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1. Introduction: 

Ordinary least-squares regression models the 

relationship between one or more covariates X  and 

the conditional mean of a response variable Y  given
xX = . In contrast, quantile regression refers to the 

process of estimating the quantiles of a conditional 

distribution. It models the relationship between X  

and the conditional quantiles of Y  given xX = . It is 
especially useful in applications where extremes are 
important, such as environmental studies, ecology, 
climatology, demography, biostatistics, 
econometrics, finance and insurance. Pairs of 
extreme conditional quantiles give a conditional 
prediction intervals within which one expects the 
majority of individual points to lie. For more details, 
see Cai (2002) and Yu (1998). Quantile regression 
also provides a more complete picture of the 

conditional distribution of Y  given xX =  when 
both lower and upper or all quantiles are of interest. 
Because of their useful applications, estimation of 
the conditional quantiles has gained particular 
attention during the recent three decades. Hogg 
(1975) used the idea of the conditional quantile 
technique when he studied the percentiles 
regression lines using salary data, whereas Koenker 
(1978) was the first who introduced the conditional 
quantiles providing an extensive background and 
motivation from econometrics applications. 
Nonparametric conditional quantiles obtained by 
inverting a kernel estimator of the conditional 
distribution of the response are long established in 
statistics.
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The asymptotic properties of nonparametric estimation 
of conditional quantiles using kernel or nearest 
neighbor methods have been studied by Samanta 
(1989), Sheather (1990), Roussas (1991) and Roussas 
(1969). Over the past two decades, some new methods 
of estimating conditional quantiles have been proposed. 
For example, Fan and Troung (1994), Yu and Jones 
(1998) and Yu and Jones (1997) developed an 
approach using a check function. An alternative 
procedure is first to estimate the conditional 
distribution functions using the double kernel local 
linear technique, and then to invert it to produce an 
estimator of the conditional quantile, which is called Yu 
and Jones estimator. Hall and Yao (1999) discussed the 
Reweighted Nadaraya- Watson (RNW) estimator of the 
conditional distribution function. Cai (2002) inverted 
the RNW estimator of the conditional distribution 
function to derive a nonparametric estimator for the 
conditional quantiles of time series data. Cai (2002) 
established the asymptotic normality and weak 
consistency for the conditional distribution RNW 
estimator for  -mixing processes, at both boundary and 
interior points. It was shown that, to the first order, the 
RNW estimator enjoys the same convergence rates as 
those for the double kernel local linear estimator of 
Schuster (1972). A generalization of the work of Yu and 
Jones for a time series is found in Gannoun and Yu 
(2003). Salha (2011) established the joint asymptotic 
normality of the conditional quantiles and tested their 
performance in constructing prediction intervals. 
Schuster (1972) established the joint asymptotic 
normality of the conditional regression function 
estimated at a finite number of distinct points. Stute 
(1986) considered the problem of estimating the 
conditional quantile using the SNN kernel estimator. 
Ducharme and Jequier (2008) used the results of Stute 
(1986) to construct confidence intervals. In this paper, 
we consider the SNN kernel estimator of the 
conditional quantile. We generalized the result of Stute 
(1986) to the multivariate case by considering two 
approaches. In the first one, we derive the asymptotic 
normality of the joint distribution of two different 
quantiles estimated at the same conditional point. In 
the other one, we derive the asymptotic normality of 
the conditional quantile estimated at k  different 

conditional points, 2k , by using the techniques of 
Schuster (1972). We discuss the method of 
constructing the confidence bands and the selection of 
the optimal bandwidth. The performance of the SNN 

kernel estimator in estimating the conditional quantiles 
is tested using simulated data. The paper is organized 
as follows: In Section 2 we introduce the SNN estimator 
of the conditional quantiles. We state the main 
assumptions and results proving our contributed 
lemmas and theorems in Section 3. The construction of 
the confidence bands is discussed in Section 4, while in 
Section 5 we discuss the problem of the optimal 
bandwidth selection. The practical performance of the 
SNN kernel estimator is tested in Section 6 using 
simulated data. Finally, we summarize some conclusion 
remarks in Section 7.  

1. SNN Estimator of the Conditional Quantile 

 Let 1 1 2 2( , ),( , ), , ( , )n nX Y X Y X Y  be two-

dimensional random vectors which are iid as ),( YX  

with joint density function ( , )f x y  and has a marginal 

density function ( )g x  of .X  Let )|( xyF  denotes the 

conditional distribution of Y  given xX = .  
 
 
 
 
Definition 1 (Empirical Distribution Function) 
  

Given an observed random sample nxxx ,...,, 21 , an 

empirical distribution function )(ˆ xGn  is the fraction of 

sample observations less than or equal to the value x . 

More specifically, if )((2)(1) <...<< nxxx  are the order 

statistics of the observed random sample, with no two 
observations being equal, then the empirical 
distribution function is defined as:  

(1)

( ) ( 1)

( )

0, for ,

ˆ ( ) = , for ,  1,2,..., 1,

1, for .

n k k

n

x x

k
G x x x x k n

n

x x







   




 

That is, for the case in which no two observations are 
equal, the empirical distribution function is a "step" 
function that jumps n1/  in height at each observation

kx . For the cases in which two (or more) observations 

are equal, that is, when there are kn  observations at kx , 
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the empirical distribution function is a "step" function 

that jumps nnk /  in height at each observation kx .  

Stute (1986) has introduced the following symmetrized 
nearest neighbor (SNN) kernel estimator of the 
conditional cdf, )|( xyF .  

Definition 2 (kernel estimator of )|( xyF )  

The SNN kernel estimator of )|( xyF  is denoted by 

)|(ˆ xyF  and defined as  

,
)(ˆ)(ˆ

)(ˆ)(ˆ
)(

=)|(ˆ

1=

1=













 













 






n

inn
n

i

n

inn
i

n

i

h

XGxG
K

h

XGxG
KyYI

xyF

 

 

 

(1) 

where: 

1. )(K  is a continuous and bounded probability kernel 

on [-1.1]. 

2. )(ˆ nG  denotes the empirical distribution function of 

values of X . 

3. )(I  is the indicator function. 

4. The bandwidth nh  is a sequence of positive number. 

This estimator has many interesting statistical 
properties. The SNN kernel estimator possesses better 
stability properties at the boundaries than the ordinary 
kernel estimators. (See Ducharme and Jequier (2008)).  

Definition 3 (kernel estimator of a conditional 
quantile) 

 The  - conditional quantile of )|( xyF  is denoted by 

)(xq  and is defined by  

}.)|(|{ =)|(=)( 1   xyFyinfxFxq  (2) 

The SNN kernel estimator of )(xq  is denoted by 

)(ˆ xq  and it is defined by  

}.)|(ˆ|{ =)|(ˆ=)(ˆ 1   xyFyinfxFxq  (3) 

In this paper, we generalize the results of Stute (1986) 
to the multivariate case by considering two approaches. 

In the first, we will derive the asymptotic normality of 
the joint distribution of two different quantiles )(

1
xq  

and )(
2

xq , 1<<<0 21  , estimated at the same 

conditional point x . Secondly, we will derive the 

asymptotic normality of )( 1xq , ),( 2xq  and )( kxq

the  conditional quantile, (.)q , estimated at k  

different conditional points, kxxx ,,, 21  .  For 

simplicity, we will consider the bivariate case, i.e. when 

2k  .  

2. Main Results 

In this section, the two main theorems in this paper will 

be stated and proved. We consider the following 

assumptions that will be used in proving the main 

results of this paper.  

Assumption (A1) The kernel function K  is probability 

density function satisfying the following:  

i. K  has a compact support. 

ii. K  is symmetric probability density function. 

iii. K is Lipschitz continuous.  

Assumption (A2) The bandwidth }{ nh  satisfies 
 

limn nh  = 0 and  =lim nn nh .  

Assumption (A3) For fixed y  and x , 1<)|(<0 xyF ,   

2

2
(2,0) )|(

=)|(
x

xyF
xyF



  exist and 

ˆ( , ) ( , )ˆ| ( | ) ( | ) |=sup sup
ˆ ( ) ( )

ˆ( , ) ( , ) ( , ) ( , )
= sup

ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ( , ) ( , ) ( , ) ( )
1sup sup

ˆ ˆ ˆ( ) ( ) ( ) ( )

ˆ| ( , ) ( , ) |sup
(

( )
ˆ ( )

y y

y

y y

y

f x y f x y
f y x f y x

g x g x

f x y f x y f x y f x y

g x g x g x g x

f x y f x y f x y g x

g x g x g x g x

f x y f x y
g

V x
g x

 



 



 

  

   



 

R R

R

R R

R )
1 .

ˆ ( )

x

g x

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2
(0,2) )|(

=)|(
y

xyF
xyF



  exists in neighborhoods of x  

and y  respectively. Now consider the following  

1,2,= )],|(ˆ[E)|(ˆ= rxyFxyFS rrnr 
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(5) 

1,2=  ,1,..,= ],)([E)(= )()( rniIxWIxWZ
r

y
i

Yni
r

y
i

Yniri    (6) 

)].|(ˆ[E)|(ˆ==
1=

xyFxyFZS rrri

n

i

nr   

 

(7) 

Define nS  as follows: ,= 2211 nnn ScScS   (8) 

where 1c  and 2c  are constants. Now we state two 

lemmas that will help us in proving the two main 
results, Theorem 1 and Theorem 2.  

Lemma 1. Under the assumptions A1-A3 and as 
,n the following holds.   

1.  )|(  )|(ˆ xyfxyf
d

 ,   

2.  ),(  )(ˆ xqxq
d

   where 
d

  denotes convergence in 

distribution.  

Proof   

(i) let )(xV  be an upper bound for 
( , )

,    
( )

f x y
y

g x
R  

. 
 
Now,  an application of Theorem 1 in Samanta (1989) 
implies that  

)|(  )|(ˆ xyfxyf
d

 . 

(ii) Follows from Theorem 3 in Stute (1986).  

Lemma 2. Under the assumptions A1-A3, and as 
n , the following holds  

 

),(0,

)]|(ˆ[E)|(ˆ)],|(ˆ[E)|(ˆ 2211





N

xyFxyFxyFxyF

d

T

 

 

(9) 

where T(0,0)=0  and   is the covariance matrix with 

the ( , )thi j  element 2,1  jiij  is given by  

 ,)(
)]|(ˆ)[1|(ˆ

= 2 duuK
nh

xyFxyF

n

ji

ij 





  

 Proof  

Following the same technique as in Abberger (1997), 
we get that  

)(0,    = 22

=1
NScS

d

nrrrn  . 

where  

 .)(
)]|(ˆ)[1|(ˆ

= 2
2

=1

2 duuK
nh

xyFxyF

n

rr

r






  

This implies to  

)(0,    )])|(ˆ[E)|(ˆ( 22

=1
NxyFxyFc

d

rrrr
  . 

Now, an application of the Cramér-Wold theorem 
completes the proof of the lemma. In Theorem 1 we 
derive the joint asymptotic normality of the regression 
quantile for different values of 1<<0  ,  .  

Theorem 1. Suppose that ( ( ) | ) > 0, =1,2,
i

f q x x i
 

1,<<<0 21  then under the assumptions A1 - A3, 

the following holds.  

  
)(0, 

)()(ˆ),()(ˆ
2211





N

xqxqxqxqnh

d

T

n 
 

 

 

 

(10) 

where 
T(0,0)=0  and the covariance matrix   is 

defined as ,
)(

)(
=

2221

1211

2




















xg

duuK
 

 

(11
) 

where  
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2.,1
)|)(()|)((

)(1
= 


ji

xxqfxxqf
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ij
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(12) 

Proof  

Now, by expanding )|)(ˆ(ˆ xxqF
i

  around

,1,2=  ),( ixq
i

 we get  

)|)(ˆ(ˆ))()(ˆ(

)|)((ˆ=)|)(ˆ(ˆ=)|)((

* xxqfxqxq

xxqFxxqFxxqF

ii
i

i

iii








  

where )(ˆ* xq
i

  is some random point between )(ˆ xq
i

  

and )(xq
i

 . This implies  

.
)|)(ˆ(ˆ

)|)((ˆ)|)((
=)()(ˆ

* xxqf

xxqFxxqF
xqxq
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(13) 

From Equation (13), we obtain that  




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









)()(ˆ

)()(ˆ

22

11

xqxq

xqxq
nhn




 



































 













 



)|)(ˆ(ˆ

)|)((ˆ)|)((

)|)(ˆ(ˆ

)|)((ˆ)|)((

*

2

22

*

1

11

xxqf

xxqFxxqF
nh

xxqf

xxqFxxqF
nh

n

n









 = ,n nW X  
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
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n
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From Corollary 1 in Abberger (1997), the following 
holds  

(1).=))|()]|(ˆ[E( oxyFxyFnhn   
 

(14) 

Now, a combination of Lemma 2 and (14) implies 
that  

),,(~     0XXn N
d

                       

 

where T(0,0)=0  and   is the covariance matrix 

with the ( , )thi j element ,1 2ij i j     is 

given by 
 

.)(
)(1)(1

)(1)(1
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1
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0
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,
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,
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 From Lemma 1, we have  

*ˆ ˆ( ( ) | ) ( ( ) | ), =1,2.
d

i i
f q x x f q x x i   

 

(15) 

Now, (15) implies that  

 0.)}(){(
d

Ttr  WWWW nn  

Now, using Slutsky theorem (See Theorem 3.4.3 in 
Pranab and Singert (1993)), we obtain  

,WXXW nn

d

  

which completes the proof of the Theorem. In Theorem 
2 we derive the joint asymptotic normality of the 

regression quantile for k  different points kxxx ,...,, 21 .  

Theorem 2. Suppose that 0,>)|)(( , iin xxqf   

1<<,01,2,...,= ki  then under the assumptions A1-

A3, the following holds.  
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where T,0)(0,0,=0   and   is a diagonal covariance 

matrix with the thii ),(  element  
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)|)((
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2
kiduuK

xxqf ii

ii 









  

 

 

Proof  

It is enough to prove the theorem for two different 

conditional points as in Schuster (1972). The proof can 

be obtained by using the same techniques as in 

Schuster (1972) and Salha (2011), which has been used 

in the proof of Theorem 1.  

3. Confidence Bands 
 
 A natural way of constructing a confidence band for 

( ), 0 < <1,q x   is as follows. Suppose )(ˆ xq  is an 

estimator of )(xq , then a 100(1 )%, 0 < <1,   

confidence band is of the form  

 ˆ| ( ) ( ) | 1 , [0,1].P q x q x d x         (16) 

To find a good solution to (16), we must derive the 

asymptotic distribution of )()(ˆ xqxq   , then a good 

estimator of the bandwidth nh  must be computed. Now, 

using the asymptotic normality results from Theorem 2 
for univariate random design case, we have the 
following result, which is the same result from 
Theorem 3 in Stute (1986). 

))()((0,)]()(ˆ[ 2 xKRNxqxqnh
d

n    
(17) 

where  
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 From (17), we have  
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2
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(18) 

Dharmasena and Silva (2008) have used (18) to 

produce the following )100%(1   confidence interval 

for )(xq   

,
)(

)(ˆ)(ˆ,
)(

)(ˆ)(ˆ
22


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





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(19
) 

where 
)|)((ˆ

)(1
=)(ˆ

xxqf
x









 is the kernel estimator of 

)(x .  

4. Bandwidth Selection 

 In this section, we discuss the problem of the selection 

of the optimal bandwidth nh , which plays an important 

role in kernel estimation. As in Dharmasena and Silva 

(2008), we take r

n nh = . Using the assumption (A2), 

we have (0,1)r . Also to avoid boundary effects, the 

conditional point 0x  at which the estimation is taking 

place is selected such that 0< xhn  and nhx 1<0 . This 

means that the bandwidth must satisfies,  

}.,1{min< 00 xxhn   

Now, },1{min< 00 xxn r  then solving for r , we get  

 
.=

},1{min
> 0

00 r
lnn

xxln
r







 

 

 

(16) 

Since 1<<0 r , from the above we have that 

,1),(=},1){0,max( min0 rrr  where }{0,max= 0min rr .  
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5. Simulation studies 

 In this section the performance of the SNN kernel 

estimator in estimating the conditional quantiles is 

tested using simulated data. The performance of the 

estimator has been tested using the correlation 

coefficients between ŷ  the predicated values and y  

the actual values,  

2

2 =1
ˆ,

2

=1

ˆ( )

= 1 = 1 ,

( )

n

i i

i
y y n

i

i

y y
SSE

R
SSTO

y y



 







 

where, n  is the sample size, y  denotes the mean of 

actual values, SSE  denotes the total sum of errors, and 

SSTO  denotes the total sum of squares. Also, the mean 

squared error, 
n

SSE
MSE =  has been computed. Three 

samples each of size 200 are simulated from the 

following three models  

exxy )(2sin=   (17) 

xexy 3=  (18) 

xexy  ))(1(2sin= 2  (19) 

where (0,1)Nx ~  and [0,1]Ue ~ , where N  and U  

stand for Normal and Uniform distribution respectively. 

For the first sample, Figure 1 presents the estimated 

conditional median, %5 quantile and %95 quantile. For 

a direct comparison of the perfect curve and the 

conditional median estimator, a scatter plot of the 

original data, the perfect curve and the estimated 

conditional median curve are plotted in Figure 2. 
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 Figure 1:  SNN kernel estimation of the conditional 

quantiles for the model exxy )(2sin=   
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Figure 2: The true perfect curve and its median 

estimation for the model = sin(2 )y x x e   

For the second sample, Figure 3 presents the estimated 

conditional median, %10 quantile and %90 quantile. 

For a direct comparison of the perfect curve and the 

conditional median estimator, a scatter plot of the 

original data, the perfect curve and the estimated 

conditional median curve are plotted in Figure 4.  
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Figure 3:  SNN kernel estimation of the conditional 

quantiles for the model ,= 3 xexy   
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Figure 4: The true perfect curve and its median 

estimation for the model ,= 3 xexy   

For the third sample, Figure 5 presents the estimated 

conditional median, %10 quantile and %90 quantile. 

Also, for a direct comparison of the perfect curve and 

the conditional median estimator, a scatter plot of the 

original data, the perfect curve and the estimated 

conditional median curve are plotted in Figure 6.  
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Figure 5:  SNN kernel estimation of the conditional 

quantiles for the model ,))(1(2sin= 2 xexy   
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Figure 6: The true perfect curve and its median 

estimation for the model ,))(1(2sin= 2 xexy   

Table 1   Performance measurement of SNN kernel 
estimators. 

 Model 1 Model 2  Model 3 

2

ˆ, yyR  0.9126 0.6667 0.8147 

MSE  0.0115 0.0282 0.0297 

Source: (Simulation results).   
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We conclude from the figures and the results in Table 1 

that the performance of the SNN kernel estimator of the 

conditional quantile is reasonably good.  

6. Conclusion 

 Although numerous studies on the conditional 

distribution function )|( xyF  were made based on the 

conditional mean (or median) function, more 

investigations of other aspects of )|( xyF  are still 

needed. A deeper insight into the response variable Y  

given values x of a predictor variable X  can be gained 

by considering the conditional quantiles functions. In 

literature, individual quantiles such as conditional 

median are commonly used to estimate specific 

threshold values associated with )|( xyF . However, in 

practice, we often wish to obtain a collection of 

conditional quantiles that can be used to characterize 

the entire conditional distribution )|( xyF . In this 

paper, we considered the SNN kernel estimation of the 

conditional quantile. The results from Stute (1986) 

were extended to the multivariate case by considering 

two approaches. In the first one, we derived the 

asymptotic normality of the joint distribution of two 

different quantiles estimated at the same conditional 

point. In the other one, we derived the asymptotic 

normality of the conditional quantile estimated at 1>k  

different conditional points. The constructing of 

confidence bands as well as the problem of bandwidth 

selection to avoid the boundary effects were discussed. 

Three different empirical simulation studies were 

conducted and the results indicated that the 

performance of the SNN kernel estimator is reasonably 

good.  

7. References 

Abberger, K. (1997). Quantile smoothing in financial time 
series. Statistical Papers 38, 125-148. 

Cai, Z. (2002). Regression quantile for time series. 
Econometric Theory 18, 169-192. 

Dharmasena, L., Z. P. and B. Silva (2008). Sample size 
determination for kernel regression estimation using 
sequential fixed-width confidence bands. IAENG 

International Journal of Applies Mathematics 38(3), 
IJAM-38-3-05. 

Ducharme, G. R, . G. A. G. M. C. and J. Jequier (2008). 
Reference values obtained by kernel-based estimation 
in quantile regression. Biometrics 51(3), 1105-1116. 

Fan, J., T. C. H. and Y. K. Troung (1994). Robust 
nonparametric function estimation. Scandinavian 
Journal of Statistics 21, 433-446. 

Gannoun, A., S. J. and K. Yu (2003). Nonparametric 
prediction by conditional median and quantiles. 
Journal of Statistical Planning and Inference 117, 207-
223. 

Hall, P., W. R. C. L. and Q. Yao (1999). Methods for 
estimating a conditional distribution function. Journal 
of the American Statistical association 94, 154-163. 

Hogg, R. (1975). Estimates of percentiles regression lines 
using salary data. Journal of the American Statistical 
Association 70, 56-59. 

Koenker, R., B. G. (1978). Regression quantiles. 
Econometrica 46, 33-50. 

Pranab K.S. and Singert, J. (1993). Large Sample Methods 
in Statistics. New York: Chapman and Hall, Inc. 

Roussas, G. G. (1969). Nonparametric estimation of the 
transition distribution function of a markov process. 
Annals of Mathematical Statistics 40, 1386-1400. 

Roussas, G. G. (1991). Estimation of Transition 
Distribution Function and its Quantiles in Markov 
Process. Amsterdam,: Kluwer Academic. 

Salha, R. (2011). The joint asymptotic normality of the 
conditional quantiles. Electronic Journal of Applied 
Statistical Analysis 4(1), 39-55. 

Samanta, M. (1989). Nonparametric estimation of 
conditional quantiles. Statistics and Probability 
Letters 7, 407-412. 

Schuster, E. F. (1972). Joint asymptotic distribution of the 
estimated regression function at a finite number of 
distinct points. The Annals of Mathematical Statistics 
43, 84-88. 

Sheather, S., M. J. (1990). Kernel quantile estimators. 
Journal of the American Statistical Association 85, 
410-416. 

Stute, W. (1986). Conditional empirical processes. The 
Annals of Statistics 14(2), 638-647. 

Yu, K. and Jones M. (1998). Local linear quantile 
regression. Journal of the American Statistical 
Association 93, 228-237. 

Yu, K. and Jones, M. (1997). A comparison of local constant 
and local linear quantile estimators. Computational 
Statistics and Data Analysis 25, 159-166. 

 
 

 

http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/

