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Abstract
In this article, we studied the usage of the one-to-one correspondence
between a given Painlevé equation and a certain second-order second-
degree Painlevé-type equation to derive the Backlund transformations
for the given Painlevé equation. We showed that all basic Backlund
transformations of the second, third, and fourth Painlevé equations can
be derived by using the one-to-one correspondences between these equa-

tions and the Cosgrove’s SD-I equation.

1 Introduction

The Painlevé equations, PI-PVI [1], are the most well known second-order
first-degree equations of Painlevé type. That is, equations whose solutions are
free from movable critical points. The equations PI-PVI can not be solved in
terms of the known functions. Thus they define new functions called Painlevé
transcendents.

It is well known [2], ...,[13] that PII-PVI admits Bécklund transformations
that map solutions of a given Painlevé equation to solutions of the same equa-
tion but with different values of the parameters.

There are several methods to derive these transformations. One of these
methods is the using of second-order second-degree Painlevé-type equation.



Assume that there is a one-to-one correspondence between solutions v(z; av) of
a given Painlevé equation and solutions u(z; a) of a second-order second-degree
Painlevé-type equations. The basic idea is to find two sets of parameters «
and @ which give the same solution u(z;a). Thus we have two one-to-one
correspondences between u(z; a) and both v(z; ) and v(z; &), where v(z; @) is
a solution of the given Painlevé equation with parameter &. Now eliminating
u(z; a) between theses two one-to-one correspondences, we obtain Béacklund
transformation for the given Painlevé equation. This method was first used in
[4] and only two examples were given, one for PIII and another one for PVI.

An important second-order second-degree equations is the Cosgrove’s SD-I
equation|[14]

(u")? = —4(c12° + 22 + 32 + ¢4) 2 [cl(zu’ —u)3
oot (zu' — u)? + c3(w)? (20 — w) 1)

te (W) + es(zu’ — u)? + o (20’ — u)

ter(u)? + cg(zu — u) + cou’ + cw}.

Equation (1) splits naturally into six canonical subcases SD-L.a,..,.SD-1.f. The
first five subcases can be solved in terms of the Painlevé transcendents while
the last one can be solved in terms of elliptic function [14].

In this article, we will use the subcases SD-I.d, SD-I.c, and SD-I.b of SD-I
to derive all the basic Backlund transformations of PII, PIII, and PIV respec-
tively. We will study all possible cases and explain how one can obtain the
inverse of the transformation in a very simple way.

2 Backlund transformations of PII
Let v(z; ) be a solution of the second Painlevé equation, PII,
V" = 20° + 20 + a, (2)
and let u(z;a) be a solution of the SD-I.d equation [14, 15]
(u")? = —4(u')® — 2u' (2t — u) + a. (3)

Then there is a one-to-one correspondence between v and u given by

22

Z? (4)

2u = (v')? — vt — 20% — 4pv —

and
du' = —(2e0 + 20° + 2), (5)



where a = p?, 41 = 2 + €, and € = +1. Substituting ¢’ from (5) into (4), we
obtain the following quadratic equation for v

(2u'v — p)? = —4(u)? — 2u/ (2t — u) + a. (6)

The aim is to find two values v and & that give the same value of a and hence
the same value of u. Firstly, it should be noted that the two values of € give
two one-to-one correspondence between u and v. That is, in addition to the
one-to-one correspondence (5,6), there is a one-to-one correspondence given by

du' = —(=2ev + 20% + 2), (7)

and
(2u'v — ) = —4(u)? — 2u/(zu/ — u) +a., (8)

where 4/1 = 2a — €. Therefore, in order to derive Backlund transformations for
PII, we should find two sets of parameters {«, e} and {@, €} , where € = *e,
which give the same value for a.

Assume that there is two sets of parameters {a, €} and {&, €} that give the
same value for a , and let © = v(z; @). Then, there is one-to-one correspondence
between u(z,a) and v = v(z; @) given by

(2u'0 — i)? = —4(u)? — 20/ (2 — u) + a, (9)

and
du' = — (28" + 20° + 2). (10)

Subtracting (6) from (9), we get
2u/(0 +v) — p— )20/ (0 —v) — p+ i} = 0. (11)

Solving equation (11) for v and substituting u’ from (5), gives transformations
from v to v. Moreover, solving equation (11) for v and substituting u' from
(10), gives transformations from v to v.

Since a = p?, two sets of parameters {a, e} and {@, €} give the same value
of a if and only if i? = p?, where i = 2a+¢€. Thus, we have p = fi or y = —[i.
Case (1) o=
In this case, equation (11) becomes

(6 — o) (5 +v) — 1] = 0. (12)
If v = v, then equations (5) and (10) give € = € and hence the transformation
is trivial. If © # v, then we have

6+v:§. (13)



Compatibility with equations (5) and (10) gives € = —e. Solving (13) for v and
using (5) to substitute «’ , we obtain the following Bécklund transformations

for PII
200+ €

20 + 002 4 2
Solving (13) for v and using (10) to substitute u’ , we obtain the inverse of the
transformation (14)

v=—v a=a+e. (14)

200 — €
B 3 — = 0 — . 15
! U e 20 1 2 aTaTe (15)
Note that when e = 1, (14) reduces to the well known Bécklund transformation
of PIT [4] and when € = —1, (14) gives the inverse of this transformation.
Case (2) g = —pu
In this case, equation (11) becomes

(04 v)[u' (0 —v) + pu] =0. (16)

When v = —v, equations (5) and (10) give € = —e. Therefore we get the well
known Lie-point symmetry of PII [4]

v = —uv, a=—a«a (17)
When v + v # 0, equation (16) gives
. [
v=v- (18)

where «’ is given by (5). In this case, equations (5) and (10) give € = € and
hence & = —a — €. It should be noted that the transformation (18) can be
obtained by combining the transformations (14) and (17).

3 Backlund transformations of PIII

Let v(z;a, 3,7,9) be a solution of the PIII equation

1 1 1 )
V" =) = =V + 0+ = (a0 + B) + - (19)
v 2 2 v
Then, the equations [14, 15]
1
T (20 — v)? — y220* — 2uzv® + 2620 + 627, (20)
v
and ]
U= —g[ﬁ(zv’ — ) + yzv? 4+ ), (21)



give a one-to-one correspondence between solutions v(z; «, 3,7, d) of PIII and
solutions u(z;a, b, ¢) of the SD-I.b equation

22 (i1)? = —4(0)*(zt — u) — a(zt —u) + bl + ¢, (22)
) 1
where x = 22, a:¥6, b—flg, C:2—56(’yﬁ2—5u2), p = a+2,/7y. Elim-

inating v" between (20) and (21) we obtain the following quadratic equation
for v
(2Av + B)* = A, (23)

where ,
A=v(i—u)+%,  B=zpi+2), (24)
A = dyz[—4(w)*(zi — u) — a(zt — u) + bl + .

In order to find Backlund transformations for PIII, one has to find two
sets of parameters {«, 3,7,d} and {@, 3,7,0} which give the same values for
a, b, ¢ and hence the same value of u. Thus, we should have

0 =76, BB =pu, A8 -0 =~8"—ou’. (25)

Assume that i # 0. Then solving (25.a) and (25.b) for § and 3 and
substituting in (25.c), we get

(vii® = ) (8% + 6%) = 0. (26)
Therefore, there are two cases to be considered: (1) ya*—7u® = 0 and (2) 3*7+
6i* = 0. If v = v(a, 3,7, 0), then we have
(240 + B)? = 1A, (27)
Y

where

1

_ '7
Y ].6V

(vi* —3u®),  B= ZB — (=) (28)
Therefore, (23) and (27) give

7(2A0 + B)* = 5(2Av + B)*. (29)
Case (1) vii? —yu*> =0 :

Let &k = @ Then
I

_ 1 _ 1 N 2
A=A B=2B, =25 3=Ks  F=k3 (30)



and (29) gives
- _ 1
245+ B = £ (24v + B). (31)

Transformation (31) with positive sign is compatible with (21) if \/7 = k/7.
Thus we obtain the transformation

_ _ o _ Y < >
= kv, a=,, T=13 o =K%, [B=kp. (32)

If £ =1, then the transformation is trivial. If & = —1, then (32) give the well
known Lie-point symmetry of PIII [4].

Transformation (31) with negative sign is compatible with (21) if \/y =
—k+/7. Thus we obtain the transformation

B
v=—k(v+ —),
(v+7) o _ -
a=ka+4kq, F=-5, 6=Kk09, [B=kp,

L2
where A and B are given by (24).

When k£ = —1, this transformation is reduced to the well known Backlund
transformations for PIII [6]

20 [ Ap(zv" — v) + pyzv? + pPu — Bz
[V (20" =) + y202]? — 20?4 29820 + 0722 (34)
__(Oé+4\/_) /8__67 ’7:77 525,
The general case k # —1 can be obtained by combining the transformations
(32) and (34).
Case(2) %7 + op® = 0:

:U—|—

<l

Let k — Y7 Then we have
,;:E%, 5= 6“5_7_ Szk‘;, (35)
where ¢ = F1. Moreover, (29) gives
2A0 + B = k(2Av + B). (36)
This is the known transformation
L e 2yT) — (VI
ko kB2 Al — o+ F0? + (B/V=0)v — V=0 (37)
a= k-, =D 51



of PIIT [4].
If p =4 =0, then PIII is solved explicitly [4]. If ¥ =0 and 1 # 0 or ¥ # 0
and @ = 0, then one obtains special cases of the transformation (32).

4  Backlund transformations of PIV

In this section, we will study BT for the Painlevé IV equation, PIV,

1 3
T %(U’f + 5113 +420° 4+ 2(22 — )v + f (38)
Let 3 = o — €, where € = £1. Then, the transformations
1
w= L[ ot (2t sum 28, (39
v
and 1
u = —§<€’Ul + 0% 4+ 220 — 2/), (40)

give one-to-one correspondence between PVI and the so called SD-I.c equation
[14]
(u")? = —4(u')® + 4(zu — u)* + au’ + b, (41)

where a = 2(6p* — 3) and b = —4u(2u* + 3). Equation (39) can be replaced
by
(2Av+ B)? = A, (42)
where
A=2+2p), B=4(zu —u),

A= —16(u')? + 16(2u/ — u)* + 4au’ + 40b. (43)

Two sets of parameters {a, 3} and {a, 3} give the same solution u(z, a,b) of
(41) if ) )

6u° —B=6u"— 05,  p2p* +B) = u(2u® + B). (44)
Eliminating 3 between (44.a) and (44.b), we get

(& — p)[6+2(2f + p)*] = 0. (45)

Therefore, we should distinguish between two cases: 1 —p = 0 and 5+ 2(2n +
1)? = 0. Since the two sets of parameters {«, 3} and {a@, 3} give the same
value for u, there is a one-to-one correspondence between u and v = v(z; a, 3)
given by

1
u = _5(61/ + 02 + 220 — 2p), (46)



and
(2Av + B)* = A. (47)

Since A = A, equations (42) and (47) give

(240 + B)* = (2Av + B)?, (48)
and hence
(2A0 + B — 2Av — B)(2A0 + B + 2Av + B) = 0. (49)
Now, using A = A+ 4(ji — p) and B = B, we obtain
[A(0 —v) +4(p — p)0][A(D 4+ v) +4(g — p)v + B] = 0. (50)

Case(1l) p—pu=0:
In this case, (50) becomes

(v —v)[A(v+v)+ B]=0. (51)
Therefore, in addition to the trivial transformation v = v, we have the trans-

formation
A

ﬂ:—v—E. (52)

Compatibility with (40) implies € = —e. Therefore, we have the following well
known transformation of PIV [3]

(ev' +v? + 22v)% + 213 B _
20(ev” + v% + 220 — 2a + 2¢)’ a=a-2 f[=F (53)
Case(2) g —p #0:
In this case, (50) becomes

[A(D —v) +4(p — p)v][A(D +v) +4(p — p)v + B] = 0. (54)
When A(v —v) +4(n — p)v = 0, compatibility with (40) gives € = €. Thus we
obtain the transformation
A(p — p)v

ev' +v2 4+ 220 — 4ji — 2’ (55)
= 1(6c — 20 + 3/—27), B =—1(20 — 2+ /—20)%
This transformation can be found in [3, 5]

When A(0+v) +4(it — p)v + B = 0, compatibility with (40) gives € = —e.
Thus we get

7= —

U

ev/+112—|—2zv+4/1+2,u

:—7(26—1-204:&3\/T) ﬁi:—f(a—er:\/T)

The case e = —1 is given in [4] while the two cases ¢ = £1 are given in [3].

]

(56)
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