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ABSTRACT

In this paper we have proved a theorem on double Nirund  summability of
Fourier-Jacobi series, which generalizes various known results. However, our theorem

i5 as follows;

Theorem : Let (MN,py.da) be a double Nérlund method defined by a real non-negative, non-
mereasing sequence {py, ) and a real non-negative,non-decreasing sequence{q,}.

Let wit) and A(t) be non-negative monotonic increasing functions of t, such that

Fin)logn=0[MP, )]

4 Pn= O[(p*q),logn]

.

i-
B, "t
& J

= Sariy
k=2 K% |ga) ks A

a3 n — o, where ¢ is a parameter with the restriction that 0 =c = 1. If

t Ty
A=l |F@)|do = o |————

ast — 0, where 7 = [1/t] then the Fourier-Jacobi series is summable {N,pm g, bat the
point x = +1 to the sum A, provided that the condition

-12<p=<12,B=-1/2
and the antipole condition

b
Iy (+)®D2 | 9] ax <o

are satisfied, where b is fixed.
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On Double Noerlund Summabillity of Fourier-Jacobi Series

1. Definition and Notations: Let f{x) be a function defined on the interval
=1 £ x <1 such that the integral

J-_llf]‘“f “"‘Hlp fix) dx (L1}

exists in the sense of Lebesgue for a > -1, B> -1, The Fourier-Jacobi series
corresponding to the function fi{x) is given by

._ :
fx) ~ iﬂnnlﬁf ) (.2

where n=

8= 8 II (1) LI"‘?C]F P‘:'m{xj f(x) dx (1.3)
with ol
(rta+prl) [(n+1) [(nrotpl) -~
g ;
2P Mgty [Tintpt)

and P:.M::[x} are the Jacobi polynomials defined by the generating function

3 ! 2.4
Mo 1et+ (1= 2xt+ 0 1 £+ (1- 2+ 1) 1P

_ f p:’*“mt“ (1.5)

Let us write n=

2P 2+t

i} 2fi+1

ol
&

F(d) = { flcos @) - A} (sin %]mj {cos

A being a fixed constant.
Let [sy] be the sequence of partial sums of a given infinite series X a, . Let {Pm} and
{g,} be any two sequences of constants with P, and Qg as their partial sums respectively and

let
n

(P*dn =R=E“ Pl = k;i“ Py 9k (1.6)

tends to infinity as n — =0
If the sequence-to-sequence transformation defined by
1 i

1.7
(p*q) kz‘nP"*kq"s" (7
n

tends (o a fixed limit s as n — o, then the sequence {s,} or the series I a, is said to be
summable by double Nérlund method (N.pu.ta) to s, Borwein [2].

P
1‘-III



Satish Chandra

2. Introduction : The study of summability of Fourier-Jacobi series by ordinary
Morlund summability method has been made by several workers ( [11L.[5L[9).[16]). In
the present paper we study the summability of Fourier-JTacobi series by double Norfund
summability method,

Dealing with the Nérlund summability of Fourier-Jacobi series, Prasad and Saxena [10]
have established the following :

Theorem A : If 2+l
=1 |F@)| do = o] 2 2.1
: ’ 0(Py)

ast—1
where
F(@) = { fleos @)~ A } (sin-29""'(cos -2)™"",

Wit} and @ (t) are non-negative monotonic increasing functions of t such that

Wn)logn = O(O(P)  asn— (22)
n{h+]w = 0y {P‘n] asn — o {13}
and
1} P, 5 Py (2.4)
= = S T asn—a o
e L 1 log k pl2e 12

then the Fourier-Tacobi series (1.2) is summable (N,py,) at the point x=+1, to sum A, provided
that the condition

A2 <a<th, pr-l12
and the antipole condition

[(2p-2)4

b
.[_I (1+x) |fixy| dx < = (2.5)

are eatisfied, where b is fixed and (N.p,) is regular Néirlund method defined by the real
non-negative and non-increasing sequence {py } such that py — oz as n — o

The object of this paper is to generalize the above theorem to a more general class of
double Norlund summability of Fourier-Jacobi series.
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3. Statement of the theorem :
Wi establish our result in the form of the following theoram.

Theorem : Let (N, py, qo) be a double Nérlund method defined by a real
non-negative, non-increasing sequence {py,} and a real non-negative, non-decreasing
sequence {g,}.

Let "F(t) and A{t) be non-negative monotonic increasing functions of t such that

¥(n)logn = O [k (Pa)] (3.1)
quPn = Olip*q) logn] (3.2}
1-¢
n P (P*a)
T R | (3.3)
k=1 |2 logk q“n""‘“"m

as n —+ o, where ¢ is a parameter with the resttiction that0<c = 1.

If (2u+2)
t
F@ = [ [F@)] db = o| ——2 (3.4)
A(P)

as t — 0, where T = [1/1] then the Fourier-Jacobi series (1.2) is summable {N,pmn.qa) at the
point x =+ 1 to the sum A, provided that the condition

12<a< /2, p=-1/2
and the antipole condition

b 112
P T | f | dx < (3.5)
are satisfied, where b is fixed.
4, The following lemmas are needed for the proof of our theorem:
LEMMAL: ([15]p. 167 & 196 ): Fora=-1, [i=-]
Oin™), when 0 =@ < 1/n
0 (|1r'}, whenm-l'n =P =<x
) 1 _ {e+)2 L2p+H12
Pf,u'p {cos @) = — I {Smg-—ﬁ {cm%}l

(nr)

01y
[ {Mlq,_ ,:gm,;,i} P }
2 4 n sin g

when Im= @ <m-1/n.
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LEMMA 2 : [10] The antipole condition

{fem-112

b
J; 4007 10| dx <o0

is equivalent to
12 |

3 0™ - A dx <o

which is further equivalent to
bl =
7 1E@) | (cos 2y P 40 < 0, 0<n<r.
n A
LEMMA 3 . [7]. If {py} is a non-negative, non-increasing sequence then for large n,
uniformly in0<® <x, 0=a=b=n,

n
3 p cos {(n-k+p) -7} {n—k}(‘zmﬂ'Ilz =10 (n[luﬂ}.n'l P )

k=a
Where
a+fi+2 (2a+3)x
= _E'_ * T = 4 ;o il 172

LEMMA 4. [7] : If {pg} is a non-negative, non-increasing and {qg} is a non-negative,
non-decreasing sequence then

n-1
2a-1)72 -1)/2
2 pa,, 00 = 0((prann ™)
LEMMA 5 . Let o
LAMNA 2 e
2 e (u+1,6)
N, () = T k;ﬁ P 4y SnkPak (€05 )
where 8.1 ;
-u- - - - Y-
I il i -
’ [(n+1) [(n+p+1) [(o+1)
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Then for-1/22<a< /2, > -1/2 and [pm},{q“! satisfying the conditions of the theorem, we
have

0 (™), when 0 =® < I/n (4.1)
D’{ lﬂ-‘*ﬁ+1 .
n hwhenm-lln=0=xn (4.2}
e e 32 (2pe1)2
Np(d) = 0‘:“—(sin1; (cos 2y ] (4.3)
2 ( P*Qn 2 »

+ o™ (sin 2, 20 00s {}_}-ﬁmm

when lin < <=z -1/n,

Proof . Using Lemma 1 for 0 =@ < 1/2 together with Lemnma 4, the required estimate in (4.1)
follows. For the estimate in (4.2), we use Lemma | for - 1/n =® <7 together with Lemma
4.

For Im=d <75 -1/n, we have from Lemma 1.

O(1) =l (T Iy
(P*q)a k=0 B % gy (%)

o e
2

Np (@) =

. (50 %)-(Iuﬂ}-'“z {cos

Q1)
| [cﬂg Hinktpide - 5 + (n-k) sin ‘I]J

since for fixed n, {qg,.x} is non increasing, we can deal with the first term of the right by
first using the second mean value theorem and then applying Lemma 3 to deal with the second
term on the right, we apply the result of Lemma 4 and the required estimate follows.

LEMMA 6. The condition i
4 0= O (p*a)

For 0 = ¢ < | under the hypothesis of the theorem.

Proof . The expression on the left of (3.3) is increasing and hence greater than or equal to a
positive constant, Hence (3.4) implies that for some positive constant A,

n Py

Py E ;. B
T G 13"
wherea>12
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h )
{note that k Bo= pk = pkz k Py by the condition on {p_} )

i qunv]c

k=a g o k" eg k

(p*q),
> P by the condition on {q,}
Qo
1-
(P*q ), 4 i
> e @D >0, fr0ses])
n

From which the result in Lemma 6 follows.

5. Proof of the theorem : Following Obrechkoff ([8]. p. 99. and Rao [11]) the n™ partial
sum of the series (1.2) at the point x = 1 is given by

8, (11=2""M 5. [” (sin )2 (o5 )2 goos ) PP oos @) do
consequently, 0 2 2

8, (1) - A =2"P g I: F@) PP cos @) do (5.1)
using (1.7}, the (N.pm.qa) mean of the series {1.2) is given by
g, oo o 1 L
h-A = [:p*q}n kE“qu(“_k}{Sn-h{i}_h}
14
=[, F(@®) N, (@) do
=1, say
I'n n a-1/n 4
- F(D) N, (@) dd
[Iﬂ' +I”“+ j""I +J‘m—l.l'n} @) (®)
meA =L+L+h+, (5.2)

say, where 1} is a suitable constant such that 0 <n <.
Mow in order to prove our theorem, we have to show that

I = ofl), a5 N —+ o (5.3)

for which we need to prove that
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) Ij = g{l), asn—em (5.4)
forj = 1,2.3.4.

Let us first consider I, , we have

1/
L =0 {In " @) | N, (@) ] dm]
= O (n*"%) J'ﬂ”"[ F(d) | deb by (4.1) of Lemma 5.
-2a-X
=0 (™. o [m] by (3.4)
1 A (Py)
]
I, = of(l), a5 [ =+ 0o (5.3)
considering I; , we have
B D 4q n nuwlﬂ I n [ F{"I'.]'! P||.um|
h {Ptq } 1n ‘D:z.ﬂspz
n
| F@) |
+Q (nf2e02y jI}n __m_,p;wm dd
using (4.3) of Lemma 3.
Is = lag + laa  say . (3.6)
Given & = 0, let iy be chosen so that
7 {D{hﬂ] ﬁn.-q.]
|Fi@)] = ————— , 0=ds=n
O (Pypian)
Then K, p2erih o | F(®) | Ppuey -
I Iz.l | — {p*q}n 1'n 't‘u..;.;lm
Fiuay
K qn. n':ltl""lw [ FI.{{D-] i F{ 1) 1 Fj w
= {Za+3NT . j i d
(P*da T 7
n
| T | = Baat iz (say) (5.7)
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where K is absolute constant, not necessarily same at each occurrence. IFK (n) denotes a
constant depending on 1, we see that, for fixed n,

| qu n qn Pa ¥(n)
] = B——— 4 [—
. (*Da (P* Q2. (Ps)

1
= K} o [—c ] +  ofl)
(p*qls

for0<c<]l.
[Laa| = o(l), asn—e (5.8)
by using Lemma 6, (3.4), (3.1) and (3.2),
Further
Keqg,n® I“ Sl Pl ‘
I = JF | s =
L1z = (P*Qa I (Pyuay) ‘ idmtine
K £ g, n***? " RETE.
< I d | Py x5
(p*qly Im logx
using (3.1)
K & g, n=1? 0 X etz (20+3) I“ B
Gt e —— d PISI b e e — P||_r dx
(®*Qn o logx 2 tm jogy
K gy o™ (2a+3)
- e L+ 2 M , say
(P*ah
Now

n Py

ugi K o k

Py
L =0 —
o T
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and -1 K+l xﬂqf.s}.';
M < i‘ P | dx
k=1 k log %
n-1 Iy
=) Z i 3.3).

[ S K e ] by using (3.3)

Hence
Ke
| Ij_]_:l = = ofl), asn—ra. (5.9)
(P*qa

From (5.7%(5.8) and (5.9) it follows that
Iiag = ofl), asn— e, {3.10)

Mext, considering laa we have

n
|Lka| < Kn%e? fl | F@)| 0292 do
n Sy
o {K [Fi(@) 0997 " K [ F(@) 0% do }
1m
| 2| = Lot ke, (say) (5.11)
Henee
|Laas| = Kma™™ + o(1)
|I;_|,|| = ofl},, asn—oo. (3.12)
q)ﬂuli}-'l "P ‘D{hﬂ:ﬂ
[laas| < K gnteie j::n (14T} -
t (Pyuey)
-[Tar1p2
1 X
B T 1 11
Ken jl.-'n g i
|1i22] = Ke; sincea<1/2. (5.13)

Hence from (5.11), (5.12) and (5.13), it follows that

iz = ofl), asn—+oo, (5.14)

10
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Thus from (5.6)(5.10) and (5,14}, we have
I = ofl), asn—w. (5.15)

considering I, we have

(p*g) n? "
il L R f"' | F(®) | (sin 2= fzu 3}4’% ¢. {:u+1}fz
n

L, =0
! (P*qn )
bl 1]
Puw d0+ [ |F@)| (sin25 *5*'? gy et
L = Ly + L, say (5.18)

since I{sm y#=* % is bounded for n < ® < n and since Pjiipy is bounded and

-ﬂ—l.*lb-ﬂ—u—i. we have

i plerh? i
! a-1/n
= 0| ———| [7 |B@®)| (cos ZyH g

(P*Qhn n 2

g e
= i e by Lemma 2.
(P*gh

Hence
[siy = ofl), asn—w.

Again
w-1/n
g = OB j + I (5.18)

Given £ = 0, we can choose 1y so that

(5.17)

7 D e r
Iﬂ (cos 2 |F@)| db < .
The contribution of I3 of the range (¥, z-1/n) is

-1 =
< F.n"“"'“J' TF@) | (cos E}**Hm did

< an‘"—”ﬂf ") | (cos ) (cos Ty do

< Ké; (5.19)

11
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since, in the range considered,

1
(cos —y 2= - [ ]
2 eIz

Thus the lim sup of the contribution of this range can be made arbitrarily small by suitable
choice of & . Thus it is enough to prove that for fixed 1y, the contribution in the range (1,1}
is zero.

For fixed 1

ﬁ X { (2w i =(2e 312
I“ | F(@)| (sin ) (cos ) 4D

15 a constant, so that contribution

= O [n®]

ofl) asn— . fora = 1/2 (5.200
From (5.18), (5.19) and (5.20), it follows that

Ly =o(l)asn—wm. (3.21)
Henee from (5.16), (5.17) atd (5.21), it is obtained that

i =oi(l) asn—wm, (5.22)

Finally, considering 1y . we see that

n
Lo=om™Y) [ " |F@)| do,
by (4.2) of Lemma 5.
But 0
' i AR T [(cas?]'“"’" I
uniformly in n-1/n = @ < 7 ; whence by the use of Lemma 2, it follows immediately that

L =o(l)assn—w, (5.23)

Collecting (5.5), (5.15), (5.22), and (5.23) the required result in (5.4) is established, which, in
turn, proves the result in (5.3).

This completes the proof of the theprem,

12
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