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Abstract

Stute (1986) has introduced the symmetrized nearest neighbor (SNN)
kernel estimator to estimate the conditional quantiles in the univariate
case. This estimator is here extended to the multivariate case. Two
methods were proposed for the derivation of the asymptotic normality of
the proposed estimators. The first method considers two different
quantiles estimated at the same conditional point. In the other one, the
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conditional quantile estimated at k' different conditional points is
considered. The construction of the confidence bands as well as the
problem of bandwidth selection to avoid the boundary effects were
discussed. Empirical studies are performed to assess the performance of
the SNN kernel estimator in finite samples. Simulation results attested a
reasonably good performance of the proposed estimator.

1. Introduction:

Ordinary least-squares regression models the
relationship between one or more covariates X and
the conditional mean of a response variable Y given

X =X.In contrast, quantile regression refers to the
process of estimating the quantiles of a conditional

distribution. It models the relationship between X

and the conditional quantiles of Y given X =X 1tis
especially useful in applications where extremes are
important, such as environmental studies, ecology,
climatology, demography, biostatistics,
econometrics, finance and insurance. Pairs of
extreme conditional quantiles give a conditional
prediction intervals within which one expects the
majority of individual points to lie. For more details,
see Cai (2002) and Yu (1998). Quantile regression
also provides a more complete picture of the
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conditional distribution of Y given X =X when
both lower and upper or all quantiles are of interest.
Because of their useful applications, estimation of
the conditional quantiles has gained particular
attention during the recent three decades. Hogg
(1975) used the idea of the conditional quantile
technique when he studied the percentiles
regression lines using salary data, whereas Koenker
(1978) was the first who introduced the conditional
quantiles providing an extensive background and
motivation from  econometrics applications.
Nonparametric conditional quantiles obtained by
inverting a kernel estimator of the conditional
distribution of the response are long established in
statistics.
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The asymptotic properties of nonparametric estimation
of conditional quantiles using kernel or nearest
neighbor methods have been studied by Samanta
(1989), Sheather (1990), Roussas (1991) and Roussas
(1969). Over the past two decades, some new methods
of estimating conditional quantiles have been proposed.
For example, Fan and Troung (1994), Yu and Jones
(1998) and Yu and Jones (1997) developed an
approach using a check function. An alternative
procedure is first to estimate the conditional
distribution functions using the double kernel local
linear technique, and then to invert it to produce an
estimator of the conditional quantile, which is called Yu
and Jones estimator. Hall and Yao (1999) discussed the
Reweighted Nadaraya- Watson (RNW) estimator of the
conditional distribution function. Cai (2002) inverted
the RNW estimator of the conditional distribution
function to derive a nonparametric estimator for the
conditional quantiles of time series data. Cai (2002)
established the asymptotic normality and weak
consistency for the conditional distribution RNW
estimator for a-mixing processes, at both boundary and
interior points. It was shown that, to the first order, the
RNW estimator enjoys the same convergence rates as
those for the double kernel local linear estimator of
Schuster (1972). A generalization of the work of Yu and
Jones for a time series is found in Gannoun and Yu
(2003). Salha (2011) established the joint asymptotic
normality of the conditional quantiles and tested their
performance in constructing prediction intervals.
Schuster (1972) established the joint asymptotic
normality of the conditional regression function
estimated at a finite number of distinct points. Stute
(1986) considered the problem of estimating the
conditional quantile using the SNN Kkernel estimator.
Ducharme and Jequier (2008) used the results of Stute
(1986) to construct confidence intervals. In this paper,
we consider the SNN kernel estimator of the
conditional quantile. We generalized the result of Stute
(1986) to the multivariate case by considering two
approaches. In the first one, we derive the asymptotic
normality of the joint distribution of two different
quantiles estimated at the same conditional point. In
the other one, we derive the asymptotic normality of
the conditional quantile estimated at Kk different
conditional points, K> 2, by using the techniques of
Schuster (1972). We discuss the method of
constructing the confidence bands and the selection of
the optimal bandwidth. The performance of the SNN

kernel estimator in estimating the conditional quantiles
is tested using simulated data. The paper is organized
as follows: In Section 2 we introduce the SNN estimator
of the conditional quantiles. We state the main
assumptions and results proving our contributed
lemmas and theorems in Section 3. The construction of
the confidence bands is discussed in Section 4, while in
Section 5 we discuss the problem of the optimal
bandwidth selection. The practical performance of the
SNN kernel estimator is tested in Section 6 using
simulated data. Finally, we summarize some conclusion
remarks in Section 7.

1. SNN Estimator of the Conditional Quantile

Let  (X,Y).(X,Y,)on(X.Y.)  be

dimensional random vectors which are iid as (X,Y)

two-

with joint density function f (X,y) and has a marginal
density function g(X) of X . Let F(y|x) denotes the
conditional distribution of Y given X = X.

Definition 1 (Empirical Distribution Function)

Given an observed random sampleX,X,,...,X,, an

n?’
empirical distribution function én (x) is the fraction of
sample observations less than or equal to the value X.
More specifically, if X,y <Xy <...< X, are the order

statistics of the observed random sample, with no two

observations being equal, then the empirical
distribution function is defined as:
0, forx <x,,
o k
G, (x)= o for X ) <X <Xy, k=12,..,n-1,
1, forx > X (ny-

That is, for the case in which no two observations are
equal, the empirical distribution function is a "step"
function that jumps 1/n in height at each observation

X, . For the cases in which two (or more) observations

are equal, that is, when there are N, observations at X, ,
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the empirical distribution function is a "step” function
that jumps N, /N in height at each observation X, .

Stute (1986) has introduced the following symmetrized
nearest neighbor (SNN) kernel estimator of the
conditional cdf, F(y|X).

Definition 2 (kernel estimator of F(y | X))
The SNN kernel estimator of F(y|X) is denoted by

F (Y| x) and defined as

ZH:I (Y < y)K(én(X)_én(Xl)j
. = h,
F(ylx) =

: 3 ! &
L G, (X) =G, (X))
S 500, 5 0)

n

where:

1. K(-) is a continuous and bounded probability kernel
on [-1.1].

2. én () denotes the empirical distribution function of

values of X .

3. I(-) is the indicator function.

4. The bandwidth h, is a sequence of positive number.

This estimator has many interesting statistical
properties. The SNN kernel estimator possesses better
stability properties at the boundaries than the ordinary
kernel estimators. (See Ducharme and Jequier (2008)).

Definition 3 (kernel estimator of a conditional
quantile)

The « - conditional quantile of F(y | X) is denoted by
g, (X) and is defined by

d,(x) = F (| x) =inf {y | F(y|x) > a}.
The SNN Kkernel estimator of (,(X) is denoted by
G, (X) and it is defined by

G, (%) = F (| x) =inf {y | F(y|x) 2 a}.

In this paper, we generalize the results of Stute (1986)
to the multivariate case by considering two approaches.

(2)

(3)
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In the first, we will derive the asymptotic normality of
the joint distribution of two different quantiles q,, (x)

andq,, (x), 0<a, <a, <1, estimated at the same

conditional point X. Secondly, we will derive the
asymptotic normality ofq,, (X;), d,(X,),... andq, (X,)

the «a—conditional quantile, q,(.), estimated at K

different conditional points, X, X,,...,X,. For

simplicity, we will consider the bivariate case, i.e. when
k=2
2. Main Results

In this section, the two main theorems in this paper will
be stated and proved. We consider the following
assumptions that will be used in proving the main
results of this paper.

Assumption (A1) The kernel function K is probability

. _ ) fxy)
igglf(VIX)—f (v [x)[= SyLiE T

_ gl ) _Fy) Fy) iy

| G0) 6K) ) g0 |

¢ qp V) F0) 6y o

| GO0 400 | ye| 00x) [lg(
suplf (,y)~f (x.y)]

g — +V(x)|q(x)—l‘

§(x) §(x)

density function satisfying the following:
i. K has a compact support.
ii. K is symmetric probability density function.

iii. K is Lipschitz continuous.

Assumption (A2) The bandwidth {h,} satisfies
limn_N, =0andlim,_.nh, =co.

Assumption (A3) For fixed y and X, 0< F(y|x) <1,
*F(y[x)
ox*

exist and

FeO(y]x) =
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FOD(y|x) = 9’F(y|x) exists in neighborhoods of X
ayZ

and y respectively. Now consider the following

S = F(y, ) —EIF(y, [0)],r =12, @

K[Gn(x);exxi)J
Wni(X)= - =

(G, (x) -G, (X))
B0 0]

,i=1,..n

(5)

n

Z, =Wm(x)l(YiSyr)—E[\Nni(x)I(Yigyr)],i =1,.,n,r=12 (6)

S =220 = Py, 10— EIF (Y, 9] 7

Define S, as follows: S, =C,;S; +C,S,,, (8)

where C, and C, are constants. Now we state two

lemmas that will help us in proving the two main
results, Theorem 1 and Theorem 2.

Lemma 1. Under the assumptions A1-A3 and as
n — oo, the following holds.

1 fy10> f(y[x),

d d
2. §,(x)>q,(x), where — denotes convergence in

distribution.

Proof

(i) let V (X) be an upper bound for f (X(’ 3;) , YyeR
g

Now, an application of Theorem 1 in Samanta (1989)
implies that

R d
fly[x)—f(ylx).
(ii) Follows from Theorem 3 in Stute (1986).

Lemma 2. Under the assumptions A1-A3, and as
N — o0, the following holds
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(F (v, 1 )~ ELF (3, | 01, E(y, | X)—ELF (y, | X))
i>N(0,Z),

9)

where 0=(0,0)" and X is the covariance matrix with
the (i, j)" element 0;;,1<i< j<2isgiven by

_ F 0= F(y; )]

nh

j:KZ(u)du,

n

Proof

Following the same technique as in Abberger (1997),
we get that

d
— N(0,5%).

S, =Y. ¢S,

where

O_2 = i If(yr | X)[l_ If(yr | X)] f;KZ(U)dU-

This implies to

S ¢ (F(y, 1) -EF(Y, []) — N(©,6%) .

Now, an application of the Cramér-Wold theorem
completes the proof of the lemma. In Theorem 1 we
derive the joint asymptotic normality of the regression
quantile for different values of «, 0 < a <1.

Theorem 1. Suppose that f (g, (x)|x)>0,i =1,2,

0<a, <a, <1, then under the assumptions Al - A3,
the following holds.

Jn |6, 00 -a,, (9.6, 09—, ) |

—% 5N(0,A) (10)
where 0=(0,0)" and the covariance matrix A is (11
“K?(u)d )
definedas A = —j’” (W) {/L‘l /112}
9(x) [ Ay

where
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4 = a(1-a)) 1<i<j<2 02) Jnh, (ELF(y 1 91— F(y] %) = 0(2). 1
f(a,, () 1x)f(a, (x)]x)
! Now, a combination of Lemma 2 and (14) implies
Proof that
A d
Now, by  expanding F((jai (X) | x) around X, &> X~N(0,A),

q,, (x), 1=1,2, we get
F (0., 0010 = F(@, (001 = F(a, (9] +
(G, () -, 0 (@, (91%)

where @, (X) is some random point between § (X)
1 1

and ¢, (X). This implies

_F@,010-F@, 010 a3
f(g,, (1% |

From Equation (13), we obtain that

\/m|: qal (X) - qal (X) :I

.,()-q,, ()

d,. ()0, ()

ﬁﬁ{Fmﬁwnm—Fm%uan

f(@:,001%)

ﬁﬁ{Fm%unm—ﬁm%WMm} m

f(g,,001%)

1

_| F@, 00
" o -t
f@,mm

o | Fa, (010 -F (@, 091
" F(a,, 0010 -F(a,,(091%) |

From Corollary 1 in Abberger (1997), the following
holds

64 UG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0

where 0=(0,0)" and A is the covariance matrix
with the (i, j)" element &;,1<i < j <2 is
given by

8y = F(y, 10IL=F (y, ][ K*(u)d
— |:0(1(1—0{1) o (1- az)}]‘

" KZ(u)du.
a(l-a,) a(l-a,)

Let

1

we| (@

£ (a,,.(91%)

From Lemma 1, we have

£, 601> @, (1)1 =12 (15)

Now, (15) implies that

r{(W, —W)T (W, —W)}->0.

Now, using Slutsky theorem (See Theorem 3.4.3 in
Pranab and Singert (1993)), we obtain

d
W, X, — WX,

which completes the proof of the Theorem. In Theorem
2 we derive the joint asymptotic normality of the

regression quantile for K different points X;, X, ..., X, .

Theorem 2. Suppose that

f(9,..(6)1%)>0,
1=1,2,..,k,0<a<1 then under the assumptions Al-

A3, the following holds.
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Jn [0, ) =4, 06),ee 6, () -, ()|
5N, A),

where 0=(0,0,...,
matrix with the (i,i)th element

T . . .
0) and A is a diagonal covariance

- a(l-a)
SRR CHCIED
Proof

j K2(u)du,i =1,2,...,k.

It is enough to prove the theorem for two different
conditional points as in Schuster (1972). The proof can
be obtained by using the same techniques as in
Schuster (1972) and Salha (2011), which has been used
in the proof of Theorem 1.

3. Confidence Bands

A natural way of constructing a confidence band for
q,(x), 0<a<l, is as follows. Suppose §,(X) is an
estimator of Q,(X), then a 100(1- )%, 0< <1,

confidence band is of the form

P[l4,(x)-0q,(x)|<d]21-Bovx €[0,1].  (16)

To find a good solution to (16), we must derive the
asymptotic distribution of §,(X)—q,(X), then a good

estimator of the bandwidth h, must be computed. Now,

using the asymptotic normality results from Theorem 2
for univariate random design case, we have the
following result, which is the same result from
Theorem 3 in Stute (1986).

SR8, () 6, (001> N0, R(K)o2(x)

where

(7)

a(l-a)

%)= 0 00
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R(K) = fwKz(x)dx < oo,

From (17), we have

o, [4,(9 g, ()] ¢,
JR(K)GZ (%)

Dharmasena and Silva (2008) have used (18) to
produce the following (1— £)100% confidence interval

for g, (X)

(qa(x)—z 5,00, ) qa<x>+zﬁ

G, (x) =A—Ua(1—a) is the kernel estimator of
F(a,(x) %)

N(0.2)

(18)

(%) R(K)} )(19

o, (X).

o

4. Bandwidth Selection

In this section, we discuss the problem of the selection
of the optimal bandwidth h_, which plays an important

role in kernel estimation. As in Dharmasena and Silva
(2008), we take h. =n™"
we have r € (0,1). Also to avoid boundary effects, the

. Using the assumption (A2),

conditional point X, at which the estimation is taking

place is selected such that h, <X, and X, <1—h,. This

means that the bandwidth must satisfies,
h, <min{x,,1—x,}.

Now,n™" < min{X,,1— X,} then solving for r, we get

(16)

s {— In[min{x,,1- xo}]} “r
Inn

Since 0<r<1, from the above we have that
r e (max{0,r,},1) = (r, =max{0, r,}.

1), where 1

min ! n
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5. Simulation studies

In this section the performance of the SNN Kkernel
estimator in estimating the conditional quantiles is
tested using simulated data. The performance of the
estimator has been tested using the correlation
coefficients between Y the predicated values and y

the actual values,

Z(yi _yi )2
R? =1 SSE _ &

A T ]
Dy, -V)°
i=1

where, N is the sample size, Y denotes the mean of
actual values, SSE denotes the total sum of errors, and
SSTO denotes the total sum of squares. Also, the mean

SSE
squared error, MSE = —— has been computed. Three

n
samples each of size 200 are simulated from the
following three models

y = xsin(2zx) +e (17)
y=x+xe (18)
y =sin(2z(1-x)?) + xe (19)

where X~ N(0,1) and e~UJ[0,1], where N and U

stand for Normal and Uniform distribution respectively.
For the first sample, Figure 1 presents the estimated
conditional median, %5 quantile and %95 quantile. For
a direct comparison of the perfect curve and the
conditional median estimator, a scatter plot of the
original data, the perfect curve and the estimated
conditional median curve are plotted in Figure 2.
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Figure 1: SNN kernel estimation of the conditional
quantiles for the model y = xsin(22x) + e

0.4

—  median
perfect curve

,,,,,,,,,

-04  -0.2 0.0 0.2
|

-0.6

-0.8

-1.0

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: The true perfect curve and its median
estimation for the model y = x sin(2zx)+e

For the second sample, Figure 3 presents the estimated
conditional median, %10 quantile and %90 quantile.
For a direct comparison of the perfect curve and the
conditional median estimator, a scatter plot of the
original data, the perfect curve and the estimated
conditional median curve are plotted in Figure 4.
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0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 3: SNN kernel estimation of the conditional
quantiles for the model y = X3 + Xe,

= median
« v+ perfect curve

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 4: The true perfect curve and its median
estimation for the model y = X* + Xe,

For the third sample, Figure 5 presents the estimated
conditional median, %10 quantile and %90 quantile.
Also, for a direct comparison of the perfect curve and
the conditional median estimator, a scatter plot of the
original data, the perfect curve and the estimated
conditional median curve are plotted in Figure 6.
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Figure 5: SNN kernel estimation of the conditional

quantiles for the model Yy = sin(27(1— X)) + xe,

= median
perfect curve

0.0 0.2 0.4 0.6 0.8 1.0

X

Figure 6: The true perfect curve and its median
estimation for the model y =sin(27z(1— X)) + xe,

Table 1 Performance measurement of SNN kernel
estimators.

Model 1 Model 2 Model 3
Riy 0.9126 0.6667 0.8147
MSE 0.0115 0.0282 0.0297

Source: (Simulation results).
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We conclude from the figures and the results in Table 1
that the performance of the SNN kernel estimator of the
conditional quantile is reasonably good.

6. Conclusion

Although numerous studies on the conditional

distribution function F(y|X) were made based on the

conditional mean (or median) function, more

investigations of other aspects of F(y|X) are still

needed. A deeper insight into the response variable Y
given values X of a predictor variable X can be gained
by considering the conditional quantiles functions. In
literature, individual quantiles such as conditional
median are commonly used to estimate specific
threshold values associated with F(y|X). However, in

practice, we often wish to obtain a collection of
conditional quantiles that can be used to characterize
the entire conditional distribution F(y|x). In this

paper, we considered the SNN kernel estimation of the
conditional quantile. The results from Stute (1986)
were extended to the multivariate case by considering
two approaches. In the first one, we derived the
asymptotic normality of the joint distribution of two
different quantiles estimated at the same conditional
point. In the other one, we derived the asymptotic

normality of the conditional quantile estimated at k>1
different conditional points. The constructing of
confidence bands as well as the problem of bandwidth
selection to avoid the boundary effects were discussed.
Three different empirical simulation studies were
conducted and the results indicated that the
performance of the SNN kernel estimator is reasonably
good.
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