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1. Introduction  
Integral inequalities play an important role in the study of existence, 

uniqueness, continuous dependence, perturbation, boundedness and stability 
of solutions of differential and integral equations [2, 3, 4].  

The integral inequalities involving functions of more than one 
independent variables play a fundamental role in the study of the solutions 
of partial differential equations[1]. One of the most useful inequalities in the 
development of the theory of partial differential equations is Iang’s 
inequality  which was first given by Ou-Iang [2] while studying the 
boundedness of solutions of certain second order differential equations . 
Theorem 1.1 [2] Let u and f be nonnegative continuous functions defined 
for   .+∈Rt   If   

∫+≤
t

dssusfctu
0

22 ,)()(2)(                      (1.1) 

for +∈Rt   , where c  > 0 is a constant , then  

.,)()(
0

+∈+≤ ∫ Rtfordssfctu
t

                    (1.2) 

         In the past few years, Iang’s inequality  has been applied with 
considerable success to  study the global existence , uniqueness, stability 
and other properties of the solutions of various nonlinear differential 
equations. Generalizations of the inequality given in Theorem 1.1 are given 
in [5, 6]. In the following theorem, we present one of those generalizations 
due to Pachpatte [5]. 
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Theorem 1.2  Let  u,  f  and  g  be nonnegative continuous functions defined 
for   +∈Rt    and  c  be a nonnegative constant .  If   

∫ ++≤
t

dssusgsusfctu
0

222 ,)]()()()([2)(            (1.3) 

for +∈Rt   , then  

+∈≤ ∫ Rtfordssftptu
t

),)(exp()()(
0

                     (1.4) 

where  

.,)()(
0

+∈+= ∫ Rtfordssgctp
t

                      (1.5) 

The purpose of this paper, is to establish some new integral inequalities of 
Iang’s type [2] for functions of one and more than one independent variables 
which can be used in the analysis of some classes of partial differential 
equations.  

  
2. Main Results  

In what follows, R  denotes the set of real numbers and ),0[ ∞=+R . The first 
order partial derivatives of a function                defined for  Ryx ∈,   with 
respect to x and y are denoted by ),( yxZ x   and ),( yxZ y  respectively. 
Throughout this  paper , all the functions and their partial derivatives which 
appear in the inequalities are assumed to be real – valued and all the integrals 
involved are exist and of positive values on the respective domains of their 
definitions . Our main results are given in the following three theorems : 
Theorem 2.1       Let u(x), h(x)   be nonnegative continuous functions and k(x) 
> 1, defined  for +∈ Rx   .  Suppose that )(xkx  be nonnegative continuous 
function defined for ,,,, 321 pppRx +∈  and +∈ Rp4 .   If  

∫+≤
x

ppp dssushpxkxu
0

3 ,)()()()( 421                        (2.1) 

then  
 

41
22

41
1

2

1

0
3

1

41
)(

)()0()()0()(
ppx

pp
pp

p
p

dsshpkxk
p

ppkxu
−−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
+−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛ −
+≤ ∫  ,   

41 pp ≠ .              (2.2) 

),( yxZ
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Proof :  Let  )(1 xV p   be the right hand side of (2.1),  then 

.)()()()(
0

3
421 ∫+=

x
ppp dssushpxkxV            (2.3) 

From  (2.1), (2.3),  we have  V(x) > 0  and    
 

).()( xVxu ≤                                      (2.4) 
Differentiating (2.3) with respect to x, we get  
   

).()()()()()( 4121
32

1
1 xuxhpxkxkpxVxVp p

x
p

x
p += −−         (2.5) 

From (2.4) and (2.5), we have  
),()()()()()( 4121

32
1

1 xVxhpxkxkpxVxVp p
x

p
x

p +≤ −−   
from which and by using (2.4), we get   

 ).(
)(

)()(
)()( 3

1
21

1 4

2
41 xhp

xV
xkxkp

xVxVp p
x

p

x
pp +≤

−
−−          (2.6) 

Since k(x) > 1,  from (2.3) and  (2.6), we obtain  
).()()()()( 3

1
2

1
1

241 xhpxkxkpxVxVp x
p

x
pp +≤ −−−          (2.7) 

Integrating  (2.7) with respect to x from 0 to x , we get  

   ( ) .)()0()()0()(
0

3
41

1 224141 dsshpkxkVxV
pp

p x
pppppp ∫+−≤−⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
−

−−         (2.8) 

From (2.3) and (2.8), we have    
 

.,)()0()()0()( 41

1

0
3

1

41
)( 41

22
41

1

2

ppdsshpkxk
p

pp
kxV

ppx
pp

pp
p
p

≠
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
⎥
⎦

⎤
⎢
⎣

⎡
+−

−
+≤

−−

∫  (2.9) 

From (2.4) and (2.9) we have the required result. Hence the theorem is 
proved .  
In the following, we obtain some special cases of the results in Theorem 2.1 
by suitable substitutions given for each case :  
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Special Cases I.     
1) Let  k(x) = c , c is a positive constant  and  .14 =p  From Theorem 

2.1, we have, if     

  ∫+≤
x

pp dssushpcxu
0

3 ,)()()( 21   

then   

  1,)()1()( 1

1
1

0
1

1

3
)1( 11

1

2

≠
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−+≤

−−

∫ pdsshp
p
p

cxu
pxp

p
p

.      (2.10) 

 
2)  Let  k(x) = c > 0 . From Theorem 2.1, we have,  if     

     ∫+≤
x

pp dssushpcxu p

0
3 ,)()()( 421   

then   

     41

1

0
41

1

3
)(

,)()()(
4141

1

2

ppdsshpp
p
p

cxu
ppxpp

p
p

≠
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−+≤

−−

∫ .  (2.11) 

3) If  2321 === ppp  in (2.10), we have , if     

    ∫+≤
x

dssushcxu
0

22 ,)()(2)(   

then   

       ∫+≤
x

dsshcxu
0

,)()(                      (2.12) 

which is the same result of  Iang [2].  
4) If  2,1 132 === pandpp  in case 1, we have, if     

  ∫+≤
x

dssushcxu
0

2 ,)()()(   

then   

     ∫+≤
x

dsshcxu
0

.)(
2
1)(                     (2.13) 
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5) If  2321 === ppp  and 14 =p in case 2, we have,  if     

   ∫+≤
x

dssushcxu
0

22 ,)()(2)(   

then   

    ∫+≤
x

dsshcxu
0

,)()(          (2.14) 

which is the same result of Iang . 
6) If  2,1 1432 ==== pandppp  in case 2, we have,  if     

    ∫+≤
x

dssushcxu
0

2 ,)()()(   

then   

      ∫+≤
x

dsshcxu
0

.)(
2
1)(                           (2.15) 

which is the same result (2.13). 
7) If  1321 === ppp  and 24 =p  in case 2, we have,  if     

    ∫+≤
x

dssushcxu
0

2 ,)()()(   

then   

     .)()(
1

0

1

−

−
⎥
⎦

⎤
⎢
⎣

⎡
−≤ ∫

x

dsshcxu                     (2.16) 

8) If  2321 === ppp  and 14 =p  in Theorem 2.1, we have, if    

   ∫+≤
x

dssushxkxu
0

22 ,)()(2)()(   

then   

     ∫+−+≤
x

dsshkxkkxu
0

22 .)()0(
2
1)(

2
1)0()(        (2.17) 

9) If  1321 === ppp  and 24 =p  in Theorem 2.1, we have,  if   
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    ∫+≤
x

dssushxkxu
0

2 ,)()()()(   

then   

    

1

0

1 )()0()()0()(
−

−
⎥
⎦

⎤
⎢
⎣

⎡
−+−≤ ∫

x

dsshkxkkxu .                      (2.18) 

10) If  1432 === ppp  and 21 =p  in Theorem 2.1, we have , if    

  ∫+≤
x

dssushxkxu
0

2 ,)()()()(   

then   

    ⎥
⎦

⎤
⎢
⎣

⎡
+−+≤ ∫

x

dsshkxkkxu
0

2
1

)()0()()0(2
2
1)( .                           (2.19) 

11) If  1321 === ppp  and 
2
1

4 =p  in Theorem 2.1 , we have , if    

   ∫+≤
x

dssushxkxu
0

2
1

,)()()()(   

then   

   

2

0

2
1

)(
2
1)0(

2
1)(

2
1)0()( ⎥

⎦

⎤
⎢
⎣

⎡
+−+≤ ∫

x

dsshkxkkxu .                 (2.20) 

 
In the following  theorem, we consider functions of two independent 

variables .  
Theorem 2.2   Let u(x, y), h(x, y) be nonnegative continuous functions and 
k(x, y) > 1, defined  for  ., +∈ Ryx  Suppose that ),( yxk x , ),( yxk y , and 

),( yxk xy be nonnegative and continuous functions defined for +∈Ryx, , 

and   +∈Rpppp 4321 ,,, .   If  

  ∫ ∫+≤
x

p
y

pp dtdstsutshpyxkyxu
0 0

3 ,),(),(),(),( 421            (2.21) 

for  ,, +∈Ryx  then  
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[

( )

]∫ ∫ ≠

+−+−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −

+−+≤

−

−−−

x y

pppp

pp
p
ppp

p
ppp

p
p

ppdtdstshp

ykyxkxkk
p

pp

kxkykyxu

pp

0
41

0
3

1

41

)()()(

.,),(

),0(),()0,()0,0(

)0,0()0,(),0(),(

41

1

2222

41
1

2
41

1

2
41

1

2

    

  (2.22) 
Proof : Let ),(1 yxV p   be the right hand side of (2.21), then  

    ∫ ∫+=
x

p
y

pp dtdstsutshpyxkyxV
0 0

3 ),(),(),(),( 421 .            (2.23) 

From  (2.21) , (2.23),  we have V(x, y) > 0 , and  
 

u(x, y) < V(x, y) .                        (2.24) 
 
Differentiating (2.23) with respect to x, and then with respect to y, we get  

       ,),(),(),(),(),(),( 421

0
3

1
2

1
1 dttxutxhpyxkyxkpyxVyxVp p

y

x
p

x
p ∫+= −−  

and  
      

).,(),(

),(),(),()1(),(),(

),(),(),()1(),(),(

4

12

11

3

2
22

1
2

2
11

1
1

yxuyxhp

yxkyxkyxkppyxkyxkp

yxVyxVyxVppyxVyxVp

p

yx
p

xy
p

yx
p

xy
p

+

−+

=−+

−−

−−

 
(2.25) 

From (2.24) and (2.25), we have  

    

).,(),(

),(),(),()1(),(),(

),(),(),()1(),(),(

4

112

11

3

2
222

2
11

1
1

yxVyxhp

yxkyxkyxkppyxkyxkp

yxVyxVyxVppyxVyxVp

p

yx
p

xy
p

yx
p

xy
p

+

−+

≤−+

−

−−

−   
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   (2.26) 
From (2.26), we obtain   
 

).,(
)1(

)1(

3

2
22

1
2

2
11

1
1

4

2

4

2

4141

yxhp
V

kkkpp
V

kkp

VVVppVVp

p
yx

p

p
xy

p

yx
pp

xy
pp

+
−

+

≤−+

−−

−−−−

   

(2.27) 
Since k(x, y) > 1, then from (2.23) and  (2.27), we have  

  
).,()1(

)1(

3
2

22
1

2

2
11

1
1

22

4141

yxhpkkkppkkp

VVVppVVp

yx
p

xy
p

yx
pp

xy
pp

+−+

≤−+

−−

−−−−

    

 (2.28) 
Interchanging  y  by t in (2.28), and then integrating (2.28) with respect to t 
from 0 to y, we get  
 

      

.),()0,()0,(),(),(

),(),(),(

)0,()0,(),(),(

0
3

1
2

1
2

2

0
41

1
1

1
1

22

41

4141

dttxhpxkxkpyxkyxkp

dttxVtxVtxVpp

xVxVpyxVyxVp

y

x
p

x
p

tx
pp

y

x
pp

x
pp

∫

∫

+−

≤+

−

−−

−−

−−−−

   

   (2.29) 
From (2.23), we obtain  
 

 )0,()0,( 1

2

xkxV p
p

=    and   ).0,()0,()0,(
1

1

2 1

2

xkxk
p
p

xV x
p
p

x

−

=                  (2.30) 

Using (2.29) and (2.30), we get  
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,),(),(),(),(),(),(

)0,()0,()0,()0,(),(),(

2

0
41

0
3

1
2

1
2

)(1

2
1

1

412

2
14221

141

dttxVtxVtxVppdttxhpyxkyxkp

xkxkpxkxkpyxVyxVp

tx
pp

yy

x
p

x
p

x

ppppp
p

x
pp

−−−

−
−−

−−

∫∫ −++

−≤

from which , we have  
 

.),(),(),(

)0,()0,()0,()0,(),(),(

0
3

1
2

1
2

)(1

2
1

1

2

2
14221

141

dttxhpyxkyxkp

xkxkpxkxkpyxVyxVp

y

x
p

x
p

x

ppppp
p

x
pp

∫++

−≤

−

−
−−

−−

 

     (2.31) 
Integrating (2.31) with respect to x from 0 to x, we have  

 ( )

∫ ∫ ≠
−

+

−+−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+

−≤−
−−

−−

x y

pppp

pp
p
p

pp
p
p

pppp

ppdtdstsh
p

ppp

ykyxkxkk
p

pp

kxkyVyxV

0
41

01

413

1

41

)()(

.,),(
)(

),0(),()0,()0,0(

)0,0()0,(),0(),(

2222

41
1

2
41

1

2

4141

  

   (2.32) 
 
Again from (2.23), we have  

   ).,0(),0( 1

2

ykyV p
p

=             (2.33) 
 
Hence from (2.32) and (2.33), we obtain 
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[

( )

] .,),(

),0(),()0,()0,0(

)0,0()0,(),0(),(

41

1

0 0
3

1

41

)()()(

41

2222

41
1

2
41

1

2
41

1

2

ppdtdstshp

ykyxkxkk
p

pp

kxkykyxV

ppx y

pppp

pp
p
ppp

p
ppp

p
p

≠+

−+−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+

−+≤

−

−−−

∫ ∫

       

     (2.34) 
From (2.34) and  (2.24) we have the required result , and the theorem is 
proved .  
 
In the following, we obtain some special cases of the results in Theorem 2.2 
by suitable substitutions given for each case :  
Special Cases II.    

1) Let  k(x, y) =  c > 0 and  14 =p  . From Theorem 2.2, we have,  if    

 ∫ ∫+≤
x y

pp dtdstsutshpcyxu
0 0

3 ,),(),(),( 21   

then   

 .1,),()1(),( 1

1
1

0 0
1

1

3
)1( 11

1

2

≠
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−+≤

−−

∫ ∫ pdtdstshp
p
p

cyxu
px yp

p
p

    (2.35) 

 
2) Let  k(x, y) =  c > 0 . From Theorem 2.2, we have, if 

     ∫ ∫+≤
x y

pp dtdstsuyshpcyxu p

0 0
3 ,),(),(),( 421   

then   

   41

1

00
41

1

3
)(

,),()(),(
4141

1

2

ppdtdstshpp
p
p

cyxu
ppyxpp

p
p

≠
⎟
⎟

⎠

⎞

⎜
⎜

⎝

⎛
−+≤

−−

∫∫ .  

             (2.36) 
3) If  2321 === ppp  in case 1, we have, if  
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   ∫ ∫+≤
x y

dtdstsutshcyxu
0 0

22 ,),(),(2),(   

then   

  ∫ ∫+≤
x y

dtdstshcyxu
0 0

,),(),(          (2.37) 

which is the Iang’s  inequality for functions of two independent 
variables  .  
4) If  2,1 132 === pandpp  in case 1, we have,  if     

  ∫ ∫+≤
x y

dtdstsutshcyxu
0 0

2 ,),(),(),(   

then   

  ∫ ∫+≤
x y

dtdstshcyxu
0 0

.),(
2
1),(                     (2.38) 

5) If  2321 === ppp  and 14 =p  in case 2, we have , if  

  ∫ ∫+≤
x y

dtdstsutshcyxu
0 0

22 ,),(),(2),(   

then   

  ∫ ∫+≤
x y

dtdstshcyxu
0 0

,),(),(                               (2.39) 

which is the same result (2.37).  
6) If  2,1 1432 ==== pandppp  in (2.36), we have,  if     

  ∫ ∫+≤
x y

dtdstsutshcyxu
0 0

2 ,),(),(),(   

then   

  ∫ ∫+≤
x y

dtdstshcyxu
0 0

.),(
2
1),(              (2.40) 

which is the same result (2.38).  
7) If  1321 === ppp  and 24 =p in (2.36), we have , if     
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  ∫ ∫+≤
x y

dtdstsutshcyxu
0

2

0

,),(),(),(   

then   

  

1

0 0

1 ),(),(
−

−

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
−≤ ∫ ∫

x y

dtdstshcyxu .      (2.41) 

8) If  1321 === ppp  and 
2
1

4 =p  in (2.36), we have, if  

 ∫ ∫+≤
x y

dtdstsutshcyxu
0

2
1

0

,),(),(),(   

then   

  

2

0 0

2
1

),(
2
1),(

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
+≤ ∫ ∫

x y

dtdstshcyxu .                         (2.42) 

In the following  theorem , we consider functions of three independent 
variables .  
Theorem 2.3   Let u(x, y, z), h(x, y, z)   be nonnegative continuous functions 
and k(x, y, z)>1, defined  for .,, +∈Rzyx Suppose that the derivatives 

),,( zyxk x , ),,(),,,( zyxkzyxk zy , ),,(),,,( zyxkandzyxk xyzxy be 
nonnegative and continuous functions defined for  +∈Rzyx ,, , and   

+∈Rpppp 4321 ,,, .   If  

  ∫ ∫ ∫+≤
x

p
y z

pp dtdsdrtsrutsrhpzyxkzyxu
0 0 0

3 ,),,(),,,(),,(),,( 421  (2.43) 

for  +∈Rzyx ,,  and  xr ≤≤0 , ys ≤≤0  , zt ≤≤0 ,  then  
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(

) .,),,()0,0,0()0,0,()0,,0(

)0,,(),0,0(),0,(),,0(),,(

)0,0,0()0,0,()0,,0()0,,(

),0,0(),0,(),,0(),,(

41

1

0 0 0
3

1

41

)()()()(

)()()(

41
222

22222

41
1

2
41

1

2
41

1

2
41

1

2

41
1

2
41

1

2
41

1

2

ppdtdsdrtsrhpkxkyk

yxkzkzxkzykzyxk
p

pp

kxkykyxk

zkzxkzykzyxu

ppx y z
ppp

ppppp

pp
p
p

pp
p
p

pp
p
p

pp
p
p

pp
p
p

pp
p
p

pp
p
p

≠⎥
⎦

⎤
+−++

−+−−⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+

+−−+

⎢
⎢
⎣

⎡
−+≤

−

−−−−

−−−

∫ ∫ ∫

  

     (2.44) 
        
Proof : Let  ),,(1 zyxW p   be the right hand side of (2.43), then 

  ∫ ∫ ∫+=
x

p
y z

pp dtdsdrtsrutsrhpzyxkzyxW
0 0 0

3 ,),,(),,(),,(),,( 421        (2.45) 

From  (2.43) and (2.45) , we have  W(x, y, z) > 0  and  
 

u(x, y, z) < W(x, y, z) .          (2.46) 
Differentiating (2.45) with respect to x, and then with respect to y, and then 
with respect to z,  we get  

    ,),,(),,( 421

0 0
3

1
2

1
1 dtdstsxutsxhpkkpWWp p

y z

x
p

x
p ∫ ∫+= −−  

    

,),,(),,(

)1()1(

4

2211

0
3

2
22

1
2

1
1

2
11

dttyxutyxhp

kkkppkkpWWpWWWpp

p
z

yx
p

xy
p

xy
p

yx
p

∫+

−+=+− −−−−

 

and  
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).,,(),,(

)2)(1()()1(

)1()2)(1(

)()1()1(

4

22

221

111

3

3
222

2
22

2
22

1
2

3
111

2
11

2
11

1
1

zyxuzyxhp

kkkkpppkkkpp

kkkppkkpWWWWppp

WWWppWWWppWWp

p

zyx
p

zyx
p

xyz
p

xyz
p

Zyx
p

zyx
p

xyz
p

xyz
p

+

−−+−+

−+=−−

+−+−+

−−

−−−

−−−

 

     (2.47) 
From (2.46) and (2.47), we have  

 

).,,(),,(

)2)(1()()1(

)1()2)(1(

)()1()1(

4

22

221

111

3

3
222

2
22

2
22

1
2

3
111

2
11

2
11

1
1

zyxWzyxhp

kkkkpppkkkpp

kkkppkkpWWWWppp

WWWppWWWppWWp

p

zyx
p

zyx
p

xyz
p

xyz
p

Zyx
p

zyx
p

xyz
p

xyz
p

+

−−+−

+−+≤−−

+−+−+

−−

−−−

−−−

 

     (2.48) 
From (2.48), we obtain 

 

   

).,,(
),,(

)2)(1(
),,(

)()1(

),,(
)1(

),,(
)2)(1(

)()1()1(

3

3
222

2
22

2
22

1
23

111

2
11

2
11

1
1

4

2

4

2

4

2

4

2

41

414141

zyxhp
zyxW

kkkkppp
zyxW

kkkpp

zyxW
kkkpp

zyxW
kkp

WWWWppp

WWWppWWWppWWp

p
zyx

p

p
zyx

p

p
xyz

p

p
xyz

p

Zyx
pp

zyx
pp

xyz
pp

xyz
pp

+
−−

+
−

+
−

+≤−−

+−+−+

−−

−−
−−

−−−−−−

  

    (2.49) 
 
Since k(x, y, z) > 1, then from (2.45) and (2.49), we get  
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).,,()2)(1()()1(

)1()2)(1(

)()1()1(

3
3

222
2

22

2
22

1
2

3
111
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11

2
11

1
1

22

2241

414141

zyxhpkkkkpppkkkpp

kkkppkkpWWWWppp

WWWppWWWppWWp
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p

zyx
p
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p

xyz
p

Zyx
pp

zyx
pp

xyz
pp

xyz
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+−−+−

+−+≤−−

+−+−+

−−

−−−−

−−−−−−

 

     (2.50) 
Integrating (2.50) with respect to z from 0 to z, we have  

)0,,()0,,()0,,()1(),,()1(

)0,,()0,,()0,,()0,,()0,,()1(

)1()0,,()0,,(

2
22

2
22

1
2

1
2

2
11

2
11

1
1

1
1

22

2241

414141

yxkyxkyxkppkkzyxkpp

yxkyxkpkkpyxWyxWyxWpp

WWWppyxWyxWpWWp

yx
p

yx
p

xy
p

xy
p

yx
pp

yx
pp

xy
pp

xy
pp

−−

−−−−

−−−−−−

−−−+

−≤−

−−+−

 

.),,(),,(),,(),,(),,()1(

),,(),,(),,(

0
3

3

0
141

2

0
41

41

41

dttyxhpdttyxWtyxWtyxWtyxWppp

dttyxWtyxWtyxWpp

z

tyx
pp

z

txy
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z

∫∫

∫

+−−

−

−−

−−

 

     (2.51) 
From (2.51), we have 
 

     

.),,()0,,()0,,()0,,()1(

),,()1()0,,()0,,(

)0,,()0,,()0,,()1(

)1()0,,()0,,(

0
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2
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1
2

1
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2
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2
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1
1

1
1

2
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p
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p
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p
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xy
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∫+−

−−+

−≤−
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−

−−

−−−

−−−−−−

 

     (2.52) 
From (2.45), we have  
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   )0,,()0,,( 1

2

yxkyxW p
p

=  
and  

),0,,()0,,()0,,(
1

1

2 1

2

yxkyxk
p
p

yxW x
p
p

x

−

=            

).0,,()0,,()0,,(
1

1

2 1

2

yxkyxk
p
p

yxW y
p
p

y

−

=  

Hence  

),0,,()0,,()0,,()0,,()0,,()1()0,,(
1

1

2
2

1

2

1

2 1

2

1

2

yxkyxk
p
p

yxkyxkyxk
p
p

p
p

yxW xy
p
p

yx
p
p

xy

−−

+−=  

from which (2.52) becomes  

     

.),,()0,,()0,,()0,,()1(
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≤−+

−

−−−

−−−−

−−−−

 

     (2.53) 
Interchanging y by t in (2.53), and then integrating with respect to t from 0 
to y, we have  
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from which , we have  
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∫∫++
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     (2.54) 
From (2.45), we have  

   ),,0,(),0,( 1

2

zxkzxW p
p

=  
and 

            ).,0,(),0,(),0,(
1

1

2 1

2

zxkzxk
p
p

zxW x
p
p

x

−

=       (2.55) 

From (2.54) and (2.55), we have  
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     (2.56) 
Again integrating (2.56) with respect to x, we get  
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     (2.57) 
From (2.45), we obtain  

   ).,,0(),,0( 1

2

zykzyW p
p

=                             (2.58) 
 
So from (2.57) and (2.58), we get   
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.

,),,()0,0,0()0,0,()0,,0(

)0,,(),0,0(),0,(),,0(),,(

)0,0,0()0,0,()0,,0()0,,(

),0,0(),0,(),,0(),,(

41

1

000
3

1

41

)()()()(

)()()(

41
222

22222

41
1

2
41

1

2
41

1

2
41

1

2

41
1

2
41

1

2
41

1

2

pp

dtdsdrtsrhpkxkyk

yxkzkzxkzykzyxk
p

pp

kxkykyxk

zkzxkzykzyxW

ppzyx
ppp

ppppp

pp
p
p

pp
p
p

pp
p
p

pp
p
p

pp
p
p

pp
p
p

pp
p
p

≠

⎥
⎦

⎤
⎟
⎠

⎞+−++

−+−−⎜
⎝

⎛
⎟⎟
⎠

⎞
⎜⎜
⎝

⎛ −
+

+−−+

⎢
⎢
⎣

⎡
−+≤

−

−−−−

−−−

∫∫∫

 

       (2.59) 
Hence, from (2.46) and  (2.59) we get the required result , and the theorem 
is proved . 
In the following, we obtain some special cases of the results in Theorem 2.3 
by suitable substitutions given for each case :  
Special Cases III.    
1) Let  k(x, y, z) =  c > 0.  From Theorem 2.3, we have, if 

   ∫ ∫ ∫+≤
x

p
y z

pp dtdsdrtsrutsrhpczyxu
0 0 0

3 ,),,(),,(),,( 421   

then   

   .,),,()(),,( 41
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−−

∫ ∫ ∫  (2.60) 

2) If  2321 === ppp  and 14 =p  in case 1, we have  
 

 ∫ ∫ ∫+≤
x y z

dtdsdrtsrutsrhczyxu
0 0 0

22 ,),,(),,(2),,(      

then   

 ∫ ∫ ∫+≤
x y z

dtdsdrtsrhczyxu
0 0 0

.),,(),,(                    (2.61) 
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3) If  2,1 1432 ==== pandppp in  case 1, we have  

 ∫ ∫ ∫+≤
x y z

dtdsdrtsrutsrhczyxu
0 0 0

2 ,),,(),,(),,(   

then   

 ∫ ∫ ∫+≤
x y z

dtdsdrtsrhczyxu
0 0 0

.),,(
2
1),,(        (2.62) 

  
4)   If  1321 === ppp  and 24 =p  in  case 1, we have 

   ∫ ∫ ∫+≤
x y z

dtdsdrtsrutsrhczyxu
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0 0

,),,(),,(),,(   
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⎢
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x y z

dtdsdrtsrhczyxu .                  (2.63) 

6) If  2321 === ppp  and 14 =p  in  Theorem 2.3, we have, if  

 ∫ ∫ ∫+≤
x y z

dtdsdrtsrutsrhzyxkzyxu
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22 ,),,(),,(2),,(),,(      
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    (2.64) 
 
6) If  2,1 4321 ==== pandppp  in Theorem 2.3,  we have,   if    
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     ∫ ∫ ∫+≤
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    (2.65) 
7) If  2,1 1432 ==== pandppp in  Theorem 2.3, we have,  if  

∫ ∫ ∫+≤
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  (2.66) 
  8) If  

2
1,1 4321 ==== pandppp  in Theorem 2.3, we have,  if    

     ∫ ∫ ∫+≤
x y z

dtdsdrtsrutsrhzyxkzyxu
0

2
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0 0

,),,(),,(),,(),,(     

then 
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zyx

   

    (2.67) 
3.  Applications 

In this section, we present some applications of Theorem 2.1 and 
Theorem 2.2.  Our aim  is  to  study  the  boundedness of  the  solutions  of  
some hyperbolic  partial differential equations .  

In the following two examples, we use Theorem 2.1 to obtain 
explicit bounds on the solutions of some first order partial differential 
equations 
Example 1. Let  )()()( 2 tuthtut = where cu =)0( and ,)( tth ≤ then 
we have the partial differential inequality 
 
   ).()( 2 ttutut ≤            (3.1) 
 

Interchanging t by s in (3.1), and then integrating (3.1) with respect to s 
from 0  to t , we have the integral inequality 

.)()( 2

0

dsssuctu
t

∫+≤   
By (2.11) with 2,1 4321 ==== pandppp we get  
 
   [ ] .

2
1)( 121 −− −≤ tctu    

 
Example 2.  Let  ),()()()( 2 xuxhexuxu x

x += ,0)0( =u and ,)( xxh ≤  
then we have the partial differential inequality  
 
  ).()()( 2 xxuexuxu x

x +≤                       (3. 2) 



Sh. Salem, Atta A.K. AbuHany, Ibrahim M. Salman 

 201

Interchanging x by s in (3.2), and then integrating with respect to s from 0 to 
x, we have the integral inequality  

  ( ) .)(2)(
0

22 dssusexu
x

x ∫+≤     

By Theorem 2.1 with ,)( xexk =   1,2 4321 ==== pandppp , we 

have  

  [ ] .1,1
2
1)( 22 >++≤ xx exexu    

We now present three examples showing how Theorem 2.2 can be 
used to obtain explicit bounds on the solutions of some second order partial 
differential equations 
Example 3. Let  ),(),(),(),(),(),( yxuyxhyxuyxuyxuyxu yxxy =+   

where ,),(,),0(,0)0,( x
x yeyxhcyuxu ≤== then we have the partial 

differential inequality 
   ).,(),(),(),(),( yxuyeyxuyxuyxuyxu x

yxxy ≤+          (3. 3) 
Integrating (3. 3) with respect to y, we get  

   .),(),(),(
0

dttxuteyxuyxu x
y

x ∫≤         (3. 4) 

Again,  integrating (3. 4) with respect to x , we have the nonlinear integral 
inequality 

.),(2),(
00

22 dtdstsutecyxu s
yx

∫∫+≤       

By Theorem 2.2  with 2321 === ppp  and 14 =p , we get  

  ).1(
2
1),( 2

00

−+=+≤ ∫∫ xs
yx

eycdtdstecyxu         

Example 4. Let ),(),(),( 2 yxuyxhyxu xy = , where cxuyu == )0,(),0(   and  

  ,sin),(,0)0,( yxyxhxu x ≤=  then we have the partial differential 

inequality 

  ).,(sin 2 yxuyxuxy ≤          (3. 5) 
Integrating (3. 5) with respect to y  and with respect to x,  we get  the 
nonlinear integral inequality 
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     .),(sin),( 2

0 0

dtdstsutscyxu
x y

∫ ∫+≤   

By Theorem 2.2 with 2,1 4321 ==== pandppp , we have  

     .)1(cos
2
1sin),(

1
21

00

1
−

−−
⎥⎦
⎤

⎢⎣
⎡ −+≤−≤ ∫∫ yxcdtdstscyxu

yx

    

Example 5.  
Let   ),,(),(2),( 2 yxuyxhxeyxu y

xy += ,0),0(,2)0,( == yuxxux   

and ,),( yxyxh +≤  then we have partial differential inequality 

  ).,()(2 2 yxuyxxeu y
xy ++≤                  (3. 6) 

Integrating (3. 6) with respect to y and then with respect to x, we get  

       .),()(),( 2

0 0

2 dtdstsutsexyxu
x y

y ++≤ ∫ ∫      

From Theorem 2.2  with ,),( 2 yexyxk = ,1321 === ppp and 24 =p ,  
we have  

  ,)(
2
1),(

1
222

−
−

⎥⎦
⎤

⎢⎣
⎡ +−−+≤ yxxyexxxyxu y    

where .12 >yex  
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