7o ON ARTINIAN 7,— ALEXANDROFF SPACES.

MOHAMMED S. EL. ATRASH AND HISHAM B. MAHDI

A taill lin @ e i T, agleil pliadlh by Le Sah b 8 1 adla
Ll gl — o Gle gaadll J8 (e o5&y (X, 7(<)) cigpailud — T ol )i
'?:O: O d.\.‘\.'\.-an _cc -_‘n.lp).\n l_ﬁ.\.aj.‘\tuﬁ .i.ﬁj).ﬁb.uﬂ1_fo QL\:\.\.\;I L\:n.'ﬁ = fa CJ‘]

e TO: 3 T O S pell ailuadll | goms maadl s il ?Hi.u.u].! L’\.\.‘ui

LT, i calo iy hidg vy T L8 0iis 556 D s gt 1

0

Agmany Ty 1613 g 13 waddl ghall isald giay T

@

Jdedany Ty Lo s 13 g5l it hald giny T
LT, A iagiie i il 1Y) hadg 13 T L8 da e (556 A bs gl 4

chde GG awdl) A g Gt 1igd aledl Ll

ABSTRACT. In this paper, we study the topology 7, of all a—open
sets on Artinian T,—Alexandroff space (X, 7(<)). We show that 7,
is Artinian T,—Alexandroff space. Then we describe the induced
partial order <,. We use the partial order <, to get some results
and some common properties relating the original topology 7(<) and
T, such as:
(1) D is dense in 7 if and only if D is dense in 7.
(2) (X,7(X)) is extremally disconnected if and only if (X, 7,) is
extremally disconnected.
(3) (X,7(x)) is hyperconnected if and only if (X, 7,) is hypercon-
nected.
(4) SO(X,7(<)) = SO(X,1,), and many more.

Section three contains the main results of this paper.
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1. INTRODUCTION

Alexandroff spaces were first introduced by P. Alexandroff in 1937 in
[25]. In the eighties, the interest in Alexandroff spaces was a consequence
of the very important role of finite spaces in digital topology and the fact
that Alexandroff spaces have all the properties of finite spaces relevant for
such theory. An Alexandroff space (X, 7) is a topological space in which
an arbitrary intersection of open sets is open. Every Alexandroff space
(X, 7) is a smallest neighborhood space, where the minimal neighbor-
hoods are defined as the intersection of all open sets containing = € X.
For every T,-minimal neighborhood space (X, 7), there is a correspond-
ing poset (X, <), where a minimal neighborhood containing x is the set
of all y € X with x < y. The partial order is called (Alexandroff)
specialization order and denoted by <.. Using the specialization order,
a <, bif and only if a € m A T,—Alexandroff space is completely de-
termined by its specialization order. We denote a T,— Alexandroff space
together with its specialization order by the pair (X, 7(<)) where the
corresponding poset is (X, <).

All finite spaces are Alexandroff spaces. T,-finite spaces were studied
in [1]. Locally finite spaces are defined by the requirement that every
element x € X belongs to a finite open set and a finite closed set. Lo-
cally finite spaces clearly include all finite spaces. In [10] we have studied
wider class of topological spaces called Artinian T,-Alexandroff spaces;
those are T,—Alexandroff spaces in which the corresponding poset sat-
isfies the ascending chain condition (ACC). The corresponding posets
of locally finite Ty-spaces satisfy both the ascending chain condition and
the descending chain condition (DCC). In [11] we have proved among
other things that for any subset A C X, A is preopen if and only if A is
a—open in any Artinian 7,—Alexandroff space.

In [24], it was proved that the class of all a—open sets 7, is a topology
on X. Here we prove that the topological space (X, 7,) of Artinian
T,— Alexandroff space is an Artinian 7,—Alexandroff space. We describe
its specialization order - which is denoted by <, - and we use the new
order to conclude some results such as:

(1) A subset A is a—open in (X, 7(<)) if it is an up set with respect
to the partial order <,,.
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(2) Ais dense with respect to 7, if and only if it is dense with respect
to 7(<).

(3) (X,7(<)) is hyperconnected if and only if (X, 7,) is hypercon-
nected.

(4) The class of all semi-open sets in (X, 7(<)) is the same as the
class of all semi-open sets in (X, 7,).

(5) The set of maximal elements in (X, 7(<)) is the same as the set
of maximal elements in (X, 7,). Moreover the maximal elements
greater than or equal any element z in (X, 7(<)) is the same set of
maximal elements greater than or equal any element z in (X, 7,).

(6) If A is semi-open, then D is dense in A in 7 if and only if D is
dense in A in 7.

Our method of proofs in this paper depends basically on the corre-
sponding poset rather than the topology itself, which proves to be an
easier approach. This technique which was used in [10] and [11] intro-
duces new formulations of some topological concepts.

In a T,—Alexandroff space (X, 7(<), the subset A of X is open if and
only if it is up set in the corresponding poset (X, <), and it is closed set
if and only if it is down set with respect to the corresponding poset.

2. PRELIMINARIES AND DEFINITIONS

Definitions 2.1. A subset A of a space (X, 7) is
(1) a semi-open set [23] if A C A", and a semi-closed set [28] if A" is

semi-open. Thus A is semi-closed if and only if A CA If Ais
both semi-open and semi-closed then A is called semi-regular 7],

(2) a preopen set [3] if A C ZO, and a preclosed set [21] if A" s
preopen. Thus A is preclosed if and only if A° C A,

(3) an a-open set [24] if A C A" | and an a-closed set [15] if A is
a-open. Thus A is a-closed if and only if A C A.

The family of all semi-open (resp. preopen, a-open) is denoted by
SO(X) (resp. PO(X), 7,). In general, SO(X) and PO(X) need not be
topologies on X. A set A is preopen [19] if and only if A = U N D where
U is an open set and D is a dense set. In [15], it has been shown that
a set is a-open if and only if it is semi-open and preopen. If A C X,
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then pInt(A) (resp. sInt(A)) is the largest preopen set (resp. semi-open
set) inside A. pCI(A) (resp. sCI(A)) is the smallest preclosed set (resp.
semi-closed set) contains A.

Definitions 2.2. The space (X, 7) is called

(1) extremally disconnected if the closure of every open set is open,
(2) submazimal [13] if each dense subset is open,

(3) hyperconnected if every open subset of X is dense

(4) nodec [18] if all nowhere dense sets are closed.

Recall that a poset (X, <) satisfies the ascending chain condition (ACC)
if each increasing chain is finally constant. It satisfies the descending
chain condition (DCC) if each decreasing chain is finally constant. The
T,—Alexandroff space (X,7(<)) is Artinian [11] if the corresponding
poset (X, <) satisfies ACC', and it is Noetherian [11] if the corresponding
poset satisfies DC'C'

If (X,7(<)) is an Artinian 7,-Alexandroff space, we define M to be
the set of all maximal elements of X. M is the set of all isolated points
in X which is not empty. For the point x € X, we define z =T =z N M,
where Tz = {y : z <y}. If Aisa subset of an Artinian 7,—Alexandroff
space, then we define M(A) to be the set of all maximal elements of A
under the induced order.

Dually, if X is a Noetherian T,-Alexandroff space, we define m to
be the set of all minimal elements of X which is not empty. we define
T =] xNm. If Ais a subset of a Noetherian T,—Alexandroff space,
then we define m(A) to be the set of all minimal elements of A under
the induced order. If X is both Artinian and Neotherian 7, — Alexandroff
space then it may happen that M Nm is not empty.

For the results 2.3-2.15, see [11].

Theorem 2.3. Let (X, 7(<)) be an Artinian T,— Alexandroff space.
Then
1
2

A"=0 e ANM=0.

A=U{lz:2€ M(A)} =] M(A).

A" =U{(l 2)\{z} : 2 € M(A)} = (] M(A)\M(A).

e subset A is dense if and only if M C A.

e subset A is nowhere dense if and only if M N A = ().

(1)
(2)
(3)
(4) th
(5) th
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(6) if [M| =1, then any subset is either dense or nowhere dense.
(7) open sets and closed sets are convez (but not conversely, i.e. con-
vex sets need not be open sets or closed sets).

Proposition 2.4. Let (X, 7(<)) be an Artinian T,— Alezandroff space.
If A is a preopen set then each maximal element in A belongs to M (i.e.,
M(A) C M).

Theorem 2.5. Let (X, 7(<)) be an Artinian T,— Alexandroff space, the
set A is preclosed if and only if | x C A forallz € ANM.

Corollary 2.6. Let (X,7(<)) be an Artinian T,— Alexandroff space.
Then

(a) the set A is preopen if and only if | xtNA =0 forallx € A"NM.
Equivalently, A is preopen if and only if © C A for all x € A.

(b) if X contains a top element T, then a nonempty subset A is
preopen if and only if T € A if and only if A is dense.

Theorem 2.7. Let (X, 7(<)) be an Artinian T,— Alexandroff space. A
set A is semi-open if and only if M(A) C M.

Recall that a space (X, 7) is called resolvable [8] if and only if X =
D U D° where both D and D° are dense. A subset A is resolvable if
the subspace (A, 7]|,) is resolvable. A space (X, 7) is irresolvable if it is
not resolvable. It is strongly irresolvable [17] if no nonempty open set is
resolvable, and it is hereditarily irresolvable [8] if no nonempty subset is
resolvable.

Corollary 2.8. Let (X,7(<)) be an Artinian T,— Alexandroff space.
Then

(1) a subset A is semi-closed if and only if Vo ¢ A, there exists
y € M\A such that x < y. Equivalently, A is semi-closed if and
only if when x ¢ A, & ¢ A.

(2) PO(X) C SO(X), that is; if A is preopen then it is semi-open.

(3) PO(X) = 1, that is; a set A is preopen if and only if it is
a—open.

(4) X contains an open, dense and hereditarily irresolvable subspace.

(5) X is strongly irresolvable.

(7) for each dense subset D of X, D° is dense.
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(8) (X, T,) is submazimal.
(9) for A C X where A° =0, A is nowhere dense.

Theorem 2.9. [13] Let (X, 7) be a topological space. Then the following
are equivalent:

(1) X is submazimal.
(2) Every preopen set is open.

The following theorem characterizes submaximality condition in a T, — Alexandroff
space.

Theorem 2.10. Let (X, 7(<)) be a T,—Alexzandroff space. Then the
following are equivalent:

(i) X is submazimal.
(ii) Fach element of X is either maximal or minimal.
(iii) X s nodec.
Theorem 2.11. In Artinian T,— Alexandroff spaces, the following are

equivalent:
(i) (X, 1) is extremally disconnected.

(i) PO(X) = SO(X).
(iii) Forallz € X, |2| = 1.

Corollary 2.12. If (X, 7(<)) is a submazimal, extremally disconnected
T,— Alexandroff space, then SO(X) is equal to the original topology.

Corollary 2.13. If X has a mazimum element T, then PO(X) =
SO(X), and so X is extremally disconnected.

Theorem 2.14. Let (X, 7(<)) be a T,— Alezandroff space.

(1) If X is a chain, then X is hyperconnected.

(2) If X contains a mazimum element T, then X is hyperconnected.

(3) If X satisfies the ACC, then X is hyperconnected if and only if
X contains a top element T.

(4) It may happen that a hyperconnected T,— Alexandroff space is not
a chain and does not contain a marimum element.

Theorem 2.15. Let (X, 7(<)) be an Artinian T,— Alexandroff space. If
A is a subset of X, then
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(a) pInt(A) ={xr € A: 2 C A}.

(b) sInt(A) ={x € A: 2N A #0}.
(c) pCl(A) =AU{lz: 2 € ANM}.
(d) sCl(A)=AU{x: & C A}

3. THE MAIN RESULT: 7, — Topology

In this section, we still work with Artinian 7T,—Alexandroff spaces.

We know by Corollary 2.8 part (3) that 7, = PO(X) in an Artinian
T,—Alexandroff space. So we may study the class of preopen sets rather
than the class of a—open sets.

Lemma 3.1. If (X, 7(<X)) is an Artinian T,— Alexandroff space, then the
space (X, 7,) is an Alezandroff space (necessarily T, ).

Proof. Let {U,}aea be a collection of preclosed subsets of X, and let
2 € M N (Upea Ua). Sox € MNU,, for some a, € A and hence | z C
Uay € Uaea Ua- Therefore by Theorem 2.5 |J, o U is preclosed. O

By this Lemma, we see that (X, 7,) is a T,—Alexandroff space. We
denote its specialization order by <,. By Corollary 2.8 part (8), (X, 7,) is
a submaximal T,— Alexandroff space, and by Theorem 2.10 each element
of X is either maximal or minimal with respect to the partial order <,.

The following proposition describes the partial order <, on X.

Proposition 3.2. Let (X, 7(<)) be an Artinian T,— Alezandroff space.
If x € X then x <,y only for each element y € {x} U .

Proof. Let y € &. By Theorem 2.15 part (c), pCl{y} =| y, so we get
that x € pCl{y} = Cl,{y} =| y and hence = <, v.

If r <, zand x # z, then z € M and = € pCl(z) =] z (to see this,
if z ¢ M then there is w € M such that z < w, so z € pCl(w) =| w
which implies that x <, z <, w contradicting the fact 7, is submaximal).
Therefore x < z and hence z € Z. OJ

We conclude from this theorem that x is a maximal element of X with
respect to the order < if and only if it is maximal element of X with re-
spect to the order <,, and since (X, 7,) is a submaximal T,—Alexandroff
space, the graph of the poset (X, <,) consists of two rows, the row of
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maximal elements and the row of minimal elements where the order is
described in the above theorem. It is worth mentioning that these two
rows may have an intersection, ie., one element can be maximal and min-
imal at the same time. By convention we will line up these elements in
the top row in our examples.

Notation. For the notations with respect to the order <,, we will use
the following notations

M, the set of all maximal elements,

M, (A) the set of all maximal elements of A,
me the set of all minimal elements,

mq(A) the set of all minimal elements of A,
Tax:={ye X :2<,y},

Loz = {ye X 2>y},

Ta Ai={ye X :3x e Az <,y},

la Ai={ye X :qx e Az >, y},

To =T TN M,,

To i =la T NMyg.

For a subset A of X, we can use the description of the partial order <,
to find pCl(A) = Cl,(A) which is the smallest down set with respect to
<, contains A, and pInt(A) = int,(A) which is the largest up set with
respect to <, inside A. This gives another proof of parts (a) and (c) of
Theorem 2.15. To see this, note that

pClUA) = Cly(A) =la My(A)=AU{lxz:2€ ANM},

and

pInt(A) =int,(A) ={r € Ao C A} ={z e A: 2 C A}

One more time, we can use the description of the partial order <,
rather than Theorem 2.5 and Corollary 2.6 part (1) to determine whether
a subset A of X is preopen, preclosed or neither. If A is an up set (resp.
a down set) with respect to <, then A is preopen (resp. preclosed). The
following example illustrates this fact.
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Example 3.3. Let X = {a,b,c,d,r, e} be a poset with the order as in
figure 1 below:

FIGURE 1

Let A = {a,b,r}, since | r £ Aand | d € A", by Theorem 2.5 and
Corollary 2.6 it is not preclosed and not preopen.

The induced order <, on X is given in figure 2 below:

d r e
a c b
FIGURE 2

Clearly, A is not an up set and not a down set with respect to the order
<. Moreover,

pCl(A) =|o 7 ={a,b,c,r} and pInt(A) =1, r = {r}.
Theorem 3.4. For a space (X, 7(<)),
(i) Mo =M,
(ii) M Nm = M, Nm,,
(iil) ma = (X\M) U (mnN M),
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(iv) Ta z ={2}UZ,
(V) ife ¢ M, |ox={zx}, andifr € M, |,z =|x

(Vi) T, = 7.

Proof. (i) If x € M then & = {x} which implies that <, z only, and so
x € M,.
If z € M, then 2 = {z}. Therefore x € M.

(ii) If x € M N'm then x € M = M,. Since z € m, there is no element
y € X with « € g. Therefore, there is no y € X with y <, x. This
implies that x € m,,.

For the reverse inclusion, if z € M, Nm,, then z € M, = M. If z ¢ m,
then there is y € X such that y < z, so z € y, and hence y <, z. This
implies that z ¢ m, contradicting z € M, Nm,. Therefore, = € M N M,,.

(iii) Since (X, 7,) is submaximal, each element of X is either maximal or
minimal, so X = M, Um,. Hence, by parts (i) and (ii) we get that
me = (X\My)U (M, Nmy)
(X\M)U (M nm).

(iv) If 2 €74 o then x <, 2, so either z = z or z € &. Therefore
ze{zx}Uz.

If y € {x} U Z then by Proposition 3.2, = <, y, so y €7, «.
(v) If x ¢ M then for each element y € X, x ¢ gy, which implies that
there is no element y € X such that y <, x, so * € m,. Therefore
Loz ={x}.
Let x € M. If z €| x then x € Z and hence z <, x therefore z €|, =.
For the other inclusion, let w €], =, so w <, x, and hence z € w.
Therefore w €| x.

(vi) If y € 2, then y € M,, and x <, y. Hence, y € z.
Ifyexzthenye M =M, and x <, y. So we get that y €T, N M,,
hence y € Z,. O

The following two theorems follow now as corollaries.

Theorem 3.5. A subset D is dense with respect to the topology 7(<) if
and only if it is dense with respect to the topology 7.



To ON ARTINIAN T7,— ALEXANDROFF SPACES. 11

Proof. Since M, = M so M C A if and only if M, C A. U

If (X,7(<)) is submaximal, then it is clear that the two orders <, <,
are the same and 7(<) = 7,, and we get Theorem 2.9 of T,—Alexandroff
spaces.

Jankovié [6] showed that in any topological spaces, (Tq)a = To. In Ar-
tinian T,—Alexandroff spaces, this fact is obvious here, since (X, 7,) is
submaximal.

Theorem 3.6. Let (X, 7(<)) be an Artinian T,— Alezandroff space. Then

(a) (X, 7(X)) is extremally disconnected if and only if (X, 7,) is ex-
tremally disconnected.

(b) (X, 7(<L)) is hyperconnected if and only if (X,7,) is hypercon-
nected.

(c) Forasubset A of X, sInt(A) = sint,(A) and sCl(A) = sCl,(A).

Proof. The proofs of parts (a) and (c) follow directly from the fact that
& = &, using Theorem 2.11 and Theorem 2.15 parts (b) and (d).

(b) By Theorem 2.14 part (3), (X, 7(<)) is hyperconnected if and only if
|M| =1if and only if |M,| =1 if and only if (X, 7,) is hyperconnected.
0

Lemma 3.7. For each subset A of X, M(A) C M,(A).

Proof. Suppose that x ¢ M,(A). Then there exists y # x in A such that
x <4 y. Since each element of X is either maximal or minimal, we get
that y € M, = M and we get that y € M N A, with y > x which implies
that = ¢ M(A). O

Proposition 3.8. Let (X,7(<)) be an Artinian T,— Alexandroff space.
If A is a semi-open set then M(A) = M,(A)

Proof. Let A be a semi-open set. Lemma 3.7 shows that M (A) C M, (A).
For the reverse inclusion, let = € M,(A), i.e.,  is maximal in A with
respect to the order <, and two cases induced for z, one case is that
x € M, = M which implies that € M(A). In the other case, if x € m,
and if x ¢ M(A), there exists y € M(A), y # x such that x < y. Since
A is a semi-open set, by Theorem 2.7 y € M = M, which implies that
y € AN M,, and hence = ¢ M, (A) which is a contradiction. O
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The converse of the proposition is not true, i.e., if M(A) = M,(A),
then A need not be semi-open. The Sierpenski space X = {a,b} with
the topology 7(<) = {0, X, {b}}, with the chain order a < b is a counter
example, since A = {a} is not semi-open while M(A) = M,(A) = {a}.

The inclusion in Lemma 3.7 may be proper as the following example
shows.

Example 3.9. Let X = {a, b, c} with the chain order a < b < ¢. So the
new order <, is the relation a <, ¢, b <, c¢. and a, b are incomparable,
as figure 3 shows

C c
b
a a b
(X .<) (X .,=,)
FIGURE 3

Let A = {a,b}, so M(A) = {b} and M,(A) = {a,b}, M(A) C M,(A)
is proper inclusion. Note that A is not semi-open

Theorem 3.10. Let (X, 7(<)) be an Artinian T,— Alezandroff space, and
let A be a subset of X. Then A is semi-open with respect to the space
(X, 7(<)) if and only if it is semi-open with respect to the space (X, 7,),
that is, SO(X,7(<)) = SO(X, 7).

Proof. We will use Theorem 2.7 in the proof of both directions.
(=) Suppose A is semi-open in (X, 7(<)). Then M(A) C M. By Propo-
sition 3.8 we have that:

Mo (A) = M(A) C M = M,.
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Hence A is semi-open in (X, 7,).
(<) Suppose A is semi-open in (X, 7,). By Lemma 3.7 we get that

M(A) € Mu(A) € My = M.
Hence A is semi-open in (X, 7(<)). O

In fact, the above result is true in any topological space, i.e., for any
topological space (X, 7) we have that SO(X,7) = SO(X,7,) - a result
that was proved by D.S. Jankovié in [6], however here we introduced a
simpler proof that goes along the theme that has been used in this paper.

Corollary 3.11. If A is semi-open, then

(1) A is hyperconnected subspace in T if and only if A is hypercon-
nected subspace in T,.

(2) D is dense in the subspace A in T if and only if D is dense in the
subspace A in Ty.

Proof. (1) Since A is semi-open, M(A) = M,(A). A is hyperconnected
in 7 if and only if [M(A)| = 1 if and only if |M,(A)| =1 if and only if A
is hyperconnected in 7,.

(2) Dis dense in A in 7 if and only if M (A) C D if and only if M,(A) C D
if and only if D is dense in A in 7. U

The condition that A is semi-open is necessary in the above corollary.
To see this, back to Example 3.9 where X = {a, b, ¢} with the two partial
orders < and <, shown in Figure 3. The subset A = {a, b} is not a semi-
open set in 7 with |[M(A)| =1 and |M,(A)| =2, so A is hyperconnected
in 7 while A is hyperdisconnected (=X is not hyperconnected) in 7,.
The subset D = {b} of A contains M (A), so it is dense in A in 7 while it
is not dense in A in 7,, since M,(A) = {a, b} is not a subset of D. This
fact implies that the class of a—open sets in the subspace (A, 7(<)|,)
need not be the same class 7,|,. When they are equal, then by Theorem
3.6 A is hyperconnected in 7 iff A is hyperconnected in 7.

Theorem 3.12. Let (X, 7(<)) be an Artinian T,— Alexandroff space.
Then A s clopen if and only if A is preclopen.

Proof. In any topological space, if A is clopen then it is preclopen.
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For the converse, suppose that A is preclopen, then A" is preclopen. In
the trivial case, when A = X, the result holds. Let z € A. If y €| 2N A"
ory €] xN A" then & Ny # 0, so either # € Aor § ¢ A°. By Corollary
2.6 part (a), either A or A is not preopen contradicting A and A° are
preclopen. So, both Tz and | x are in A and hence A is clopen. O

Recall that a space (X, 7) is preconnected if X cannot be represented
as the disjoint union of two preopen subsets [29]).

Theorem 3.13. (X, 7(<)) is connected if and only if (X,74) is con-
nected. Equivalently, (X, 7(<)) is connected if and only if it is precon-
nected.

Proof. (X,7(<)) is disconnected if and only if there exists a nontrivial
clopen subset A of X if and only if A is preclopen if and only if (X, 7,)
is disconnected. U
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