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Abstract

In this paper we study new forms of Backlund transformations for
fourth-order ordinary differential equations of Painlevé-type. We present
an algorithm which allows the construction of Backlund transformations
between a given equation and a new fourth-order equation. The precise
form of the new equations are also determined.
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1 Introduction

One century ago Painlevé and his school studied the second-order ordinary
differential equations (ODEs) of the form v = F(z,v,v’), where F is rational
in v', v and locally analytic in z. They found 50 equations with the Painlevé
property, that is, equations whose solutions have no movable critical points.
Among all of them they found only six equations that define new functions,
which are called now Painlevé transcendents and denoted by PI — PVI [1].
Fourth-order ODEs with the Painlevé property were considered by Chazy
2], Bureau [3], Exton [4], Martynove [5], Harada and Oishi [6], Cosgrove [7],



Mugan and Jrad [8], and Kudryashov [9]. Amongst the equations found in [2]-
9], the equations defining new transcendental functions need to be studied.
One of the important properties that need to be studied is the existence of
Bécklund transformations (BTs), that is, transformations relating a particular
fourth-order Painlevé-type equation either to itself (with possibly different
values of the parameters appearing as coefficients), or to another fourth-order
equation of Painlevé-type.

Fokas and Ablowitz [10] developed an algorithmic method to investigate the
transformation properties of Painlevé equations. They used a transformation

of the form
v+ av? +bv+c

u = : (1)

dv? +ev+ f

where a,b,c,d, e, f are functions of z only. The inverse of the transforma-
tion (1) is either linear equation in v, and this yields second-order first-degree
Painlevé-type equation for u, or quadratic equation in v and this yields second-
order second-degree Painlevé-type equation for w.

In [11, 12] the same transformation was used to obtain second-order second-
degree ODE for PI-PVI.

A transformation of the form

_ (V) + (Z2ja0" )0 + Bl b’
(37 _pcv v + B dvt

: (2)

where a;, b;, ¢;, d; are all functions of z only, was used in [13] to find second-
order second-degree ODEs related to PI-PVI and was used in [14] to find
second-order fourth-degree ODEs related to PI-PIV. An alternative approach
to find BTs for Painlevé equation appears in [15, 16, 17].

For fourth-order Painlevé-type equations the study of BTs is more rich.
They admit BTs of the following form

o™ — G(z,v,7,...,0Mm )

H(z,v,0/, ... 0m=1) 7

u= (3)
where the functions G and H guarantee that the equation in u also of Painlevé-
type and m = 1, 2, or 3. Differentiating (3) (4 —m)-times and using the given
equation to replace v and the relation (3) and its derivatives to replace
v, m < n < 3, yields a polynomial equation in v, v/, ..., vV w, o/, ..., u*™
with coefficients functions of z. Elimination of v between this last equation
and equation (3) then yields the fourth-order equation for w. This elimina-
tion process can be simplified by insisting on special choices of the BT (3)
such that the polynomial equation in v, v/,..., v™ Y w, o/,..., u*™ re-
duces to a polynomial equation in v, ¢/,..., v®, u, «/,..., u*=™ for some



p < m—1; in particular we might ask that it reduces to a polynomial equation
inwv, u, o,..., w4,

In [18] the case m = 1 was considered with transformations of the form
(1). The method was applied to a fourth-order ODE believed to define a new
transcendental function. The same method has also been applied in [19] to
the fourth-order analogue of PI and in [20] to the generalized fourth-order
analogue of PII.

The case m = 3 was considered in [21] where transformation of the form

" — G(Z, v, U/, U”)

pr— 4
“ H(z,v,v"0") (4)

was used to seek BT for fourth-order ODE. In [21] H and G were assumed to
be linear in v”.

The aim of this paper is to obtain BTs (3) for fourth-order Painlevé equa-
tions with m = 2 and m = 3. That is we will consider the transformations of
the forms "o .

i (z,v,0) (5)
H(z,v,v")
and (4), where G and H guarantee that the equation in u also has the Painlevé
property. We will consider transformations of the form (4) with H and G being
quadratic in v”.

In section (2) we will apply this algorithm to four fourth-order Painlevé-
type equation using m = 3. In section (3) we will apply it to three fourth-
order Painlevé-type equation using m = 2. In the last section we will give the
conclusions.

2 Backlund transformations with m =3

In this section we will consider BT for fourth-order ODEs

v® = F(z,v,v, 0", 0") (6)
of the form " o
V" — G(z,v,v,v
— ) ) ) 7
“ H(z,v,v'v") (7)

where u(z) is a solution of another fourth-order Painlevé-type equation. We
take G' and H in the forms

G =ao(v")? +bov" +co, H=a,(v")*+bv"+c, (8)



where a;,b;,¢;, @ = 0,1 are rational functions of v and v' with coefficients
functions of z only. We can rewrite the BT (7) as

U,// — A(U”)2+BUH+C (9)

where A = aju+ag, B=bju+by, C=ciu+c.
Differentiating equation (9) and using equation (6) to replace v and equa-
tion (9) to replace v, we get an equation of the form

V3(v")? 4 Py (V") + 10" +1hy = 0, (10)

where ¢;, 7 =0,1,2,3 are polynomials in v, u, v’, " with coefficients func-
tions of z. Eliminating v between (10) and (9), one finds a fourth-order ODE
for w.

In this article we consider the following simplification of this elimination
procedure: we choose A, B, and C (that is a;, b; and ¢; ) so that ¢;, j =
1,2, 3 are identically zero and equation (10) reduces to a second or first degree
polynomial equation in v

o(v) = 0. (11)
Elimination v between (11) and (9), in order to find the equation for u, is thus
made much easier. 4
In this article we assume that A has the form —/0, where Ay is a function
v

of z, v, and u. We now consider some examples.

2.1 Example (2.1)

As a first example we consider the equation
v™® = 200" + 10(v")? — 400 + av + . (12)

Equation (12) is a member of Painlevé-I hierarchy [22] and it was given also in
[7] where it has been denoted by F-V. The solution of equation (12) is believed
to define a new transcendent.

Applying the method discussed above we find that the coefficients v; ,j =
0,1,2,3 in equation (10) are given by

3 = Ap(240 — 1),

0B 0A ,0A
wz—v{ﬂi‘i‘BAoB—FJ‘i‘ 0}
0z 0
¢ OB , , (13)
Y1 =v'[v' 55 +240C + (v )—+—v+(B —200)],
ov 6(] 8(]8 02
= ()2 BC + —|—7—10 24 400% — av — z|.



In order to make 3 = 0 identically, we have to choose Ay = L or Ag = 0.
If Ay =0, then we do not have BT in the type considered here. Thus the only
choice is Ay = ;, that is A = 211)1 Then 1, = 0 identically if B = By(v')~%/2,
where By is an arbitrary function of z and v. In order to preserve the Painlevé

C
property we must take By = 0. Setting ¢, = 0, we find that C' = 10vv’ + —?,
v

where Cj is an arbitrary function of z,v. The equation 1)y = 0 now reads

9Cy / % 3 —
9% +wv { e + 40v° — av z} = 0. (14)

In order that equation (14) reduces to a polynomial equation in v we have to

choose —2 + 40v® — av — z = 0 and hence Cy = —10v* + %ow2 + zv + Clyy,

v
where Cy is an arbitrary function of z. Without loss of generality we may set
Coo = —u. Then equation (14) gives

v=nu (15)

and the transformation (9) becomes

1 9 1 4_ @ 9
o = (W) 1000 — (100" = T0% — zv ). (16)

Substituting v from equation (15) into equation (16) yields the following
fourth-order Painlevé-type equation for u

1 1
u(4) _ w(umy + 10u/u” . J[lo(u’)“ . %(u/>2 . zu’ T u] (17)

Thus we obtain the BT (15-16) between equation (12) and equation (17).

2.2 Example (2.2)

As a second example we consider the equation
1
v® = 18vv” + 9(v')? — 24v® 4+ aw?® + §a21} + 2. (18)

The solution of equation (18) is a fourth-order Painlevé transcendent denoted
by F-VIin [7].

Proceeding as in Example (2.1), we find that the coefficients ¢;, j =1,2,3
in equation (10) are identically zeros and the equation 1y = 0 is a polynomial



1
equation in v if A = —, B =0 and

20
1 1
C = 9ov' + = (—6v* + %v?’ + 1—80z21}2 + zv —u). Then equation 1y(v) = 0 reads
v

v=1 (19)
and the transformation (9) has the form

1 1 2
= 2—@/(1}”)2 + 9uv’ — p(6v4 - %03 — %02 — 20 + u). (20)

n

Substituting v from equation (19) into equation (20) we get the following
fourth-order Painlevé-type equation for u

2

1 1 o'
4 2 4 3
'LL( ) = ﬁ('dl”) + 9U/'U/// — 7[6(711/) - *('U/I) — E

Thus we obtain the BT transformation (19-20) between equation (18) and
equation (21).

(W) — 2u' +u].  (21)

2.3 Example (2.3)

Our third example is the equation
v/ = 10v7v" 4+ 10v(v' )" — b6v™ — O(v" — 20°) + zv + «.
(4) 10 2.1 10 ( /)2 6 5 ﬁ( " 2 3) (22)

This equation was known to Martynov [5] and is a member of the so-called
Painlevé-1I hierarchy found by Ablowitz and Segur [23]. Some authors have
been using the notation 4P» to denote this equation; see [24] for example, while
Cosgrove [7] uses the notation F-XVIII to denote this equation. The solution
of equation (22) define fourth-order Painlevé transcendent.

We proceed as in example (2.1). Setting ¢; = 0, j = 1,2,3 we find that

1 C
Ag = %, B=0and C = 5(1002 — O + U—?. Then equation 1y = 0 reads

%i’o—l—v'[aa?—l—%‘:’ —2&13—21}—04] =0. (23)
In order that equation (23) reduces to a polynomial equation in v we have to
choose —2 + 6v° — 2603 — 2v — a = 0 and hence Cy = —v°® + %Bv‘l + %ZUZ +
av+ Cyg, where Cyg is an arbitrary function of z. Without loss of generality we
may set Cpo = —u and as aresult C' = (5"02—5) '+;(—vﬁ+§v4+202+av—u).

Then equation (23) gives
v? = 2u/ (24)



and the transformation (9) has the form

(v")? + (5v% — é) '+ i/(—vE‘ NN N u). (25)

1
"
v 2 2 2

e

Elimination of v between equation (24) and equation (25) gives the follow-
ing fourth-order second-degree Painlevé-type equation for u

[u”u(4) B 3(2'“1;//)2 (u/// . (12‘:32) B ;(u/// . (3232)2
— (u")2(10u’ — g) +16(u)* — 48w — 2u/ (20’ — u)}2 =8(u')*a?

(26)
Thus we obtain the BT (24-25) between equation (22) and equation (26). We
now use this result to derive a Lie-point symmetry for equation (22).

2.3.1 Lie-point symmetry for equation (22)

We now use the BT obtained above to derive Lie-point symmetry for (22). Here
we make use of the fact that equation (26) is invariant under the transformation
a— —a.

We begin by noting that the BTs (24-25) defines a mapping between so-
lutions v of (22) and solutions u of (26). Changing the sign of « in this BT
yields an alternative BT consisting of the two relations

v? = 2u/ (27)

and

1
0

1
§>U/ + = (=% + §v4 + 302 — v —u). (28)

"
v /
v

(v")? + (5v? —

between solutions v of (22) for parameter —« and solutions u of (26). Thus
given a solution u of (26) we can obtain two solutions v and v of (22)

v? = 21/, (29)
and

v? = 2u/, (30)
for parameters o and @ = —a respectively. Eliminating «’ between (29) and
(30), we obtain the Lie-point symmetry v = —v, @ = —a for equation (22).



2.4 Example (2.4)

As a last example we consider the equation
1
v® = —50"0" 4 50%0” 4 5u(v')? — v° + 20 — 5% (31)

which has recently been proposed as defining new transcendent [7].
Proceeding as in the previous examples we obtain the BT

5 5 11 32
U”/ — ﬁ(vﬁ)Q . g(1}/)2 4 §U21j, . @(51}6 — U2 + ov — u) ( )

between equation (31) and the fourth-order Painlevé-type equation

3(u1/>2 (uII)Q 5
u u//u(4) . o — o 7u/(u//)2
[ 1 2//?/ Eu//)2 22”;/ 12/3 ' 2 2% (u')2 D, 1312
—§(u — 2u’) + u(g(u) —zu—l—u)} —[a(u) —|—6(u)}

(33)

3 Backlund transformations with m = 2

In this section we will seek BT transformations for fourth-order ODE (6) of

the form G )
v — G(z,v,v
— M ) 34
Y H(z,v,0") (34)

where u(z) is a solution of another fourth-order Painlevé-type equation. We
assume that G and H have the following forms

G = ap(v")? + bpv' + o,

H=a,;(v')* + biv' + ¢, (35)

where ag, by, cg, a1, by and ¢; are functions of z and v. We can rewrite the
BT (34) as

v = A(W')? + By + C, (36)
where
A = aju + ag,
B = blu + bO) (37)
C =ciu+ .

Differentiating equation (36) twice and using equation (6) to replace v¥, equa-
tion (36) to replace v” and its derivative to replace v", we get an equation of
the form

$a(V')* + G3(v)° + d2(v)* + 610" + o = 0, (38)

8



where ¢;,7 = 0,1,2,3,4 are polynomials in v, u, v, u” with coefficients
functions of z. Elimination of v between (38) and (36) leads to fourth-order
ODE in u.

Here, as in section 2, we consider the following simplification of this elim-
ination procedure: we choose A, B, and C ( that is a;, b;, and ¢;) so that
¢j,j = 1,2,3,4 are identically zero and equation (38) reduces to a second or
first degree polynomial equation in v

¢o(v) = 0. (39)

A
In this paper we assume that A = =9 where Ay is a function of z and u

v
and we will illustrate our method by three examples.

3.1 Example (3.1)

As a first example we consider the equation

@ = 577/1]/// . 5{(1]/)2

o sz} V" — 5av(v)? — a*v® + 2z v+ 1. (40)
v

Equation (40) is solvable in terms of the transcendental function defined by
the equation (31) [21].

Using the method introduced above, we find that the coefficients ¢; in (38)
are given by

¢4 - A0<6A(2] - 17A0 + 12),

,0*B OB ) ,
63 = —vv Sz T 5(A0 = Do (1245 = 2140 +5)B + Ay (640 - olf
2 2
B
by = U[U2Z£ +v(3A0 — 5)%5 + (843 — 1540 + 5)C + 2v2§v@z
+ 4U2Ba—B —ba(Ag — 1)v* + (TAg — 5)B*0 + (A) + 54, B)v + (4Ag — 5)1}%3},
2 v 2 z
B B B
b1 :v3[a—+2 OC 398 5098 + B* — 5av”B|
072 81}650 0z ov
+v2[(24p — 5) 5, + 44,0 + (840 — 5)BC|,
oCc  _ac " aC OB
- § e i e v 2 2 2.5
¢0—v[822+BaZ+C’aU+2CaZ+CB 5av°C 4+ a“v° — zv 1}
+ QCQA()UZ.

(41)
Now the aim is to choose Ay, B and C so that ¢;, j = 1,2, 3,4 are identically
zero and the equation ¢y = 0 is reduced to linear equation in v. In order to

4 3
make ¢, = 0, we should choose Ag =0, Ay = 3 or Ag = 3" It turns out that



the first two choices for A, are not compatible with ¢; =0, 7 =1,2,3 so we

3
have only the choice Ay = 7

0’B 0B
Now setting ¢35 = 0 implies QUQW —|—5va— + B =0 and hence B =
v v

Biv™' 4+ Byv'/2, where B; and B, are functions of z and w. In order to
preserve the Painlevé property we should take By = 0.

02C oC
The condition ¢y = 0 now gives 21}2% — v% +C = bav® — 3B%v ! +2B;.

Thus C = %v?’ +Civ+2B] — Ble_1 + C’gvl/Q, where C] and Cy are functions
of z and u. Again to preserve the Painlevé property we should take Cy = 0
and without loss of generality we may take C'; = u. Substituting these values
of Ag, B and C' into the condition ¢ = 0, we obtain B; = 0.

As a result equation ¢o(v) = 0 has the form

(v +4u? —2)v—1=0 (42)
and the transformation (36) becomes
3
V" = %(v')2 + %?}3 + uv. (43)

Elimination of v between (42) and (43) leads to the following fourth-order
Painlevé-type equation for u
(u" + 4u? — 2)(u® + 8(u')? + Suu’)

— L + Suu’ — 1) + u(u” + 4u? — 2)? + % _o. W

Thus we obtain the BT (42-43) between equation (40) and equation (44).
The substitution u = —2y transforms equation (44) into the equation

2(y" = 6y* + 32) (v — 12yy" - 12(y/)?)

4
— (" —12yy’ + 2)* = 3y(y" — 6y* + 22)* + ?Oé =0,

which is the first integral of Cosgrove’s Fif-I equation [7, 25] with A # 0. There-
fore we have rederived the known relation between Cosgrove’s Fif-1 equation
and equation (40) [7].

(45)

3.2 Example (3.2)

As a second example of the application of our method we consider the equation

!,
v = v + E(U”)2 — [ﬁva — ixvﬂ v
v 4o 402 4 (46)
135 n4 3) AV 1 2,5
+@(U) —l-gow(v) —Ea v’ + zv — 2.

10



Equation (46) is solvable in terms of the transcendental function defined by
equation (31) [21].
We proceed as in the previous example. In order that ¢; =0, 7 =1,2,3,4
3 1
identically, we have to choose Ay = 2 B=0and C = 50&)3 + uv. Then the
equation ¢g(v) = 0 gives

1
(u" + ZUQ —2)v+2=0 (47)

and the transformation (36) takes the form

3
U//

1
= 2—(1}’)2 + ~av® 4+ uv. (48)
v

2

Substituting v from (47) into (48) gives the following fourth -order Painlevé-
type equation for u

1 1 1 1 1
(u" + 1u2 — 2)(u® + §(U/)2 + iuu”) - §(UW + §UU/ —1)? )
1
+u(u” + ZU2 —2)*+2a =0.
The transformation © = —12y transforms (49) into the equation

2ly" — 3y + 152][y™ — 6yy” — 6(y')?]
a
—ly" = byy + )+ 24yly” - 3y + 52+ oo =0
which is the first integral of Cosgrove’s Fif-II equation with A # 0 [7, 25].
Therefore we have rederived the known relation between Cosgrove’s Fif-I1
equation and equation (46) [7].

(50)

3.3 Example(3.3)

As our third example we consider the equation

/ \2
U(4) — 571]1}”/ + 5(” ) i { 25 (U/)2 _ §Oﬂ]2 +5]U”
2v 202 (51)
+45(/)4 [5 2 35](1’/)2 3 25_|_15 34 9
— ()" = [-av® — = — —av° 4+ —fav’ + zv — 2¢
8v3 4 270w 8 2 ’

where ¢ = £1. Equation (51) is solvable in terms of transcendental function
define by equation (22) [21].
We proceed as in Section 3.1. In this case the equation ¢y = 0 reads

(u" + guz + Bu — 2)v +2¢ = 0. (52)

11



and the transformation (36) has the form

" 3

v = —
2v

1
(V') + 5041}3 + uwv. (53)
Substituting v from equation (52) into equation (53), we obtain the follow-
ing fourth-order Painlevé-type equation for u

3
[u// + §u2 + Bu . Z] [u(4) + 3(’(/)2 + <3u + ﬁ)u”] (54)
1 3
= 5[u”’ + (Bu 4+ ) — 1)? — ufu” + §u2 + Bu — 2]* — 2€%a.
Thus once again we see that our approach allows the derivation of the BT
(52-53) between equation (51) and the new equation (54).

4 Conclusions

We have presented new types of BTs for fourth-order Painlevé-type equations.
We have derived new BT's between fourth-order Painlevé-type equations whose
solutions are transcendental functions and other fourth-order Painlevé-type
equations of first and second degrees.

Many generalization of this work are possible. One generalization is to
consider higher order Painlevé-type equations. Another generalization is to
use other restrictions on the coefficients of equations (10) and (38).
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