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Abstract

In this article we use a generalization of Fokas and Ablowitz al-
gorithm to obtain Backlund transformations (BETs) for the fifth-order
ordinary differential equations of Cosgrove, Fif-1, Fif-11, FifIII, and Fif-
IV. We derive BTs between the equations Fifl..., Fif-IV and new
Painlevé-type equations of the same order and higher degree. The form
of some of the new equations are also given.
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1 Introduction

The derivation of Biacklund transformations (BTs) is an important problem in
the theory of integrable equations. It is well known that six Painlevé equations
PI.PII,....PVI [1] admit BTs that relate a given equation to itself or to
other ordinary differential equation ({ODE) of the same order but perhaps of
different degree.



Backlund Transformations

Fokas and Ablowitz [2] used BT of the form
(@12® + v+ e)u — (¢ + apv® + by + ao) = 0, (1)

where ag, by, 0y, @ =0, 1, are all funections of z only, and thev applied it to the
equations PI,..., PVI to obtain BTs between these equations and second-
order Painlevé-tvpe equations of first and second degree. The same BT was
used in [3, 4] to obtain all second-order second-degree equations of Painleveé-
type related to the equations Pr,....PV] and in [5] the same method was
used to obtain BTs between the equations PIII and PIV and Painlevé-type
equations of second-order and higher-degree.

Gordoa and Pickering [6] generalize the method of Fokas and Ablowitz so
that it can be applied to ODEs of order greater than two. The generalized
method was applied to fourth-order Cosgrove's equations F-XVII, F-VI, and
F-V in [6, 7, 8] respectively. In [9] we applied it to Cosgrove's equation F-
XVIIL

In this paper, we will apply the same algorithm to fifth-order ODEs

v® = f(z,v,¢,.. ., oW, (2
We can rewrite (1) as
v = Av* + Bu+ C. (3

where A = qyu+ apg, B =0uw+ by, and O = cyu + ¢p. Differentiating equation
(3) four times, using (2) to replace v'® and the % derivative of (3) to replace
gt 5 =10,1,2 3, we get an equation of the form

n

> ' =0, (4)
i=0
where ¢y, @ = 0,1,....n, are functions of 2, w,u', ... u'Y), Eliminating » be-

tween equations (3) and (4), we can find a fifth-order ODE for w .

As an application of this method we will apply it to the fifth-order Cos-
grove's equations Fif-I1, Fif-1I, Fif-II1, and Fif-IV which was given in [10]. All
of these equations admit first integrals, not necessarily of polynomial tyvpe,
and it is believed that the members of this list define fourth-order Painlevé
transcendents.

BTs for equations Fif-1,.. ., Fif-IV of the form

Hiz, v, v v" v — [ 4 Gz, v, ¢/ " ™)) = 0, (5

were considered in [11].
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2  The Cosgrove’s Fif-I equation

Consider the Cosgrove's Fif-l equation

v® = 150" + f_;'tft” — 45’ + v’ 4 2. (6]

Equation (6) admits the first integral

o — 602+ 30 — 12w — 1w - 12 43P
—3u[v" — 60® + %2]2 + K; =0,

where Ky is a constant of integration. Equation (6) has special solutions in

term of the solutions of the first Painlevé equation

2
M = Gu? — 2. 3
@ 1 3 (=)

Applying what we have introduced in the introduction to Cosgrove’s Fif-1
equation (6), we find that equation (4) reads
&

3 et =0, (9)

=0
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where

g = 12045,
¢y = 240A4% A" + 3604 B — 1654°%,
g = 604247 4+ 90.4( A2 + AA'(480AB — %J + 240A4C
+ 3904357 4 1204°B' — ZEAB 4 454,
¢a = 10AA" + 5(184AB + 44" — 3)A" + T0B( A)? + (340A4%°C
+200AB* 4 1104B' — %BJA’ + (480BC + 60C") A®
+ (180B% + 210BB' + 30B" — 270C") A* — 255AB?
— L5 AP + 45B,
By = AW +09BA" + (16B' +31B? + 68AC) A" + 56C(A")®
+ (37T4ABC + 49B® + TTBE' + 64AC" + 14B" — %C}A’
+6AB"™ 4+ (30AB — 15)B" + 28 A(B")? + (136A%C + 101 AB?
- %BJB’ + 124%C" 4 (90A%B — 1—§5AJU’
+ 136A4%C? 4+ 20242 B3(C — 345ABC — %BE + 45C — Az,
¢y = BY 4 8CA™ 4+ BBB™ + 24AC™ + (12C" + 42BC) A" + (26AC
+10B% + 10B")B” + (12AB + 8A' — 15)C" + (108 AC? 4+ 56 B*C
+56B'C + 22B*C' + 38BC")A' + 15B(B")? + (110ABC + 16B*
+26AC" — 30C)B' +12042BC? + 30AB*C 4 524%Cc’
+224AB3C + B® 4 32AB*C" + 164*BC? — 105AC*
—105B2C — 105BC' — Bz — 2,
¢p = CW + BC" + 4B"C + (8AC + B? +4B")C"
+6A(C") + (26ABC 4+ 244'C + B* + TBB' + 6B"
— ZC)C' + 9BCB" + 8( B')*C + 124"C?
+304'BC? 4 (9B® + 24AC)B'C + 22AB*c? + BiC
+1642C% — ZBC? - :C.
(10)
The more interesting cases of this method result from reducing the degree
of the equation (9) either by setting some of its coefficients to zero or by making
a possible factorization. We will consider the following two cases.
CaseI: ¢y =0, j=3,4,56and ¢ga 5= 0
Setting ¢ = 120A° to zero yields A = 0. As a result we find that ¢z = dy = 0
identically and ¢y = 458, Now setting ¢4 to zero, we get B = 0. Without loss
of generality we can assume that ¢ = w. Thus the transformation (3) becomes

v =u (11

and the equation (9) reads

5
45uv® — (150" 4+ v + (u'? — r?m.'f —zu) =10 (12)

Eliminating v between equations (11) and (12) yields the following fifth-order
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ODE for w of degree two

[RER[E,] + [ur _ QJH?.I!-I::II:I _ Lgur.r + %:I?.i.ﬂ.m
+ 5 + (5 — Futp”
— T5u(w)? + (75 — 22 )t — (uf — 2a® — ) (13)
_ 1 1 3 142
= (guu™ — u” —u® — £)Px

[(150” + 2)% — 180u(u — Zun’ — 2u)).

Therefore we have obtained the BT (11) and (12) between the Fif-I equation
(6] and equation (13).
Using the BT (11) and {12), we can find the following BT for the first
integral (7)
v=u i14)
and
2 — 60% + Z2][u" — 1200’ — 120%] — [u" — 12vu + £)?
—3v[u’ —6v% + £2]2 + K, =0.
Case IL: ¢y, =0, =4,5. 6 and ¢3 # 0
Following what we did in case I, we have 4 = 0 and B # 0, so we have two
cases : by = 0 and by = 0.
Case IT:a) b =10
Without loss of generality we can assume that ¢ = w and in this case no

possible factorization can be done. Thus we have obtained the following BT
for Fif-I

(15)

v =hpv +u (16)
and
(45b0)v* — 15(263 + LLbob)y + B — 3ujv?
+[bb4) + Bbobly’ + 10(bf +BR)b + 15(8)% + 10(83 — 3u),
+b5 — 105b5w — 105bu’ — 15u" — bpz — 2Jv + [ult) + byu™ (17
+(BE + 4bf)u” + (6B + Thobly + b3 — %u)u’
(B OB2BL + Obobl + 8(BY)? + 4B — 2)u — Bbgu?| = 0.

Eliminating, v between (16) and (17), we can obtain a fifth-order ODE for «
of degree three.

Case IT:b) & £ 0

Without loss of generality we can assume that B = w and we can look for a
possible factorization of (9)

3
3 gt = (v — g)(45w® + Dv + E), (18)
i=0

where g is a function of z only. We can find D and E as a function of

w,u',. .., u 2 by equating the coefficients of v* and v and then we are left
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with the coefficients of ©” which we ask to be equal identically. In this way we
find that ¢y = —g, ¢y = —¢} and g is a second solution of equation (6). Our
BT in this case reads

L
u="—2 (19)
v—g
and
45u® + Dv+ E =0, (20)
where

D = —15u" — 8y’ — 1By3 — 90gu + 45¢’,

E = ul® + Buw” + 10(u + u? + 3g)u” + 15(u)? + (Fgu + 16u¥ )’  (21)
+u® + g’ + (90g° — 90g" — 2)u — (45g¢" + 156" +2).

Eliminating v between equations (19) and (20), we can get a fifth-order ODE
for u of degree two.

3  The Cosgrove’s Fif-II equation
Consider the Cosgrove's Fif-11 equation

v = 30w™ + 300"y — 1800 + 20 + 2u. (22)
Equation (22) admits the first integral

2" — 3v? + L2 vt — v — 62 — [ — Gur’ + L)

—24uv” — 3v? + 52 + Ko =0, (23)

where K3 is a constant of integration, and it has special solutions satisfyving
the first Pianlevé equation
W3t — s (24)
12

Proceeding as in the previous example, we find that equation (4) reads

]
3 gt =0, (25)
i=0

where dg = 120A4°%. To reduce the degree of equation (25) we have two cases:

Case i ¢y =0, j=3,4,50and ¢ #0

Since dg = 120.4% we have to choose A = 0 in order to make ¢g = 0 identically.
This implies that ¢y = ¢g = 0 and ¢3 = 1805, Now to make ¢ = 0 identically
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we have to take B = 0. Without loss of generality we can assume that &' =u
and our BT becomes
v =u (26)

and
180uv® — (300" + 2)v + (v — 30un’ — zu) = 0. (27)

Eliminating v between equations (26) and (27), we get the following fifth-order
ODE for u of degree two

[—30uu™ + 30uu” + 2u' + 360u*[—T20uu' + 900(u")? + 120u"
+ 21600uu’ + 7202u%] = [-7200%u'® + 2uu'u®
+ G0uu{ 150" + 1) — 90u'(u")? 4+ 120u"(180u® — u)
+ 215400 (u")? + (72020 — 220% — L)'

(28)

Thus we have obtained the BT (26) and (27) between Fif-11 equation (22) and
equation (28).
Using the BT (26) and (27), we can find the following BT for the first
integral (23)
v=u (29)
and
u’ — 30? + L2lu — Gou’ — 6u?] — [w" — Gou + L)°
—24v[u’ — 3% + S2]? + K2 = 0.
Case IT: iy =0, j=4,56and ¢; 0
So we have B = 0 and we have two cases b = 0 and b = 0.
Casell:a) b =0
Without loss of generality we can assume that & = u and no possible factor-
ization can be done in this case. Thus we obtain the following BT for [22)

(30)

v =D +u (31

ani
(180bg)v* — 30(BY + 4boll, + 263 — 6u)v® + [bL"
+5bobly’ + 10(8, + B3 )by + 15bo(b)* + 10638,
455 — 90(bh + b3)u — 606y’ — 30u” — zby — 2v + [u®
+hou™ + (b3 + 4b))u” + (6bY + Thobf, + b — 30u)u’
—30bgu® + (48 + 9bgbl + 8(bj)?
+0OB2b, + b — z)u] = 0.

(32)

The elimination of @ between (31) and (32) gives a fifth-order ODE for u of
degree three.
Case ILb) by £ 0
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Without loss of generality we can assume that B = u and hence ¢q = 130w,
In this case we can malke a possible factorization

3
3 g = (v — g)(180uv® + Dv + E). (33)
4=0
We can easily find that D) and E are given by

D = —30u" — 120uu’ — 60u® + 180¢/,
E = u® 4 Sun + 10(n' + v )u" + 15u(u’)?

+ 10{u* — 3¢" + 60gu)u’ + u® + 30gqu* — 304w (34)
— (30g¢" + z)u — 30g™ + 180g¢" — 2.
Moreover we have ¢ = —g. ¢y = —¢ and ¢ is a second solution of equation
(22). Our BT in this case reads
¥ — a'
u=2"9 (35)
v—g
and
180ue® + Dv+ E =0. (36)

When we eliminate v between equations (35) and (36), we will get a fifth-order
ODE for u of degree two.

4  The Cosgrove’s Fif-III equation
Consider the Cosgrove's Fif-111 equation

v = 20ve" + 4l — 12003 4+ 2 + 2w+ o (37)
where o is constant parameter. Equation (37) admits the first integral

2" — 60 + dav + 1z — 400 — 1200" — 12(v')? + d0n”]
— [ — 1200 + dav' + %]2 —4(2v + a)[v" — 6v® (38)
+daw + 1z — 40 + K; =0,

where I; is a constant of integration. When K; =0, a particular solution of
Fif-111 equation can be obtained satisfving the first Painlevé equation

1
v =6v? — dav — i + da®. (39
For Fif-I1T equation (4) reads
&
Z CIL'I?-E'U!' = {]1 (-'IDJ
=0
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where dg = 12045, Apgain we have two cases:
Case I: ¢y =0, 7=23,4,56and ¢ #0
In order to make ¢¢ = 0, we take A = 0 and this implies that ¢y = ¢g =0
identically. Now ¢y = 1208 and it will be identically zero if 5 = 0. Without
loss of generality we can assume that ¢ = u and hence we obtain the following
BT for Fif-I11
v =u (41)

and

(120u)v® — 2(10u" + v + (u'® — 40ur’ — zu — o) = 0. (42)

Eliminating v between equations (41) and (42), we get the following fifth-order
ODE for u of degree two

[—60uu®) + 60un'u™ + 10uu™ (10u" + 1) — 100u'(u")?
+ 200" (—u' + 120u%) — (1 + 120202 4+ 1200u — 12082 — 600w)u’

+ 6002 = [—10uw” + 10uw'u” + o’ + 120032 100" + 1)? (43)
—120u(u(4) — 40un’ — 2u — aj).
Moreover a BT for the first integral (33) of equations (37) is given by
v =u (44)

and
2u’ — 6v% + dav + i* — do?][u” — 12vu’ — 12u® + dow]

—[u" — 12vu + dou + %]2 — 4(2v 4 a)[u’ — 6v® (45)
+ow + 1z — 40?2 + K3 = 0.
Case IT: ¢, =0, j=4,56 and ¢3 # 0
50 we have B = 0 and we have two cases by = 0 and b = 0
Casell:a) by =10
Without loss of generality we can assume that " = u and no possible factor-
ization can be found in this ease. Our BT in this case reads

v =byv +u (46)

and

(120bg)e* — 10(20g + bobp + 655 — 12u)v*

+[BS" + Bbobly + 108 + b2)BG + 15bg(b)® + 10834,

+bﬁ — 20048, + 5bﬁju — 60bgu’ — 200" — zby — 2)v (47)
+[u® + bou™ + (B3 + 4bh)u” + (65 + Toobf + b — 40u)v’

—40byu® + (4B + 9bobly + 8(Bf)* + 9b3b, + b — z)u — a] = 0.

Eliminating » between equations (46) and (47), we get a fifth-order ODE for
u of degree three.
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Case IL:b) by # 0
Without loss of generality we can assume that B = u and hence ¢q = 120,
We have the following factorization for (40)

vt = (v — g)(120uv? + Dv + E). (48)

,m
|||LV]W
=

where

D= —20u" — 100un’ — 60u® + 1204,
E = ulY 4 5un™ + 10(w' + v?)u" 4+ 15u(u’)? + 10(u® — 4" + 13gu)u’  (49)
+ u® + 40gu® — 40g'u® — (40" + z)u — 209" + 1209y — 2,

g = —cq, &g = —¢p, and g is a second solution of equation (37). The BT in
this case is given by
o= g.r
U= (50)
v—g
and
120uz” + Dv+ E = 0. (51)

The elimination of @ between equations (50) and (51) vields a fifth-order ODE
for u of degree two.

5 The Cosgrove’s Fif-IV equation
Consider the Cosgrove's Fif-I'V equation

¥ = 18ve™ + 360" — 720 + 3Xe" + TAz(5v"™ — 36ve)

— 10%2(220 + ) + LpW — 180" — 9(¢)? + 240 — 30 + K], (52)

where A and K are constant parameters.
When A =0 equation (52) admits F-VI as a first integral

v = 18" +9(v)? — 240 — av + Kz + B, (53)

where [ is a constant of integration.
When A = 0, equation (52) admits the first integral

L3 — 3022 L[(v+ ) HY — o' H' + 1H? + 1X%%]
+iﬁﬁ~:3[gﬁﬂﬂ —4{v+ Az)HH" — dw(H) - W HE — LHY
FEMAWH — do(v + %)&:J H' + »wH — %)&(t:’f + Avlv + ;11/\:}2]
+II‘LF4:3 = D:

(54)
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where
H=v"—6v* — 2hzv — LA%22
L=H"—6(v+ ﬁANJH + 3(#;2 + A (55)
—120% — 6Azv? — 322220 + 102

and Ky is a constant of integration.
Proceeding as in the three examples above, we find that for Fif-1V equation
i4) has the form

&
3 gyt =0. (56)
=0

Onee again we have two cases:

CaseI: gy =0, 7=3,456and ¢z #0

In this case ¢g = 1204° and hence we have to take A = 0 in order to make
g = 0. This implies that ¢y = ¢s = 0 and ¢ = 725 — 2—;‘ Setting ¢s = 0, we
get B = L+ and without loss of generality we can assume that € = u. Thus

3
we obtain zthe following BT for (52)

f

1
v = E?J +u (57)
and -

(T2u — ,,La + 6A)0? + Py + g = 0, (58]
where 2290 = —

Py =2 L) 4 (2 4 18w — 18w
1 TR 4_035:;‘ t 5 5 J
+_ 54(TJ )" ~:

thp = uld) ZQZ L@ + 5az Ji [%jg - 361.', (59)
+ By — 2w — (FE 4+ ELA - At —

Eliminating » between equations (57) and (58] gives a fifth-order ODE for u
of degree two.
CaseIl: ¢, =0, j=4,5.6 and ¢3 =0
We will consider here two cases B =0 and B £ 0.
Casell:a) B =10
When B = 0, we have gy = —%. Without loss of generality we can assume
that ' = u and no possible factorization can be done in this case. Thus our
BT is given by

v=u (G0

and

— 2y — T2un? + (- 180" + Lo’ 4+ 183zu + LX%2)v

+[u“' — Ly — Bhau” — 36un’ + (A%2% + i)nju +2u? -] =0. (61)
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Elimination of v between equation (60) and (G1) we get a fifth-order ODE for
u of degree three.

Clasell:h) B £ 0,

We have two cases by = 0 and b == (.

Clasell:bl) b =10

Without loss of generality we can assume that ' = u. No possible factorization
can be done in this case and our BT is given by

v =hgv +u (62)

anid
(720 — T:I‘-‘.,' + et + v + 1y =0, (63)

where

= — 180 + (£ — 908)b, — 5453 + 282 + 18Azbg + T2u,
dr =05 + (5bo — 1)’ + (108} + 108 — 2y

— SAz)by + (150 — 3)(8)*

+ (1083 — T2u — 3X — LXzbg — S02)8,

+ b5 — 163 — Ehzb] — 3(30u + A)b3

+ (—5du’ + A%z + 2 4 Byby + (— 18"

+ Lo 4+ 18xzu + 1A%z, (64)
o = dubl’ + (6w + 9bpu — Su)bf + Su(l))?

+ (9ubi + Thou' — %ubc. +4u" — %u’ — BAzu)hy

+ ubd + (u' — )53 + (v — Lo’ — SA2u)b]

+ (u" — Ly — Sxzu’ — 36u® — 3)u)by

+ul — Su" — SAzu” — 3(12u 4+ Mo

o9 2 2.2 3 [
+sut + (A + ZA)u— o

Eliminating » between (G2) and (G3), we obtain a a fifth-order third-degree
ODE for u.
Case II:b2) by £ 0

Without loss of generality we can assume that B = u and hence ¢ = ’F‘Eu—%.
As a result we have the factorization
3
3 ¢ttt = (v — g)(¢pav® + Dv + E), (65)
i=l
where I and E can be obtained as function of u, ', ..., ' z that we will not
give here. Therefore we get the following BT for Fif-IV
U |
u="_9 (66)
v—g
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and
dav? + Dv+ E =10, (67)

where g is a second solution of equation (52). The elimination of v between
(66) and (67) yields fifth-order ODE for u of degree two.
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