′ is a function of q0, so qa become function of q0

only and one can treat q0 as τ . Thus equation (20) takes the form

d

dq0
[mc(

dqa

dq0
)B′ +

e

c
Aa] +

e

c

∂A0

∂qa
− e

c

dqb

dq0

∂Ab

∂qa
+

1
4

∂

∂qa
(FµνFµν) = 0, (24)

where
B′ = [1− (

dqb

dq0
)(

dqb

dq0
)]−

1
2 (25)

In order to test the validity of the equations of motion (24), let us consider
the following simple examples from the electrodynamics.
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i- Motion in a uniform electric field
Consider the motion of a particle, initially at rest in a uniform electric field
directed along the x-axis, that is

E = Ex̂, (26)

where E is constant. In this case the non-zero component of Aµ is A0 = φ.
And q0 ≡ ct, q1 ≡ x, q2 ≡ y, q3 ≡ z. Thus the equation (24) becomes

d

dt
{mdx

dt
[1− v2

c2
]−

1
2 } = −e

∂φ

∂x
= eE, (27)

d

dt
{mdy

dt
[1− v2

c2
]−

1
2 } = 0, (28)

and
d

dt
{mdz

dt
[1− v2

c2
]−

1
2 } = 0. (29)

Integrating equations (27), (28), and (29), one gets

m
dx

dt
[1− v2

c2
]−

1
2 = eEt + c1, (30)

m
dy

dt
[1− v2

c2
]−

1
2 = c2, (31)

and

m
dz

dt
[1− v2

c2
]−

1
2 = c3, (32)

where v2 = ẋ + ẏ + ż, and c1, c2, c3 are constants. If we choose the initial
conditions as c1 = 0, c3 = 0, the solutions of equations (30), (31), and (32)
become

x =
c2

eE
[(eEt)2 + m2c2 + c2

2]
1
2 (33)

y =
c2c

eE
sinh−1 eEt√

m2c2 + c2
2

, (34)

z = constant (35)

ii- Motion in a uniform magnetic field
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Consider a constant magnetic field B = Bẑ in the positive z-direction.
therefore the components of the vector field A are

A1 = Ax = −1
2
By, A2 = Ay =

1
2
Bx, A3 = Az = 0

with
q1 ≡ x, q2 ≡ y, q3 ≡ z, q0 = ct, A0 = 0.

Thus, equations (24) read as

d

dt
{mdx

dt
[1− v2

c2
]−

1
2 − eB

2c
y} − eB

2c

dy

dt
= 0, (36)

d

dt
{mdy

dt
[1− v2

c2
]−

1
2 +

eB

2c
x}+

eB

2c

dx

dt
= 0, (37)

d

dt
{mdz

dt
[1− v2

c2
]−

1
2 } = 0. (38)

Integrating equations (36), (37), and (38) we get

m
dx

dt
[1− v2

c2
]−

1
2 =

eB

c
y + c1, (39)

m
dy

dt
[1− v2

c2
]−

1
2 = −eB

c
x + c2, (40)

m
dz

dt
[1− v2

c2
]−

1
2 = constant. (41)

by letting c1, c2 = 0 and solving equation (39) together with (40) we get,

x2 + y2 = c, (42)

where c is constant. From the above equations, the particle moves along a
helix, [7].

iii- Motion in constant, uniform electric and magnetic fields
Finally, we consider the motion of a charge in the presence of both electric
and magnetic fields, each of them is constant and uniform. Let us choose
the direction of the magnetic field to be in the positive z-direction. Thus the
components of the vector potential A are

Ax = −1
2
By, Ay =

1
2
Bx, Az = 0, A0 = φ(y, z) (43)

Equation (24) becomes

d

dt
{mdx

dt
[1− v2

c2
]−

1
2 − eB

2c
y} − eB

2c

dy

dt
= 0, (44)
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d

dt
{mdy

dt
[1− v2

c2
]−

1
2 +

eB

2c
x}+

eB

2c

dx

dt
+ e

∂φ

∂y
= 0, (45)

d

dt
{mdz

dt
[1− v2

c2
]−

1
2 }+ e

∂φ

∂z
= 0, (46)

where ∂φ
∂y = −Ey and ∂φ

∂z = −Ez. The integration of equations (44), (45),
and (46) respectively are

m
dx

dt
[1− v2

c2
]−

1
2 − eB

c
y = C1, (47)

m
dy

dt
[1− v2

c2
]−

1
2 +

eB

c
x− eEyt = C2, (48)

and

m
dz

dt
[1− v2

c2
]−

1
2 = eEzt + C3, (49)

where C1, C2, and C3 are constants. If the particle starts from rest at t = 0,
then the solution of (47) and (48) together is

x2 + y2 = (
eEyvx

mω
)t2, (50)

where ω = qB
mc . Here we take vx = dx

dt = constant, where Ex = 0. One
observes that the particle moves in a helix with radius varies with time. Let
us take a special case where the velocity of the charge is less than c, i.e
v << c. In this case equations (47), (48), and (49) become

dx

dt
=

eB

mc
y ≡ ẋ, (51)

dy

dt
= −eB

mc
x +

eEyt

m
≡ ẏ, (52)

dz

dt
=

eEz

m
t + C3 ≡ ż. (53)

Combining eqn. (51) with (52) to get

d

dt
(ẋ + iẏ) + iω(ẋ + iẏ) = i

eEy

m
. (54)

Solving (54) one gets

ẋ = acosωt +
qEy

mω
, (55)

ẏ = −asinωt. (56)
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The components of velocity vx, vy are periodic functions of time. In addition
we have

ż =
eEz

m
t + C ′

3 = vz. (57)

That is, the z-component of velocity is increasing with time. Integrating
equations (55), (56), and (57), with choosing the constants of integration
such that at t = 0, x = y = z = 0, we obtain

x =
qEy

mω
[t− sinωt] (58)

y =
qEy

mω
[1− cosωt] (59)

z =
eEz

2m
t2 + v0zt. (60)

We observed that the particle moves in a cycloid trajectory in the x−y plane
in the limit of v << c.

3 Conclusion

The complete system of a particle and electromagnetic field is discussed by
using the canonical method, [2], [3]. The treatment of a singular Lagrangian
as field or continuous system is an alternative formulation to study the sin-
gular Lagrangian systems.

Our proposal to treat singular Lagrangian system as field system leads
us to the ordinary classical electromagnetic. This has been done for the
relativistic case and the case where v << c. The Euler-Lagrange equation
for field system is used to obtain the equations of motion for singular La-
grangian system.

Examples from classical electromagnetic are evaluated by using this treat-
ment, where the final results are in exact agreement with those given in the
canonical method.
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