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Abstract

In this paper we consider the geostatistical analysis methods to explain the
dependency of the Sodium Adsorption Ratio (SAR) in the groundwater
datasets throughout the Gaza Strip. The spatio-temporal ordinary kriging is
used to estimate the SAR values for the period 2001 to 2009. The results
show positive increasing trend in the SAR values over the time that may
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seriously deteriorate the quality of the irrigation and drinking water in the

Gaza Strip.

1. Introduction:

Spatio-temporal statistical models arise when data is
collected across space as well as time domain. The
most important feature that distinguishes spatio-
temporal analysis from classical statistical analysis
is that spatio-temporal model uses the spatial
coordinates (locations), at which the observations
form a time series, to model statistical dependence
among data, rather than assuming that the data is
independent.

Over the years, numerous progress has been made
in building spatial geostatistical models in several
environmental phenomena ignoring the possibility
of the existence of temporal structure within such
phenomena. For instant, Omran (2012) proposed a
spatial geostatistical model to evaluate and map
groundwater quality for irrigation in Darb El-
Arbaein, in Southwestern Desert of Egypt; Moasheri,
but he did not consider the possible existence of the
temporal dependency in such a data. Moreover,
Honarbakhsh and Farsani (2013) compared the
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Artificial Neural Network (ANN) to the Geostatistics
methods in estimating the distribution of the
Sodium Adsorption Ratio (SAR) in groundwater data
in Birjand Plain, Iran using the spatial locations to
model the dependency, ignoring the effect of the
time factor. On the contrary to spatial models, there
has not been enough implementations to spatio-
temporal theory in modeling and describing spatio-
temporal variation in terms of water suitability for
irrigation.

In this paper, we propose a space-time! model that
may help in estimating the hazard effect from the
high level of the SAR values in the groundwater
throughout Gaza Strip. We hope that the decision-
makers, water-resource managers, and private users

! Space-time terminology is used when data is measured in
a space of two dimension over a period of time, whereas
spatio-temporal is used when data is measured in n-
dimensional space over a period of time.
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in Gaza Strip will benefit from this research in
preparing strategic plans in order to protect water

The plan of the paper is as follows. Section 2 presents
the statistical methodology followed to model the SAR
of irrigation water in space and time domain. Section 3
describes the study area together with the dataset
motivating this paper. The geostatistical results are
reported in detail in Section 4. The paper ends with
some final conclusions and discussion of the results.

1. Statistical models for space-time SAR of
irrigation water:

Consider the space-time hierarchical stochastic
processes for the SAR of irrigation water
{Z(s,t):(s,t) €S x T} that are observed in a

continuous geospatial domain § € R? and a discrete-
time index set I’ € Z and modeled as

Z(s,t) = u(s,t) + e(s,t), ses§, te T, (D)

where u(s,t) defines a spatially varying deterministic
trend over longer time scales, which is usually
modelled as a linear function of known p-predictors
Z?:o B; X;(s, t) with X;(s, t) the known spatial temporal
p-regressors and f; unknown regression coefficients,
usually containing an intercept for which X,(s,t) =1
and the random effect £(s,t) can be rewritten as
{(s,t) + e(s,t) where e(s, t) is a zero-mean white noise
process whereas {(s,t) is a mean-zero space-time
process (Jones and Zhang (1997) and Cressie and Wikle
(2011, Ch.6)).

Suppose that we wish to predict the unobserved value
Z(Sg, tp) based on the values of the observed data of
sizen. This would be done by kriging interpolation
methods which give the best linear unbiased prediction
(Isaaks and Srivastava 1989, p.289). Ordinary Kriging
(OK) and lognormal Kriging were used to produce the
spatial patterns of heavy metals and disjunctive Kriging
was applied to quantify the probability of heavy metal
concentrations higher than their guide values (Liu,Wu,
and Xu 2005). Geostatistical methods, Kriging and Co-
Kriging, were applied to estimate the sodium
adsorption ratio (SAR) in a 3,375 ha agricultural field
(Pozdnyakova and Zhang 1999).

Kriging predictor, Z(s,,t,) takes the form of a linear
combination of the data as follows
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supplies based on the results reported in this article.

m N

2(sg, o) = Z Z wij (So tO)Z(Si' tii)' (2)

i=1 j=1

where s;,i=1,2,..,m is the ith spatial location;
tijj = 1,2,...,n; are the n;*h temporal corresponding to
s;; the weights w;j(sg,tp) can be estimated by
minimizing the mean squared prediction error subject
to E[Z(s,t)] = u(s,t);andny +ny + -+ ny, = n.

The model in Equation 2 is commonly assumed to be
isotropic? and intrinsically stationary; that is,

E[Z(s,t) —Z(5,D)] =0,

. (3)
Var[Z(s,t) — Z(5,0)] = 2y(h,w),

or equivalently (under the constant mean assumption)
2y(h,u) = E[Z(s,t) — Z(5,0)]%; where 2y(h,u) is
referred to Space-time Variogram; h is the spatial
Euclidian distance between the two points s and §; and
u is the temporal distance between the two times t and
t. The estimate of the space-time variogram is needed
in order to derive the weights in Equation 3.

In this article, the word space-time variogram will be
used synonymously with space-time semivariogram,
where y(h, u) is referred to Space-time Semivariograms3.
The stationary autocovariance function of this model is

C(h,u) = Cov(Z(s,t),Z(s + h,t +u)). (4)

In general, it is not easy to estimate this function. In this
respect, some space-time covariance models together
with bounded space-time variograms, y(h,u) =
€(0,0) — C(h,u), were presented in order to simplify
the model assumptions.

A crucial notion for a valid stationary covariance
functions is that of nonnegative definite for all finite
collections of space-time coordinates. In general, it can
be quite difficult to check whether a space-time
covariance function is positive definite, so that the
parametric space-time covariance models have been
constructed based on the purely spatial covariance and

> A process is isotropic if the invariance structure holds
under rotation and translation.

3 2y(h, 0) represents the spatial variogram whereas 2y (0, u)
represents the temporal variogram.
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purely temporal covariance. The common parametric
space-time covariance models used in literature are:

The product (Separable) covariance model (Cesare,
Myers, and Posa 1997), which is defined in terms of the
product of the spatial and temporal terms, so that the
space-time covariance has a temporal component and a
spatial component that do not interact:

Cprod (h,w) = C;(h)Ce(w), (5)

and the corresponding space-time variogram is given
by

Vprod (hw) = Cprod [ys(h) +v.(w) — ys(R)y. (W], 6)

where yg(h) and y,(u) are the standardized
intrinsically stationary spatial and temporal variograms
respectively with a global sill Cp,oq4. It is worth noted
that this model is the most common one used in
geostatistical space-time data.

The linear covariance model (Rouhani and Hall 1989)
which produced by adding uncorrelated spatial and
temporal covariances together as follows

Coum (h,u) = Cs(W)+Ce(w), (7)

The problem with this covariance model is that it is not
always positive semidefinite and in many cases it has
unsatisfactory results for optimal prediction (Myers
and Journel 1990; Rouhani and Myers 1990).

The product-sum covariance model (Cesare, Myers,
and Posa 2001), which is a linear combination of the
product and the linear of spatial and temporal terms,
obtained in the following formula

Cps(h,u) = kCs (W) Ce(w) + Cs(R)+Ce(w), (8)

with k > 0. The corresponding variogram can be
written as

Yps(h,u) = (1 + kCys(h) + (1 + kCy)y,(w) 9)
— ky;(My.(w),

where C; is the partial sill of the spatial variogram
ys(h); C; is the partial sill of the temporal variogram
Y¢(w); and C,s is the global sill of y,s(h,u) with
Cps = kCsCy + Cg +Cy.
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The generalized product-sum covariance model
proposed by laco, Myers, and Posa (2001) is

Cgps(h: u) = ki Cs(W)Ce(w) + ko Cs(R)+k3Ce(w), (10)

for some k; >0, k, = 0,k3 = 0. The corresponding
variogram is given by

ygps(h' u) = (kz + klct)ys(h) + (k3 + klcs)yt(u)
— kyys(Ry:(w),

(11

where C; is the partial sill of y(h), C; is the partial sill
Ye(w), and Cyp; is the global sill of y s (h, u).

The metric covariance model (Dimitrakopoulos and
Luo 1994), assumes that spatial and temporal
covariances are equal to a joint covariance model Cjyp;
with an anisotropy correction parameter, k. The metric
covariance model is

Cn(h W) = Coine(VAZ + K2U2), (12)
and its associated variogram including the joint
variogram ¥j,in: With some nugget effect is
Vm(h: u) = yjoint(“ h% + KZuZ)‘ (13)
The sum-metric covariance model (Bilonick 1988), is
defined as a combination of spatial, temporal and
metric model as follows

Csm(huw) = Cs(h) + C(w) + Cjoine (VR? + KK2u?), (14)

and the associated variogram with a joint variogram is

ysm(h' u) = ys(h) + Yt(u) + onint( v h? + KZuZ)' (15)
where y;(h),y:(uw) and y;,in; are spatial, temporal and

joint variograms respectively with separate nugget-
effects.

It should be noted that the above mentioned purely
spatial, purely temporal and space-time covariance and
variogram models need not necessarily exhibit the
same structure.

The moment spatial variogram estimator that was
originally introduced by Matheron (1962, 1963b,a) can
be modified to estimate the separate spatial and
temporal variograms in space-time data, respectively,
as follows
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1 1 ’
7(h) = —— _— Z(s;t) _Z(S"t)
N(t)Z 2IN(R) (si,s,-)zem)( »9) (16)
IS B o U )~ 2(s.t))
yw = N(s) Z 2|N ()] (m;(u) (Z(S' 0= 2s t])) (17)

Where |N(h)| and |N(u)| stand for the number of
distinct pairs in N(h) and N(u), which are the set
formed by those locations and times that are a distance
h and u apart respectively.

The empirical space-time variogram is obtained by a
straightforward extension of the previous empirical
variograms. The moment space-time estimator for
stationary and isotropic processes is

1 2
2N (Z(Si’ti) - Z(Sj’tj)) (18)

(G5t ))ENyR

y(hu) =

where |N,;| stands for the number of distinct pairs in
Ngp, which is the set formed by those locations and
times that are a distance h € R? and u € R apart.
Generally we use a tolerance region for the lag distance
h and the lag time u such as: ||h]| — Ag< ||sl- — sj” <
|h]l + Ay and |u| — A< |tl- — tj| < |u|l +4; where
||l.|land |.| referred to Euclidean norm in R%nd R
respectively (Cressie 1993).

One crucial assumption of the variogram is conditional
negative-definite, here defined

NgE:

(19)

4

n
Z aiajzy((si' ti)l (Sj' t])) S 01
j=1

1l
-

for any finite number of space-time locations
(s1,t1),**, (S, tp)and real numbers ay, -+, a, satisfying
Yiria; =0 (Dunn 1983).

In many situations, the empirical variogram based on
the usual method-of-moments of a sample is not
guaranteed to be conditionally negative-definite
(Cressie 1993, p. 69). The common valid variogram
models used in spatial statistics, the linear, exponential,
spherical, wave, and the Gaussian models are briefly
presented in this section and defined as follows: (the
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parameters 6 = (cy,c,r) are the nugget effect, the
partial sill5, and the ranges respectively).

The spatial linear variogram model

v(h;6) = {i(:, -l-l- i',(h/r), otiilfe:lesz.; (20)
The spatial exponential variogram model
y(h; 0) = ¢y + c(1 — exp(—3h/71)). (21)
The spatial spherical variogram model
piwse = [ LD O e 22
The spatial wave (hole-effect) variogram model
y(h; 0) = ¢y + c(1 — (r/h)sin(h/r)). (23)
The spatial Gaussian variogram model
y(h; 0) = ¢y + c(1 — exp(—h?/r?)). (24)
The spatial Mat’ern variogram model

(25)

Y010 = e [1 - ﬁ(ﬁ), (E)]

where J,(.) is the modified Bessel function of second
kind of order k, and is k a parameter controlling the
smoothness of the realized random field (Mat’ern,
1986).

Note that the temporal variogram models are defined
exactly in the same way that we defined the spatial
variogram models by replacing h by t.

* Although, the definition of the variogram indicates that
y(0) = 0,7(0) # 0 due to the high variability between the
observations taken at two very close points which leads to
increase the size of the discontinuity at zero. The
discontinuity of the variogram at zero is called a nugget
effect.

® It is very often that the variogram stops increasing beyond
a certain distance and becomes more or less stable around a
limit value called a sill value.

® The correlation between two variables tends to be equal to
zero when the distance h becomes too large. The distance r
beyond which C(h) can be considered to be equal to zero is
called the range.
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2. Study area and dataset:

Gaza Strip is a small region with a total area of 365
kilometers located in arid and semi-arid areas on the
eastern coast of the Mediterranean Sea at longitudes
34°200" East and latitudes 31°250"'North. It is well
known that the Gaza Strip is one of the world's most
densely populated areas and its main aquifer is not
complying with the population needs. The irrigation
and drinking water quality in Gaza Strip are not
complying with World Health Organization (WHO)
standards due to the contamination resulted from the
sea water intrusion (Shomer et al, 2004, Al-Najar,
2011). This intrusion is seriously affecting the quality
of the groundwater where the chemical and statistical
analysis of the wells indicate high salinity, high nitrate
and chloride concentration and high sodium adsorption
ratio (SAR) ratio (Shomer et al.,, 2004, Al-Najar, 2011,
and Mahdi 2016). It is expected that the sea water
intrusion will be increased in the coming few years.

In general, irrigation water quality is judged by some
determining factors such as Sodium Adsorption Ratio
(SAR), Soluble Sodium Percentage (SSP), Residual
Sodium Carbonate (RSC), and Electrical Conductance
(EC) (Richards, 1954).

The higher the sodium adsorption ratio is, the less
suitable the water is for irrigation so that the SAR is
considered to be the most commonly method used to
predict a potential the infiltration problem?. The SAR
procedure encompasses the infiltration problems due
to an excess of sodium in relation to calcium and
magnesium that is given from the equation

Na*t

[CaZr + Mg?+ ’
2

where Na%t,Ca?*, and Mg?*are the Sodium, Calcium,
and Magnesium  respectively  measured in
milliequivalents/liter.

SAR =
(26)

On the basis of SAR, the sodicity hazard of the irrigation
water have been divided into four categories given in
Table 1 below

7 An infiltration problem occurs if the irrigation water does
not enter the soil rapidly enough during a normal irrigation
cycle to replenish the soil with water needed by the crop
before the next irrigation.
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Table 1 Sodicity hazard of irrigation waters.

SAR, me/l Sodicity class  Sodicity hazard
<10 S1 Low
10-18 S2 Medium
18-26 S3 High
>26 S4 Very high
Source: (Richards 1954).
EIN ' '
" AN . Gaza Wells
e | ‘g&:ﬂhnh | Mediterramnean Ses
g| s . ‘ | Northern
Iy Coem
E—_':{ 1 V N Deir al Balah
d I han Yunis
o 10 1:.Km | Rufub
78649 n2ede soado TV S 103649 Tioeeu

Figure 1: Distribution of groundwater wells in Gaza
Strip (365 km?2).

There are more than 4000 wells within the Gaza Strip.
More than 97% of these are privately owned, where
they have been exploited in an irrational unmanageably
usage for agricultural purposes. As of 2009, only 109
wells are operated by the municipalities® where they
are mainly used for domestic supply of drinking water.
Figure 1 shows the distribution of the groundwater
wells in the study area throughout the Gaza Strip. The
target variable is the Sodium Adsorption Ratio (SAR) in
drinking water wells, where we have 109 observations
recorded annually in the spring seasons for the period
2001 to 2009 on spatial locations 77585.36 <X <
106475.1 and 78491.00 <Y < 107217.9.

3. Geostatistical results:

8 There are 25 municipalities distributed in the five
governorates of the Gaza Strip: Northern, Gaza, Deir el-Balah,
Khan Yunis, and Rafah governorates.
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In this section, we report the geostatistical results
obtained from the analysis of the SAR values in the
irrigation and drinking groundwater dataset
throughout Gaza Strip. We use R and ArcMap GIS
software to analyze the SAR data. Table 2 shows the
summary of the statistical evaluation of the SAR values
in the groundwater dataset. The range of the SAR
values was from 0.17 to 21.7, where the highest SAR
value related to Khan Yunis governate and the lowest
value related to Northern governate.

Table 2 Descriptive statistics of SAR values

Year Min Max Mean St. Dev.
2001 0.9 21.2 5.6 4.9
2002 0.2 18.7 4.5 3.9
2003 0.8 18.2 5.7 3.9
2004 0.6 18.1 6.8 3.9
2005 0.3 21.7 5.9 5.0
2007 0.4 12.4 4.8 2.9
2008 1.6 18.0 6.3 2.9
2009 0.7 20.7 6.6 5.0

Source: Analysis of SAR values in groundwater
wells throughout Gaza Strip

We apply the Kriging method described before to
estimate the SAR values. First, we model the spatio-
temporal correlation among the SAR values by
estimating both empirical variograms (the spatial and
the temporal) as well as by fitting the theoretical
appropriate models to these empirical variograms.

In our analysis, the common semivariogram models
(circular, spherical, exponential, Gaussian, wave, and
Mat’ern) were used to describe the spatio-temporal
correlation in the SAR data. After evaluating these
different variogram models using cross validation
method, we conclude that the exponential models
(spatial and temporal) are best suited for both
corresponding empirical variograms, so that they were
selected as best fitted models describing the spatio-
temporal correlation in the SAR data. Figures 2 and 3
show the estimated variograms whereas Table 3
summarizes the parameter estimates of the exponential
fitted variogram models:
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v.(h) = 5.92 + 23.22(1 — exp(—3h/122)) (27)
and
y:(t) = 0.52 + 2.50(1 — exp(—3t/12.18))  (28)

RS

Figure 2: Empirical (+) and fitted exponential (-) spatial
variogram models of SAR.

Table 3 Variogram Parameters of Exponential Model
Fitted to SAR Values in Water Samples

Model Nugget  Partial Sill Range
Spatial 5.9173 23.221 12187
Temporal 0.52 2.50 12.18

Source: Analysis of SAR values in groundwater
wells throughout Gaza Strip throughout Gaza
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Semivariogram

T T T T T
2 4 6 8 10

Distance (in years)

Figure 3: Empirical (-) and fitted exponential (-)
temporal variogram models of SAR.

Finally, the ordinary kriging has been applied in the
space-time domain in order to estimate the SAR values
in the groundwater data throughout Gaza Strip. The
separable space-time variogram model given in
Equation 6 is used based on the results from Table 3
and Equations 27, 28.

Yprod (ht) = Cprod [Vs (h) + Yt ) — Vs (h)yt (t)]
where Cprq is the global sill estimated to be 328.26.

Here we report the results of the first and the last years
(2001 and 2009 respectively) of the dataset being
analyzed. The interpolation of SAR values presented in
Figures 4 and 5 here were obtained for the first and last
years of the dataset being analyzed.

) -

Prodiction map - Year 2001
BEE  ~TonroonT ) e
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Figure 4: The interpolation of SAR values using an
exponential model for the year 2001.

o,

Prediation map - Yesr 2000
-y

Figure 5: The interpolation of SAR values using an
exponential model for the year 2009.

Visual inspection of the output maps in Figures 4 and 5
indicates a deterioration in the quality of the
groundwater due to the increasing level in the SAR
values over the years especially throughout the middle
and south governorates of Gaza Strip.

4. Conclusion:

The present paper proposes a spatio-temporal model to
map the SAR values in the groundwater as a first step to
assess the suitability for irrigation and drinking
purposes in the Gaza Strip area.

The ordinary Kriging method was used for the
preparation of thematic maps of groundwater quality
parameters of the sodium adsorption ratio. The
exponential semivariogram model was best fitted for
SAR values in both space and time domain.

The present study demonstrates high efficiency for
using the spatio-temporal model to analyze the SAR
data. Water samples analyses revealed a deterioration
in the quality of the groundwater due to the increasing
level in the SAR values over the years especially
throughout the middle and southern governorates of
the Gaza Strip.

The SAR prediction maps produced as a result of this
research should be taken into account by decision-
makers for sustainable land-use management in the
Gaza Strip. Water managers and policymakers must
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start considering the excess of the SAR values in
irrigation water as a serious threat to the water
resources in the region.
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