Journal of The Islamic of Gaza(Natural Sciences Series) Vol.13, No.2, P179-202, 2005
ISSN 1726-6807, http://www.iugaza.edu/ara/research/

ON SOME INTEGRAL INEQUALITIES OF OU- IANG’S TYPE

Sh. Salem ), Atta A.K. AbuHany @, Ibrahim M. Salman ©
(1) Department of Mathematics, Alazhar University, Cairo, Egypt.
(2) Department of Mathematics, Alazhar University of Gaza, Gaza, Palestine.
(3) Department of Mathematics, Alagsa University, Gaza, Palestine.

Abstract: In this article, we establish some nonlinear integral
inequalities of lang’s type for functions of one or more than one
independent variable . Also, we give some applications of these
inequalities to study boundedness of solutions of nonlinear partial
differential equations.

Keywords : lang’s integral inequality, nonnegative continuous functions,

Hyperbolic partial differential equations .

2000 Mathematics Subject Classification: 26D10, 26D15, 26D20

1. Introduction

Integral inequalities play an important role in the study of existence,
uniqueness, continuous dependence, perturbation, boundedness and stability
of solutions of differential and integral equations [2, 3, 4].

The integral inequalities involving functions of more than one
independent variables play a fundamental role in the study of the solutions
of partial differential equations[1]. One of the most useful inequalities in the
development of the theory of partial differential equations is lang’s
inequality which was first given by Ou-lang [2] while studying the
boundedness of solutions of certain second order differential equations .
Theorem 1.1 [2] Let u and f be nonnegative continuous functions defined
for teR, . If

t
u?t)<c? + 2j f (s)u(s)ds, (1.1)
0
forte R, ,wherec >0 isaconstant, then
t
u(t)se+j f(s)ds, for teR, . (1.2)
0

In the past few years, lang’s inequality has been applied with
considerable success to study the global existence , uniqueness, stability
and other properties of the solutions of various nonlinear differential
equations. Generalizations of the inequality given in Theorem 1.1 are given
in [5, 6]. In the following theorem, we present one of those generalizations
due to Pachpatte [5].
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Theorem 1.2 Let u, f and g be nonnegative continuous functions defined
for teR, and c beanonnegative constant. If

u?(t)<c® + Zj.[f (s)u®(s) + g(s)u(s)]ds, (1.3)
forteR, ,then

(1.4)

+

u(t) < p(t)exp(j f(s)ds), for teR
where 0
p(t)=c +J. g(s)ds, for teR,. (1.5)

The purpose of this paper, is to establish some new integral inequalities of
lang’s type [2] for functions of one and more than one independent variables
which can be used in the analysis of some classes of partial differential
equations.

2. Main Results
In what follows, R denotes the set of real numbers and R, =[0,). The first
order partial derivatives of a function Z(x, yYlefined for X,y e R with
respect to x and y are denoted by Z, (x,y) and Z (x,Yy) respectively.

Throughout this paper , all the functions and their partial derivatives which
appear in the inequalities are assumed to be real — valued and all the integrals
involved are exist and of positive values on the respective domains of their
definitions . Our main results are given in the following three theorems :
Theorem 2.1  Letu(x), h(x) be nonnegative continuous functions and k(x)

> 1, defined for x e R, . Suppose that k, (x) be nonnegative continuous
function defined for xe R,, p;, p,, Ps, and p, eR,. If

uP(x) <k (X)+ p, j h(s)u™ (s)ds, 2.1)
0
then

1

P2

u(x) < [k”l(plm(on(—pl ; Pe )(kpz (X)— k" (0) + pjh(s)ds}] e

1

Py # Py (2.2)
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Proof : Let V ™ (x) be the right hand side of (2.1), then
VP (x) = kP (%) + s [ (s)u™ (s)ds. (2.3)
0
From (2.1), (2.3), we have V(x) >0 and

u(x) <V (x). (2.4)
Differentiating (2.3) with respect to x, we get

PV OOV, (X) = ok P (0K, (X) + psh(x)u ™ (x). (2.5)
From (2.4) and (2.5), we have

PV " (OV, (%) < ok P (0K, (X) + psh(x)V ™ (x),
from which and by using (2.4), we get
P,k (K, (x)

1™ 4_1
PV AP (OV, () < V(0 + Psh(x). (2.6)
Since k(x) > 1, from (2.3) and (2.6), we obtain
PV PP (X, (%) < pok P (0K, (X) + ph(x). (2.7)
Integrating (2.7) with respect to x from 0 to x , we get
(—p plp ](\/ PP (x) =V PP (0))3 kP (x) — kP (0) + p3I h(s)ds. (2.8)
1~ Ma 0

From (2.3) and (2.8), we have

&( P1—P4)
P

V(Y {k © +%{kpz (9 —k™ ©)+ p, h(s)dsD " =, 29)

1 0

From (2.4) and (2.9) we have the required result. Hence the theorem is
proved .

In the following, we obtain some special cases of the results in Theorem 2.1
by suitable substitutions given for each case :
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Special Cases I.
1) Let k(x) =c, cisa positive constant and p, =1. From Theorem

2.1, we have, if
uP(x)<c™ + p3jh(s)u(s)ds,
0

then

1

)Py ( nd
+1;(p,—njrmads . Pyl (210)
1 0

p

2
(p
Py b

u(x) < (c

2) Let k(x) =c>0.From Theorem 2.1, we have, if
uP(x)<c? + p3jh(s)u " (s)ds,
0

then

1

%(p17p4) p3 X P1=Pq
u(x)<| c™ +E%m—mﬂh@ws C PP, (210)
1 0

3)If p,=p,=p;=2in(2.10), we have, if
u?(x)<c’+ ZJX. h(s)u(s)ds,
then 0
u(x)<c +Ih(s)ds, (2.12)
0

which is the same result of lang [2].
4)1f p,=p;=1,and p, =2 incasel, we have, if

u?(x)<c +Jx‘h(s)u(s)ds,
then 0

u(x) <+c %Ih(s)ds. (2.13)
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5 If p,=p,=p,=2 and p, =1lincase 2, we have, if
u?(x) <c? +2Ih(s)u(s)ds,
then 0
u(x)<c +ih(s)ds, (2.14)
0

which is the same result of lang .
6)If p,=p;=p,=1,and p, =2 incase2, we have, if

u?(x)<c+ -X[ h(s)u(s)ds,
then 0
u(x) <+C +% [n(s)as. (2.15)

which is the same result (2.13).
7If p,=p,=p,=1and p, =2 incase 2, we have, if

u(x) < c+_x[h(s)u2(s)ds,
then O
u(x) < [cl —ih(s)ds} 1. (2.16)
8)If p,=p,=p, =02 and p, =1 in Theorem 2.1, we have, if
u?(x) <k?(x)+ ij.h(s)u(s)ds,
then 0
u(x) < k(0)+%k2(x)—%k2(0)+Eh(s)ds. 2.17)

9)If p=p,=p,=1and p, =2 in Theorem 2.1, we have, if
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u(x) < k(x) +Ih(s)u2(s)ds,
then 0 1
u(x) < {k*m)— () + k(O)—fh(s)ds} . 019
10)If p,=p,=p,=Lland p, =2 in Theorem 2.1, we have , if
u?(x) <k(x) +'X[h(s)u(s)ds,
then O

1 X
u(x) g%[2k2(0)+k(x)—k(0)+.|‘h(s)ds}. (2.19)
0
1) If p,=p,=p,=1and p, :% in Theorem 2.1, we have , if

u(x) <k(x) +jh(s)ui(s)ds,

then

u(x)S{kz(0)+%k(x)—%k(0)+%_Ih(s)ds} . (2.20)

In the following theorem, we consider functions of two independent
variables .
Theorem 2.2 Let u(x, y), h(x, y) be nonnegative continuous functions and
k(x,y) > 1, defined for x,yeR, . Suppose that k, (x,y), k,(x,Yy), and

k,, (X, y) be nonnegative and continuous functions defined for x,y e R, ,
and p;, Py, Ps P, ER, . If

Xy
uP(x,y) <k (x,y)+ p3” h(s,t)u ™ (s,t)dtds, (2.21)
00

for x,yeR, , then
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P2 P2
—=(p- —=(p-
Py ! Py '

&(pl Ps) Ps) Ps)
ux,y)<[ k™ (0,y)+k (x,0)—k (0,0) +

(%J(k (0,0) k" (x,0)+ k™ (x,y) ~k " (0,y) )+

1

XY —P4
ps[[ h(s,tydtds |" ", p, = p,.
00

(2.22)
Proof : Let V™ (x,y) be the right hand side of (2.21), then
Xy
V(% y) = kP (6 y)+ ps [ | h(s,tyu™ (s, t)dtds (2.23)
00
From (2.21), (2.23), we have V(x,y) >0, and
u(x,y) <V(,y). (2.24)

Differentiating (2.23) with respect to x, and then with respect to y, we get
y

PV " (X, IV, (%, ¥) = Pk P (x, VDK, (%, ) + s | h(x,t)u® (x,tydt,

0
and

PV P YV, (6 ) + P (P =DV P2 (X, YOV, (6 YV, (X, y) =
Pk P (% YK, (X, Y) + Py (P, =Dk P2 (X, y)K, (X, Y)K, (X, Y)
+ psh(x, y)u™ (x,y).

(2.25)
From (2.24) and (2.25), we have

PV (X, YV, (6 Y) + Py (P =DV P2 (X, YV, (X, V)V, (X, Y) <
Pk P (X, YK, (%, Y) + Py (P, —DKP2 (X, y)K, (X, Y)K, (X, Y)

+ Psh(X, YV * (%, y).
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(2.26)
From (2.26), we obtain
PV PV 4 Py (py —DV PV, <
pkP 7k, P (P, —Dk ™7k kK,
v + v + psh(x, y).
(2.27)
Since k(x, y) > 1, then from (2.23) and (2.27), we have
PV N+ py(py DV PPV, <
P2k " 7K,y + P2 (P, ~DK kK, + psh(x, Y).
(2.28)

Interchanging y by tin (2.28), and then integrating (2.28) with respect to t
from 0 to y, we get

PV PG YV, (X Y) = PV TR TH(X,0)V, (%,0)
y

+ p1p4_[ V P2 (x V (X, DV, (X, E)dt <
0

Yy

Pok ™7 (X, Y)K, (% ) = Pk 7 (x,00k, (x.0) + ps [ h(x, )t

0

(2.29)
From (2.23), we obtain
P p, 2a
V(x0)=k™(x0) and V,(x0)=—2k™ (x0)k, (x0). (2.30)

1

Using (2.29) and (2.30), we get
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1
—(PLP2—P2Ps—P1)

bV PPty YV, (%, Y) < p,k™ (x,0)k, (x,0) — p,k p2_l(X,O)kx (x,0)

y y

+ kP K, 06 Y) + P | hOutdt = pyp, [ VPP 2 GV, (G )V, (x, Dt
0 0

from which , we have

2P

— é(plpzfp -p) B 0,1
PV YV (X Y) < pok (X 0)k, (x,0) — p,k™~(x,0)k, (x.0)

y
+ Pk 06 YOk, 06 y) + s | hOx byt

0

(2.31)
Integrating (2.31) with respect to x from 0 to x, we have
) ) 2 (p,-p,) 22 (p,-pa)
V P1—P4 (X, y) _V P1—Ps (O' y) < k P (X,O) _ k P (0'0)
+ (—pl — b ](k " (0,0) ~k ™ (x0) + k™ (x,y) ~ k™ (0,y))
Py
i Xy
4 PP =P [] hs.bdtds, p, = p,.
pl 00
(2.32)
Again from (2.23), we have
P
V(O y)=k™(0y). (2.33)

Hence from (2.32) and (2.33), we obtain
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&(pl Psa P1— Py P2 P1— P4
Vix,y)<[ k"™ 0,y)+k "™ (x,0)—k ™ (0,0)

+( : F_’ ; J(k "(0,0) k" (x,0)+ k™ (x,y) —k ™ (0,y))

Xy, 17— Fa
+p,[] hsdds 177 = p..
00

(2.34)
From (2.34) and (2.24) we have the required result , and the theorem is
proved .

In the following, we obtain some special cases of the results in Theorem 2.2
by suitable substitutions given for each case :
Special Cases II.

1) Let k(x,y)= c>0and p, =1.From Theorem 2.2, we have, if

X'y
uP(x,y)<c + p3” h(s,t)u(s,t)dtds,
00

then

Py p XY, S
u(x,y)<{c™ +|O—"3(pl —l)” h(s,t)dtds , p, 21l (2.35)
1 00

2) Let k(x,y) = c>0.From Theorem 2.2, we have, if
Xy
uP(x,y)<c® + p3” h(s, y)u ™ (s,t)dtds,
00

then

1

2 (p,-py) ¢ PL~ P
u(x,y)<| c™ (p1 j J. h(s,t)dtds O
0

l

(2.36)
3) If p,=p,=p;=2 incasel, we have, if
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Xy
u?(x, y)sc2+2” h(s,t)u(s,t)dtds,
00
then
Xy
u(x,y) <c+ || hs,t)dtds, (2.37)
00

which is the lang’s inequality for functions of two independent
variables .

4)1f p,=p,=1,and p, =2 incasel, we have, if

uz(x,y)sc+ﬁ h(s,t)u(s,t)dtds,
then v

u(x,y) < \/E+%_X”y. h(s,t)dtds. (2.38)
5 If pp=p,=p,=2 and [;)40:1 in case 2, we have , if

u?(x,y)<c’+ Zﬁ h(s,t)u(s,t)dtds,

then "

u(x,y) SC+N h(s,t)dtds, (2.39)

00

which is the same result (2.37).
6)If p,=p;=p,=1,and p,=2 in(2.36), we have, if

Xy
u2(x,y)gc+H h(s,t)u(s,t)dtds,
00
then
Xy
u(x, y) < \/E+%” h(s,t)dtds. (2.40)
00

which is the same result (2.38).
7If p,=p,=p,=1and p, =2in (2.36), we have , if
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u(x,y)<c+ 'X”y' h(s,t)u?(s,t)dtds,

then
Xy -1
u(x,y){cl— j j h(s,t)dtds:l , (2.41)
00

8)If p=p,=p;,=1and p, :% in (2.36), we have, if

u(x,y)<c+ JX‘_T h(s,t)u; (s,t)dtds,

then

1 Xy 2
u(x, y)s[cu j j h(s,t)dtds} _ (2.42)
00

In the following theorem , we consider functions of three independent
variables .
Theorem 2.3 Letu(x, Y, z), h(x, y, z) be nonnegative continuous functions
and k(x, y, z)>1, defined for XYy,zeR,. Suppose that the derivatives
k(% y.2),  k(xy.2.k(Xy.2),  Kky(xy.2).and k,,(x,y,2)be
nonnegative and continuous functions defined for x,y,zeR, , and

pll p2| pg; p4ER+ i

N |-

XYz

uP(x,y,z2) <k™(x,y,z)+ pgj“ h(r,s,t,)u®(r,s,t)dtdsdr, (2.43)

000
for X,¥,Z€eR, and 0<r<x,0<s<y,0<t<z, then
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&( P

P2pp) ) P20 pp)
u(x,y,z)< k™ Oy, z)+k" (x0,z)—k"™ 00,2)

Pop

Pi—Ps)
+kM (%, y,0) -k

(- P (p,- 2 (p,-
P P Py

Ps) Ps) Ps)
©,y.0)—k (x0,0)+k 000)

+(I°1—I°4J(k " (%, ,2)—k™ (0, Y,2) k™ (x.0,2) + k™ (00,2) —k ™ (x, Y,0)

1

1

XYz )
+k® (0,y.0)+k™ (x00)~k™ (000) )+ ps [ [[ h(r, s,t)dtdsdrr " =D,
000

(2.44)
Proof : Let W ™ (x,y,z) be the right hand side of (2.43), then
W™ (x,y,z) =k (x,y,2)+ p3JX.Jy'JZ' h(r,s,t)u™(r,s,t)dtdsdr,  (2.45)
From (2.43) and (2.45) , we haveO (\)/\(/)(x, y,z)>0 and
ulx,y,z) <W(x,vy,z). (2.46)

Differentiating (2.45) with respect to x, and then with respect to y, and then
with respect to z, we get

yz
PW PW = p kK + ps_“‘ h(x,s,t)u™ (x,s,t)dtds,
00

p.(p, —OW "W W, + pW PPW, = p,k™ 'k, + p,(p, —Dk ™k k,

z

+ pSI h(Xi ylt)u s (X1 y;t)dt;
0
and
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PW "W+ py(py —DW PTPW W+ py(p W PP W W, ), +
P (P, (P, —2W P*WW W, = p,k Pk, , + p,(p, —Dk %k kK,
+ P (P, ~DkP (kK ), + P, (P, —D(P, =2k 2k k kK,

+ psh(x, y, Z)u™ (x,y,z).
(2.47)
From (2.46) and (2.47), we have

plW F)rljvvxyz + pl(pl _1)W prszny + pl( P, _1)W P2 (\Nny)z +
pl( Py _1)(p1 - 2)W p1_3\/\/><Wy\NZ < p2k pz_lkxyz + P, ( P, _1)k pz_zkzkxy +
P, ( P, _1)k P2 (kxky)z + P, ( P, _1)( P, — 2)k pz_gkxkykz

+ psh(x, Y, 2 )W ™ (x,Y,2).
(2.48)
From (2.48), we obtain

pW pl—prlwxyz +p,(p, —DW pl—pA—ZWZWXy +p,(p, -DW PL—Ps—2 (VVny ), +

< pzkpz_lkXyZ + p2(p2 _1)kp2_2kzkxy +

“D(p, =2WP PSS WWW, <
p.(p, —D(p, —2) X2y iz WP (X, Y,2) WP (x,y,2)

P, (P, —DkP?(k.k,), . P, (P, —~D(p, — 2k *k kK,

+ p.h(x,y,2).
WP (x y,2) WP (% Y,2) Pal.2)

(2.49)

Since k(x, y, z) > 1, then from (2.45) and (2.49), we get
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plw pl_prlwxyz + pl(pl _1)W pl_pA_szny + pl(pl _1)W P2 (\Nny)z +
pl(pl _1)(p1 - 2)W pl_pA_E}\Nx\NyWZ < pzk pz_lkxyz + pz(pz _l)k pz_Zkz kxy +

pz(pz _1)k P2 (kxky)z + pz(pz _1)(p2 —2)k pz_skxkykz + pgh(X, Y, Z)-
(2.50)
Integrating (2.50) with respect to z from 0 to z, we have
PW PP, — p W PR (X, Y 0W,, (X, Y,0) + Py (py —DW TP PW W —

P (P, —DW PP (%, y,0)W, (X, y,0)W, (X, ¥,0) < p,k 27k, — p,k ™7 (X, y,0)k,, (X, ¥,0)

+ P, (P, —DKP2 (X, y, )k, K, — P, (P, =Dk 72 (x, y,00k, (X, y,0)k, (X, y,0)

= PP, WP P06y W 0 Y, D (x, y, et
0

— PP (B =D WP 06y, OW,(x,y, OW, (6, Y, MG (x, y, et + s [ h(x, y, it
0 0

(2.51)
From (2.51), we have
P PP WL — W PP O, y 0L (X, ¥.0) + Py (py =W PP AW W, —
pl(pl _l)W Ppa2 (X, y,O)WX (X! y'O)Wy (Xy y;o) S pzk Pz—lkxy -
Pk (X, Y,00K,, (X, ¥,0) + P, (P, —Dk ™72 (X, y, 2)k,k, —
P (p, —DK ™ (%, Y00k, (x, Y,00k, (x, ¥,0) + p, | h(x,y,t)dt.
0
(2.52)

From (2.45), we have
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P
W(x, y,00=k ™ (x,y,0)
and

By
W, (x Y0 =2 k™ (x, y,0K, (x 0),

1

P2

p —-1

W, (x,y,0) :F2 k™ (x y,0K, (% Y.0).
1

Hence

P2 P2
P, P ' Py o™
W,y (% y,0) =+ f—l)k“ (% YiO)K, (%, Y.0)K, (%, .0 +—=K ™ (x, Y0k, (X ¥.0),
1 1 1
from which (2.52) becomes

plw b 71W><y + pl ( pl - 1)W b 72Wny n

P2p4 P,_P2P4_;

Pz_i_z
P2 (P, =Dk ™ (X y.00k, (X, y,0k, (x, .00+ pk ™ (X, y,00k, (x,y,0) +

Pk (%, Y, 2)K,y — Pk (X, V00K, (X, ¥.0) + P, (P, = DK™ (%, y, 2)k Ky —

Z

P, (P, DK™ (x, y,00k, (X, Y0k, (X, ,0) + pSI h(x, y,t)dt.

0

(2.53)
Interchanging y by t in (2.53), and then integrating with respect to t from 0
toy, we have
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P2p4

PW PP W, — pW PP (x,0,2)W, (x0,2) < pok (%, y,0)k, (x,,0) -

po_P2P4

p2k " ; (X,0,0)kx (X,0,0) + pzk szl(x, y’ Z)kx - p2k Pz*l(x,o, Z)kx (X’O’ Z)

y z
— Pk (%, .00k, (X, ¥,0) + Pk (x,0,0)K, (0,0 + ps [ [ h(x,s,t)dtds

0 0

2 y Z_M_Z
S PePa e s 0, (x,5.0)K, (x,5.0)ds,
P o
from which , we have
o, PP

P PP, — pW P (X0, 2)0W, (X0, ) S pk - P (% Y.0)K, (X, y.0)

_PaPs 4

p,k Com (x,0,00k (x,0,0) + p,k "= (x,y, 2)k, — p,k*™*(x,0, 2)k, (x,0,2) -

y z
pgk p-1 (X, y,O)kX (X, y,O) + pzk po-1 (X,0,0)kx (X,O,O) + p3J. I h(X, S,t)dtdS
00

(2.54)
From (2.45), we have
P2
W(x,0,2) =k ™ (x,0,2),
and
P, .
W, (x0,2) =—=k"™ (x0,2)k, (x0,2). (2.55)

1

From (2.54) and (2.55), we have
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P2Ps 4 P _PaPs 5

BWEPW <pk B (602K (X0.2)+ kP (X .0k, (% V,0)

P2p.
2$72

-pk " (x0,0)k, (%0,0) + p,k” Kk, + p,k*(x,0,2)k, (x,0,2)

y z
— kP (X, Y0k, (%, y,0) + P,k (x,0,0)k, (x,00) + p, j j h(x, s, t)dtds
00

(2.56)
Again integrating (2.56) with respect to x, we get
2 (py-py)
[ple PP(x,y,2) WP (0, y, z)]g(plj kP . (x0,2)
P — Py 17 Ma
P2 (p-py) P2 (p-py) 2 (o-py) P2 (pr-py)
—k™ (0,0,2) +k™ (% y,00—k™ 0,y,00—k™ (x,0,0)
2(p-py) ) ] ) )
+k ™ 000) |[+k™2 (x,y,2)—k ™2 (0,y,2) k"™ (x,0,2) + k"2 (0,0, 2)
X Yy z
—k" (%,,0)+k" (0,.0) +k™ (x0,0 k" (0,00)+ p; | | [ h(r,s,t)dtdsdr
0 0 0
(2.57)
From (2.45), we obtain
1
W(,y,2)=k™(0,y,2). (2.58)

So from (2.57) and (2.58), we get
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1 P2, B,
MKx%n<[k“M Oy )k x00-k" " (00.2)

Pz( L

(PP ~ %(pl pl b %i(prm)
kT ey 0=k Oy 0=k (x00) 4k (00,0)

( " p : J( k" (x,y,2) =k " (0,y,2) =k (x,0,2) + k" (0,0,2) =k ** (x,y,0)

1

Py

+kp2 (0! y)0)+ kpz (x,0,0) _kpz (0’0’0)+ pgj- J- h(r,s,t)dtdsdrj :|p1_ ’
0 0

O <

Py # Py-

(2.59)
Hence, from (2.46) and (2.59) we get the required result , and the theorem
is proved .

In the following, we obtain some special cases of the results in Theorem 2.3
by suitable substitutions given for each case :

Special Cases Il1.
1) Let k(x,y,2z) = c¢>0. From Theorem 2.3, we have, if

XYz
uP(x,y,z)<c + p3”J' h(r,s,t)u®(r,s,t)dtdsdr,
000
then
1
&(pl_ XYz P1—Ps
u(x,y,z)<|c? (pl J'” h(r,s,t)dtdsdr| , p, #p,. (2.60)
000

2)If p,=p,=p,=2and p, =1 incase 1, we have

N

u?(x,y,z)<c*+2

O Sy <
O e <

j h(r,s,t)u(r,s,t)dtdsdr,
0
then

u(x,y,z)<c+ h(r,s,t)dtdsdr. (2.61)

O ey <

!

O e N
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3)If p,=p,=p,=1,and p, =2 in case 1, we have

Xy
u?(x,y,z) < c+” h(r,s,t)u(r,s,t)dtdsdr,
00

O ey N

then

XYz

[[] h(rs.t)dtdsdr. (2.62)

000

u(x,y,z)S\/E+

N |-

4) If p,=p,=p;=1and p, =2 in case 1, we have
XYz
u(x,y,z)sc+”j h(r,s,t)u’(r,s,t)dtdsdr,
000
then
-1

u(x,y,2)<| ¢ =[] h(r,s tydtdsdr | . (2.63)
000

O ey <

6) If pp=p,=p;=2and p, =11in Theorem 2.3, we have, if
XYz
u?(x,y,z) <k?(x, y,z)+2_f” h(r,s,t)u(r, s, t)dtdsdr,
000
then
u(x,y) <k(0,y,z) +k(x,0,z) —k(0,0,2) +k(x, y,0) —k(0, y,0) —k(x,0,0)

+k(0,0,0)+= (kz(x y,2)—k?(0,y,2) —k?(x,0,2) +k?(0,0,2) —k*(x, y,0)
+k?(0, y,O)+k2(x,0,0)—k2(0,0,0)+2j j j h(r,s,t)dtdsdr ).

(2.64)

6)If p=p,=p,=1,and p,=2 inTheorem 2.3, we have, if
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u(x,y,z) <k(x,y,z) +ﬁ h(r,s,t)u®(r,s,t)dtdsdr,

O ey N

then
u(x,y)<[ k™(0,y,2) +k™*(x,0,2) =k *(0,0,2) +k*(x,y,0)

—k™(0,y,0)—k™(x,0,0)+k™(0,0,0) —k(x, y,2) +k(0, y, 2)

+k(x,0,2) —k(0,0,2) +k(x, y,0) —k(0, y,0) —k(x,0,0) + k(0,0,0)

h(r,s,t)dtdsdr ™.

O ) <
O e N

i
0
(2.65)
NIf p,=p;=p,=1,and p, =2 in Theorem 2.3, we have, if

u?(x,y,2) <k(x,y,z) +j h(r,s,t)u(r,s,t)dtdsdr,
0

O e <
O ey N

then
1 1 1 1 1

u(x, y,2) <k2(0,y,2) +k?(x,0,z) k2 (0,0,2) + k2 (x, y,0)— k2 (0, y,0)

1 1

—k2(x,0,0)+k2(0,0,0) %{ k(x, y,2)—k(0,y, ) —k(x,0,2) +k(00,2)

—k(x, y,0) +k(0, y,0) +k(x,0,0) —k(0,00) +j

O e <

j h(r,s,t)dtdsd rj.
0

(2.66)

% in Theorem 2.3, we have, if
1
h(r,s,t)u?(r,s,t)dtdsdr,

8)If pp=p,=p;=1,and p,=
Xyz

u(x,y,2) <k(x,y.2)+ [ [

000

then
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u(x,y,z) <

{ k% Oy,2)+ k% (x0,2)- k% 0,0,2)+ k% (x,y,0)— k% 0,y,00— k% (x,0,0)

1

+k2 (0,00 +%( k(x,Y,2)—k(0,y,2)—k(x,0,2) +k(0,0,2) —k(X, y,0)

+k(0,y,0) +k(x,0,0)—k(0,0,0) +

j‘ _Z[ h(r,s,t)dtdsdrj T.

O ey <

(2.67)

3. Applications

In this section, we present some applications of Theorem 2.1 and
Theorem 2.2. Our aim is to study the boundedness of the solutions of
some hyperbolic partial differential equations .

In the following two examples, we use Theorem 2.1 to obtain
explicit bounds on the solutions of some first order partial differential
equations

Example 1. Let u, (t) =h(t)u’®(t) where u(0)=c and h(t) <t, then
we have the partial differential inequality

u, (t) < tu’(t). (3.1)

Interchanging t by s in (3.1), and then integrating (3.1) with respect to s
from 0 to t, we have the integral inequality

ut) <c +j su’(s)ds.
By (2.11) with p, =p, =p, =1 %and p, =2 we get

u)<[c? —%tz I

Example 2. Let u(x)u (x)=e”* +h(x)u(x), u(0)=0, and h(x)<x,
then we have the partial differential inequality

u(x)u, (x) < e + xu(x). (3.2)
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Interchanging x by s in (3.2), and then integrating with respect to s from 0 to
X, we have the integral inequality

u’(x) < (ex)2 + ZJX' su(s)ds.

By Theorem 2.1 with K(X)=e€*, p,=p,=p,=2 ,and p, =1 we
have
u(x)s%[lJre2X x| er>1.

We now present three examples showing how Theorem 2.2 can be
used to obtain explicit bounds on the solutions of some second order partial
differential equations

Example 3. Let U(X, Y)U,, (% y) +u, (X y)u, (X Y) = h(x, y)u(x, y)
where u,(x,0)=0, u(0,y)=c, h(x,y)<ye" ,then we have the partial
differential inequality

U(X, YU, (X, ¥) +u, (X, Y)u, (X, y) < ye'u(x, y). 3.3)
Integrating (3. 3) with respect to y, we get
y
u(x, y)u, (x,y) sj te*u(x,t)dt. (3.4)
0

Again, integrating (3. 4) with respect to x , we have the nonlinear integral
inequality

X Yy
u?(x, y)£c2+zj I teu(s, t)dtds.
0 0
By Theorem 2.2 with p, =p, =p, =2 and p, =1, we get
X Yy 1
u(x,y) <c+ tedtds =c +=y*(e* -1).
(%,Y) j J Sy (e =)

Example 4. Let u,, (x, y) =h(x, y)u?(x, y), where u(0, y) =u(x,0)=c and
u,(x,00=0, h(x,y)<xsiny, then we have the partial differential
inequality
Uy < Xsiny u®(x,y). (3.5)
Integrating (3. 5) with respect to y and with respect to x, we get the
nonlinear integral inequality
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Xy
u(x,y) < c+” ssint u?(s,t)dtds.
00

By Theorem 2.2 with p, =p, =p, =1 ,and p,=2 ,we have

X Yy -1
u(x,y)SC’l—I I ssint dtds{cﬂ%xz(cosy—l)} :
0 0
Example 5.

Let u,, (X y)=2xe’ +h(x,y)u?(x,y), u,(x,0)=2x, u(0,y)=0,

and h(x,y) < x+y, then we have partial differential inequality
Uy <2xe” + (X+ y)u’(x,y). (3. 6)

Integrating (3. 6) with respect to y and then with respect to x, we get

Xy
u(x, y) < xe’ +” (s +t)u’(s,t)dtds.
00

From Theorem 2.2 with k(x,y) =x¢’, p, = p, = p, =1, and p, =2,
we have

-1
u(x,y) < {xz +x* —x%’ —%xy(x+ y)} ,

where  x%eY >1.
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