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Abstract
In this article, we studied the usage of the one-to-one correspondence

between a given Painlevé equation and a certain second-order second-
degree Painlevé-type equation to derive the Bäcklund transformations
for the given Painlevé equation. We showed that all basic Bäcklund
transformations of the second, third, and fourth Painlevé equations can
be derived by using the one-to-one correspondences between these equa-
tions and the Cosgrove’s SD-I equation.

1 Introduction

The Painlevé equations, PI-PVI [1], are the most well known second-order
first-degree equations of Painlevé type. That is, equations whose solutions are
free from movable critical points. The equations PI-PVI can not be solved in
terms of the known functions. Thus they define new functions called Painlevé
transcendents.

It is well known [2], ...,[13] that PII-PVI admits Bäcklund transformations
that map solutions of a given Painlevé equation to solutions of the same equa-
tion but with different values of the parameters.

There are several methods to derive these transformations. One of these
methods is the using of second-order second-degree Painlevé-type equation.



Assume that there is a one-to-one correspondence between solutions v(z; α) of
a given Painlevé equation and solutions u(z; a) of a second-order second-degree
Painlevé-type equations. The basic idea is to find two sets of parameters α
and ᾱ which give the same solution u(z; a). Thus we have two one-to-one
correspondences between u(z; a) and both v(z; α) and v̄(z; ᾱ), where v̄(z; ᾱ) is
a solution of the given Painlevé equation with parameter ᾱ. Now eliminating
u(z; a) between theses two one-to-one correspondences, we obtain Bäcklund
transformation for the given Painlevé equation. This method was first used in
[4] and only two examples were given, one for PIII and another one for PVI.

An important second-order second-degree equations is the Cosgrove’s SD-I
equation[14]

(u′′)2 = −4(c1z
3 + c2z

2 + c3z + c4)
−2

[
c1(zu

′ − u)3

+c2u
′(zu′ − u)2 + c3(u

′)2(zu′ − u)
+c4(u

′)3 + c5(zu
′ − u)2 + c6u

′(zu′ − u)

+c7(u
′)2 + c8(zu

′ − u) + c9u
′ + c10

]
.

(1)

Equation (1) splits naturally into six canonical subcases SD-I.a,..,SD-I.f. The
first five subcases can be solved in terms of the Painlevé transcendents while
the last one can be solved in terms of elliptic function [14].

In this article, we will use the subcases SD-I.d, SD-I.c, and SD-I.b of SD-I
to derive all the basic Bäcklund transformations of PII, PIII, and PIV respec-
tively. We will study all possible cases and explain how one can obtain the
inverse of the transformation in a very simple way.

2 Bäcklund transformations of PII

Let v(z; α) be a solution of the second Painlevé equation, PII,

v′′ = 2v3 + zv + α, (2)

and let u(z; a) be a solution of the SD-I.d equation [14, 15]

(u′′)2 = −4(u′)3 − 2u′(zu′ − u) + a. (3)

Then there is a one-to-one correspondence between v and u given by

2u = (v′)2 − v4 − zv2 − 4µv − z2

4
, (4)

and
4u′ = −(2εv′ + 2v2 + z), (5)
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where a = µ2, 4µ = 2α + ε, and ε = ±1. Substituting v′ from (5) into (4), we
obtain the following quadratic equation for v

(2u′v − µ)2 = −4(u′)3 − 2u′(zu′ − u) + a. (6)

The aim is to find two values α and ᾱ that give the same value of a and hence
the same value of u. Firstly, it should be noted that the two values of ε give
two one-to-one correspondence between u and v. That is, in addition to the
one-to-one correspondence (5,6), there is a one-to-one correspondence given by

4u′ = −(−2εv′ + 2v2 + z), (7)

and
(2u′v − µ̂)2 = −4(u′)3 − 2u′(zu′ − u) + a., (8)

where 4µ̂ = 2α− ε. Therefore, in order to derive Bäcklund transformations for
PII, we should find two sets of parameters {α, ε} and {ᾱ, ε̄} , where ε̄ = ±ε,
which give the same value for a.

Assume that there is two sets of parameters {α, ε} and {ᾱ, ε̄} that give the
same value for a , and let v̄ = v(z; ᾱ). Then, there is one-to-one correspondence
between u(z, a) and v̄ = v(z; ᾱ) given by

(2u′v̄ − µ̄)2 = −4(u′)3 − 2u′(zu′ − u) + a, (9)

and
4u′ = −(2ε̄v̄′ + 2v̄2 + z). (10)

Subtracting (6) from (9), we get

[2u′(v̄ + v)− µ− µ̄][2u′(v̄ − v)− µ + µ̄] = 0. (11)

Solving equation (11) for v̄ and substituting u′ from (5), gives transformations
from v to v̄. Moreover, solving equation (11) for v and substituting u′ from
(10), gives transformations from v̄ to v.

Since a = µ2, two sets of parameters {α, ε} and {ᾱ, ε̄} give the same value
of a if and only if µ̄2 = µ2, where µ̄ = 2ᾱ+ ε̄. Thus, we have µ = µ̄ or µ = −µ̄.
Case (1) µ̄ = µ:
In this case, equation (11) becomes

(v̄ − v)[u′(v̄ + v)− µ] = 0. (12)

If v̄ = v, then equations (5) and (10) give ε̄ = ε and hence the transformation
is trivial. If v̄ 6= v, then we have

v̄ + v =
µ

u′
. (13)
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Compatibility with equations (5) and (10) gives ε̄ = −ε. Solving (13) for v̄ and
using (5) to substitute u′ , we obtain the following Bäcklund transformations
for PII

v̄ = −v − 2α + ε

2εv′ + 2v2 + z
, ᾱ = α + ε. (14)

Solving (13) for v and using (10) to substitute u′ , we obtain the inverse of the
transformation (14)

v = −v̄ − 2ᾱ− ε

2ε̄v̄′ + 2v̄2 + z
, α = ᾱ− ε. (15)

Note that when ε = 1, (14) reduces to the well known Bäcklund transformation
of PII [4] and when ε = −1, (14) gives the inverse of this transformation.
Case (2) µ̄ = −µ:
In this case, equation (11) becomes

(v̄ + v)[u′(v̄ − v) + µ] = 0. (16)

When v̄ = −v, equations (5) and (10) give ε̄ = −ε. Therefore we get the well
known Lie-point symmetry of PII [4]

v̄ = −v, ᾱ = −α. (17)

When v̄ + v 6= 0, equation (16) gives

v̄ = v − µ

u′
, (18)

where u′ is given by (5). In this case, equations (5) and (10) give ε̄ = ε and
hence ᾱ = −α − ε. It should be noted that the transformation (18) can be
obtained by combining the transformations (14) and (17).

3 Bäcklund transformations of PIII

Let v(z; α, β, γ, δ) be a solution of the PIII equation

v′′ =
1

v
(v′)2 − 1

z
v′ + γv3 +

1

z
(αv2 + β) +

δ

v
. (19)

Then, the equations [14, 15]

u =
1

16v2
[(zv′ − v)2 − γz2v4 − 2µzv3 + 2βzv + δz2], (20)

and

u̇ = − 1

8z
[
√

γ(zv′ − v) + γzv2 + µv], (21)
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give a one-to-one correspondence between solutions v(z; α, β, γ, δ) of PIII and
solutions u(x; a, b, c) of the SD-I.b equation

x2(ü)2 = −4(u̇)2(xu̇− u)− a(xu̇− u) + bu̇ + c, (22)

where x = z2, a =
γδ

16
, b =

βµ

16
, c =

1

256
(γβ2 − δµ2), µ = α + 2

√
γ. Elim-

inating v′ between (20) and (21) we obtain the following quadratic equation
for v

(2Av + B)2 = ∆, (23)

where
A = γ(xu̇− u) + µ2

16
, B = z(µu̇ + γβ

8
),

∆ = 4γx[−4(u̇)2(xu̇− u)− a(xu̇− u) + bu̇ + c].
(24)

In order to find Bäcklund transformations for PIII, one has to find two
sets of parameters {α, β, γ, δ} and {ᾱ, β̄, γ̄, δ̄} which give the same values for
a, b, c and hence the same value of u. Thus, we should have

γ̄δ̄ = γδ, µ̄β̄ = βµ, γ̄β̄2 − δ̄µ̄2 = γβ2 − δµ2. (25)

Assume that γ̄µ̄ 6= 0. Then solving (25.a) and (25.b) for δ̄ and β̄ and
substituting in (25.c), we get

(γµ̄2 − γ̄µ2)(β2γ̄ + δµ̄2) = 0. (26)

Therefore, there are two cases to be considered: (1) γµ̄2−γ̄µ2 = 0 and (2) β2γ̄+
δµ̄2 = 0. If v̄ = v(ᾱ, β̄, γ̄, δ̄), then we have

(2Āv̄ + B̄)2 =
γ̄

γ
∆, (27)

where

Ā =
γ̄

γ
A +

1

16γ
(γµ̄2 − γ̄µ2), B̄ =

µ̄

µ
B − βz

8µµ̄
(γµ̄2 − γ̄µ2) (28)

Therefore, (23) and (27) give

γ(2Āv̄ + B̄)2 = γ̄(2Av + B)2. (29)

Case (1) γµ̄2 − γ̄µ2 = 0 :

Let k =
µ

µ̄
. Then

Ā =
1

k2
A, B̄ =

1

k
B, γ̄ =

γ

k2
, δ̄ = k2δ, β̄ = kβ, (30)
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and (29) gives

2Āv̄ + B̄ = ±1

k
(2Av + B). (31)

Transformation (31) with positive sign is compatible with (21) if
√

γ = k
√

γ̄.
Thus we obtain the transformation

v̄ = kv, ᾱ =
α

k
, γ̄ =

γ

k2
, δ̄ = k2δ, β̄ = kβ. (32)

If k = 1, then the transformation is trivial. If k = −1, then (32) give the well
known Lie-point symmetry of PIII [4].

Transformation (31) with negative sign is compatible with (21) if
√

γ =
−k
√

γ̄. Thus we obtain the transformation

v̄ = −k(v +
B

A
),

ᾱ = kα + 4k
√

γ, γ̄ =
γ

k2
, δ̄ = k2δ, β̄ = kβ,

(33)

where A and B are given by (24).
When k = −1, this transformation is reduced to the well known Bäcklund

transformations for PIII [6]

v̄ = v +
2v2[

√
γµ(zv′ − v) + µγzv2 + µ2v − γβz]

[
√

γ(zv′ − v) + γzv2]2 − µ2v2 + 2γβzv + δγz2
,

ᾱ = −(α + 4
√

γ), β̄ = −β, γ̄ = γ, δ̄ = δ,

(34)

The general case k 6= −1 can be obtained by combining the transformations
(32) and (34).
Case(2) β2γ̄ + δµ̄2 = 0:

Let k = ±
√

γ̄√
γ

. Then we have

µ̄ =
εβ
√

γ̄√−δ
, β̄ =

εµ
√−δ√

γ̄
, δ̄ =

δ

k2
, (35)

where ε = ∓1. Moreover, (29) gives

2Āv̄ + B̄ = k(2Av + B). (36)

This is the known transformation

v̄ =
1

k
v +

[k(α + 2
√

γ)− (εβ
√

γ̄/
√−δ)]v2

k2√γ[zv′ − v +
√

γzv2 + (β/
√−δ)v −√−δ]

,

ᾱ = 1√
γ̄
(2− εβ/

√−δ), β̄ =
ε
√−δ(α + 2

√
γ)√

γ̄
, δ̄ =

γδ

γ̄
,

(37)
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of PIII [4].
If µ̄ = γ̄ = 0, then PIII is solved explicitly [4]. If γ̄ = 0 and µ̄ 6= 0 or γ̄ 6= 0

and µ̄ = 0, then one obtains special cases of the transformation (32).

4 Bäcklund transformations of PIV

In this section, we will study BT for the Painlevé IV equation, PIV,

v′′ =
1

2v
(v′)2 +

3

2
v3 + 4zv2 + 2(z2 − α)v +

β

v
. (38)

Let 3µ = α− ε, where ε = ±1. Then, the transformations

u =
1

8v
[(v′)2 − v4 − 4zv3 − 4(z2 − 3µ)v2 + 8µzv + 2β], (39)

and

u′ = −1

2
(εv′ + v2 + 2zv − 2µ), (40)

give one-to-one correspondence between PVI and the so called SD-I.c equation
[14]

(u′′)2 = −4(u′)3 + 4(zu′ − u)2 + au′ + b, (41)

where a = 2(6µ2 − β) and b = −4µ(2µ2 + β). Equation (39) can be replaced
by

(2Av + B)2 = ∆, (42)

where
A = 2(u′ + 2µ), B = 4(zu′ − u),
∆ = −16(u′)3 + 16(zu′ − u)2 + 4au′ + 4b.

(43)

Two sets of parameters {α, β} and {ᾱ, β̄} give the same solution u(z, a, b) of
(41) if

6µ̄2 − β̄ = 6µ2 − β, µ̄(2µ̄2 + β̄) = µ(2µ2 + β). (44)

Eliminating β̄ between (44.a) and (44.b), we get

(µ̄− µ)[β + 2(2µ̄ + µ)2] = 0. (45)

Therefore, we should distinguish between two cases: µ̄−µ = 0 and β +2(2µ̄+
µ)2 = 0. Since the two sets of parameters {α, β} and {ᾱ, β̄} give the same
value for u, there is a one-to-one correspondence between u and v̄ = v(z; ᾱ, β̄)
given by

u′ = −1

2
(εv′ + v2 + 2zv − 2µ), (46)
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and
(2Āv̄ + B̄)2 = ∆̄. (47)

Since ∆̄ = ∆, equations (42) and (47) give

(2Āv̄ + B̄)2 = (2Av + B)2, (48)

and hence

(2Āv̄ + B̄ − 2Av −B)(2Āv̄ + B̄ + 2Av + B) = 0. (49)

Now, using Ā = A + 4(µ̄− µ) and B̄ = B, we obtain

[A(v̄ − v) + 4(µ̄− µ)v̄][A(v̄ + v) + 4(µ̄− µ)v̄ + B] = 0. (50)

Case(1) µ̄− µ = 0:
In this case, (50) becomes

(v̄ − v)[A(v̄ + v) + B] = 0. (51)

Therefore, in addition to the trivial transformation v̄ = v, we have the trans-
formation

v̄ = −v − A

B
. (52)

Compatibility with (40) implies ε̄ = −ε. Therefore, we have the following well
known transformation of PIV [3]

v̄ = − (εv′ + v2 + 2zv)2 + 2β

2v(εv′ + v2 + 2zv − 2α + 2ε)
, ᾱ = α− 2ε, β̄ = β. (53)

Case(2) µ̄− µ 6= 0:
In this case, (50) becomes

[A(v̄ − v) + 4(µ̄− µ)v̄][A(v̄ + v) + 4(µ̄− µ)v̄ + B] = 0. (54)

When A(v̄− v) + 4(µ̄− µ)v̄ = 0, compatibility with (40) gives ε = ε̄. Thus we
obtain the transformation

v̄ = v +
4(µ̄− µ)v

εv′ + v2 + 2zv − 4µ̄− 2µ
,

ᾱ = 1
4
(6ε− 2α± 3

√−2β), β̄ = −1
8
(2α− 2ε±√−2β)2.

(55)

This transformation can be found in [3, 5]
When A(v̄ + v) + 4(µ̄− µ)v̄ + B = 0, compatibility with (40) gives ε = −ε̄.

Thus we get

v̄ = −εv′ + v2 + 2zv + 4µ̄ + 2µ

2v
,

ᾱ = −1
4
(2ε + 2α± 3

√−2β), β̄ = −1
8
(2α− 2ε±√−2β)2.

(56)

The case ε = −1 is given in [4] while the two cases ε = ±1 are given in [3].
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Vol. 14, p: 567 (2001).

[7] Lukashevich, N., Elementary Solutions of Certain painlevé Equations. ,
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