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Abstract

Hamilton—Jacobi approach for higher—order Lagrangian density is discussed.
The quantization of Yang—Mills theory with interaction term is obtained by
this procedure after we converted it to the first order one.
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1 Introduction

The study of singular systems has a wide range in physics, since the devel-
opment of the Hamiltonian formulation by Dirac [1, 2]. The higher— order
singular Lagrangian systems were studied in many works as in refs.[3, 4. 5, §]

Most of physical systems can be described by Lagrangian that depends
at most on the first derivatives of the dynamical variables. There is a con-
tinuing interest in the so called generalized dynamics, that is, the study of
physical systems described by Lagrangians containing derivatives of higher or-
der than the first. The study of higher order Lagrangian was developed by
Ostrogradisky[7, 8].

In fact, this work is an application of previous paper [9], where we have studied
the Hamilton—Jacobi approach for higher—order singular Lagrangian density.

The general form of Enler—Lagrange equation of motion with n order is
given by [3]

ac AL ngh i ar B _

;= (o) + o+ 000 () =0 O
MNow we want to find the general form of equation of motion of the effective
Lagrangian density for Yang—Mills field. The effective Lagrangian density is
expressed as [10]

Loff=Lotely=— 4Ef:_‘”F;I+ LMPABAT 4 eLr (AL B AL, 0 - P AP),
(2)

where £, represents a massive Yang—Mills theory and the effective interaction
term £; contains the deviation from the Yang—Mills interactions which involve
derivatives up to the order N and which are proportional to ¢ with ¢ <= L
The generalized field strength tensor FE is defined by

FI¥ = 08 A% — 0" Al + g fanc A} AL, (3)

where ¢ is a constant.

The Euler-Lagrange equation of motion of the effective Lagrangian(2) is
obtained as

= DMFS + M* A%+
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where F3 = 8.4 — 8,49 4 gfdf A2 Al and M is the mass.

The main aim of this paper is to solve the higher—order effective interac-
tions of massive vector fields, using the Hamilton— Jacobi method.

2 Hamilton—Jacobi Method

The Hamilton— Jacobi approach for singular systems was developed by Giiler[11,
12]. The higher—order effective Lagrangian (2) ean be written as

. Lo o , . . .
Lopy = = (0" 45 = 0" A + gfane AL AN 9909 9™ (8745 — 0° 43

+9faer A AT) + 5_-112.45%9““.4; felp(AF AF 88 AR), (5)

where ¢*° = diag(+1, —1, —1, —1) is the metric tensor.
Now, we would like to convert the effective Lagrangian (5) to first order La-
orangian density, let us introduce the fields

B =oAL, Ch = (Bl - AL) (6)
BJ’:J-‘:I. - — 54-"15}-"251_& = 5‘-"2 BJ’:J-"II C_F:I.FJ-"I.J-‘E = EBI:JHJIE _ 5!12 Bﬁ.l-"l:l E‘F-":I

TN C I EE B T PO L
B n-l = -1 BR S

{'_'EJ-‘:I. ----- Fr—-1 — [Bﬁ.l-‘lv--.l-"n—l _ ‘,:_-}J-"n—l Bg.l-‘i.---.l-"n—zj [8]
BﬁJ-‘L---J-"ﬂ — ﬁl-"ﬂ BﬁJ-‘i.---J-"ﬂ—11 (_'_'GPJ-‘L---J-"H — [BﬁJ-‘i.---J-"ﬂ . al-"n BEJ-‘L---.J-’H—III [g:l

Therefore, the reduced form of the effective Lagrangian densityv can be
written as

J. 7 3 i
ﬁmi — _EEBJ L Bt Qfabcflffli. jg&pg&ngaighegc'ﬁ:ﬂ,‘?k _ B$¢+

1
Qfde,ffl: _,4}) + Elﬂd’ﬂ_ {:Q.kp Qmiflﬁ + E[ﬂoﬂ:-"l{L B{: v Biuq,....un -1,
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al-"n BEJH‘.“JIH_I:I + (_'_'gJ-‘ll:EgJ-"l _ &I_Aﬁj + C‘ﬁJ-"lJ-’E[BﬁJ-‘l - al-‘? BgJ-‘l:l
EEE (_','EJ-‘L---.NH[Bﬁ.lfl.---ﬂn _ a.lfn EﬁJﬂ.---an_1:|]_ [10]
The ecorresponding canonical momenta are

aﬂfed

KT (1)
» L e :
phva m:ayz—m = _eCt#ra, (12)
P EH:« o - ey I
phrIpa W = —egCF#Pavs, (13)
y ac,., S
ﬁ; Treabn — all:a“n BﬁJIf-?"JI"—lj = —Ef_-fJ Larigl n |:14:|
o i a'ﬂ:" d
'-'I_{.:'J S I':‘;l:ajxn C‘I;Ui....,lm:l =0. (15)

The corresponding canonical Hamiltonian density is expressed as

HE = Z(BioH — BI¥ 4 g fuse Al AL) 0700970 (B — B + faer AL AS)

=] =

1 Py F L fa o o F,
— M AL A — Lot (AL BY, . BLn @B

AL LR L TR PO LR PO
Bn e T Bn g + + Ba g UG:I

The set of Hamilton Jacobi Partial Differential Equations (HIPDE) is

.HJL': - -Hae + ?Ta o D [1?’:'
HM = a4+ 20 ~ 0 (18)
-H-l:.,él.ég - ,IIT:-,E]_.EE + EL'.I:.é]_-‘éﬂ o D [19:'
H;&,el....,en — ‘.’I":'él ..... in + EC:‘EI ..... oz () I:EG:I
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H;.’l.él,....én+1 — .ﬂ-:élv---‘"+1 =] (213'

The equations of motion are obtained as total differential equations as follows,

e O(m+HY) o B(mdM 4 eChe) o B(mhere  eChere)
{E"_ld - aﬂ_é..’q a,ﬂ_E..’q d'4€ + a,TE..’l.l dBE
d d T
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+ l:le : El: e :l(iB:'EI'E2+“‘+
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aTEIA]_ dBe.ﬂ,....é -1 + aTEIAl d{'e §EL graay £ , (222'
td T
o BT KT L B peCha) o prdaa g eChaa)
dB;™ = ——=3 + T dA;" + o dB,
aﬂdl 1,42 aﬂf{ 1.42 a?r; 1:A3
8 T’t-h-éz-és + EC‘-’*-El-Ez-és
+ ( - : E.’uﬁlze )dBeAEIE2++
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[he equations (22-28) are reduced to

dAS = B de™,

A AL A
dBSM = By da,

dB;--"-l--’*z — Bé{-’*h-’*zv’*adf’ta
p 1
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(33)

(36)

The equations (28-36) are integrable if and only if the following integrability

conditions are satisfied.
d H™ = d H® + dr® == 0,

d HM = drde 4 ed O = 0,

d 'H;-"-.él.Ez — d.lrr:-.él.'éz + =d {_'_':-.él.Ez = 0,

d .H_::.el ..... En _ dﬂ.iuél ----- 0 | ed C',?‘El ----- An oy 0,

-:'E -H;A,n ..... Endl {E‘FI'::'Q ..... Entl oy 0.

Equation (37) vanishes identically, but equations (38-41) are
the following conditions:

1 aLl
Mgy T2 qe - af £1
dce = __E |:ﬂrf '4-11 + = Y j1:| dx 5
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} 1 aL
icyose = LB 00t o (43
1 ac
dOMetrm = {E—a e ﬂ*] dr, (44)
= 8
I:_I‘:,_.’\.E1.....En+1 =1 -
m =0, (45)

Solving equations {29-36) simultaneously, one gets

arc d [faL d d ac
Ay 244 - ol ol ol
D Fél,‘-l- M AE + = [a.ﬁl& dh (5‘5;1) + dIAl— ('dle"z) + +]

Ag
. d d ey _
e[z (=) -0 )

Equation (46) ean be rewritten as

2L . al;
A 72 ad | . _ A
D P€A+ﬂrf Al +¢ [—aﬂé i (a[ﬂ*.—l;)) + +]

237 AL AAn d-ﬁf _ -
el o ()] -0 ‘4”

which is the same as Eq(4).

3  Conclusion

In this paper, we investigate the higher—order effective Lagrangians of Yang—
Mills fields. We dealt with it as frst—order effective Lagrangian. by intro-
ducing an anxiliary fields {as new constraints). The equations of motion are
obtained as total differential equations in many variables, which satistied the
integrahility conditions under certain conditions on the anxiliary fields. Simul-
taneons solutions of the equations of motions with constraints lead us to the
same Euler—Lagrange equation of motion as obtained in ref. [10]
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