
ON PRIMARY COMPACTLY PACKED BEZOUT MODULES

MOHAMMED S. EL-ATRASH * AND ARWA E. ASHOUR **

Abstract. Many results are proved concerning primary compactly packed
modules and primary radical submodules. We also generalize some results
that were proved on S-closed subset of modules and prime submodules to S-
closed subset of modules and primary submodules. Furthermore, we find the
conditions on an R-module M that make the following important result true,
that is for a multiplication Bezout module M, M is primary compactly packed
if and only if every primary submodule of M is primary compactly packed.

1. Introduction

Let M be a unitary R-module. A proper submodule N of M is primary if
rm ∈ N, for r ∈ R and m ∈ M implies that either m ∈ N, or rnM ⊆ N for
some positive integer n. In [ 2 ] we introduce the concepts of primary radical of
submodules and primary compactly packed modules, which is a generalization to
the concept of compactly packed modules that was introduced in [ 5 ].

Let N be a submodule of an R-module M, if there exist primary submodules
that contain N, then the intersection of all primary submodules containing N is
called the primary radical of N and denotes by prad(N). A submodule N is called
a primary radical submodule if prad(N) = N. A proper submodule N of M is
primary compactly packed (pcp) if for each family {Pα}α∈λ of primary submodules
of M with N ⊆ ⋃

α∈λ Pα, N ⊆ Pβ for some β ∈ λ. A module M is called pcp if
every submodule is pcp.

In section two of this paper we study the direct sum of primary submodules. We
prove that the direct sum of a finite number of primary submodules is not necessarily
primary, however the direct sum of finite number of submodules that include exactly
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one primary submodule is primary. We also prove that if N = N1⊕N2 is a proper
submodule of an R-modules M = M1⊕M2, then prad(N) ⊇ prad(N1)⊕Prad(N2).

In section three we give a characterization of primary radical of submodules in
case where R = M.

The concept of multiplicatively closed subsets of rings is an important concept
that is usually used in commutative algebra to prove many important problems in
this field. For this reason Chin Pi Lu in 1997, see [ 4 ], gave a generalization of this
concept and introduce the concept of S-closed subsets of modules. She also explore
a various properties of S-closed subsets, particulary, saturated S-closed subsets of
modules.
The most importent result she obtained is that she found a condition under which
a submodule of a finitely generated R-module M maximal with respect to exclusion
of an S-closed subset to be a prime submodule of M. In 2002, see [ 5 ] it was proved
that the hypothesis of finitely generated R-module is not needed.

In section four we generalize various results that was proved in [ 4 ] and [ 5 ] and
we obtain a condition under which a submodule of any R-module M, not necessarily
finitely generated, maximal with respect to exclusion of an S-closed subset to be a
primary submodule of M. We also find the conditions on an R-module M that make
the following important result true, that is M is pcp if and only if every primary
submodule of M is pcp.

Throughout this paper, all rings are assumed to be commutative rings with unity
and all modules will be unitary.

2. Direct Sum Of Primary radical of submodules

Proposition 2.1. Let M1 and M2 be unitary R-modules over a ring R and let
M = M1 ⊕M2. N ⊆ M1 ⊕M2 is primary submodule of M if and only if either N
has the form
( 1 ) N = Q⊕M2, Q is primary submodule of M1 or
( 2 ) N = M1 ⊕Q, Q is primary submodule of M2.

Proof. We will prove ( 1 ) and the proof of ( 2 ) will be similar.
(−→) Let N = Q ⊕M2, be primary submodule of M. We need to show that Q is
primary submodule of M1. Let rq ∈ Q, q /∈ Q. We will show that there exists a
positive integer n such that rnM1 ⊆ Q.
Since q /∈ Q, then (q, 0) /∈ Q⊕M2 while r(q, 0) ∈ Q⊕M2. Since Q⊕M2 is primary
submodule of M, there exists a positive integer n such that rn(M1⊕M2) ⊆ Q⊕M2.
Hence rnM1 ⊕ rnM2 ⊆ Q⊕M2. Therefore rnM1 ⊆ Q. So Q is primary submodule
of M1.
(←−) Suppose that Q is primary submodule of M1. Let r(q, k) ∈ Q ⊕ M2 with
r ∈ R and (q, k) ∈ M − (Q ⊕M2), then rq ∈ Q. Since Q is primary submodule of
M1 and q /∈ Q, rnM1 ⊆ Q for some n ∈ Z+. But rnM2 ⊆ M2. Thus rnM ⊆ Q⊕M2.
Therefore Q⊕M2 is primary submodule of M. ¤

Proposition 2.2. Let M1,M2, ..., Mn be unitary R-modules over a ring R and let
M = M1⊕M2⊕ ...⊕Mn. Qi is primary submodule of Mi, for some i ∈ {1, 2, ..., n},
if and only if ( Qi

⊕n
j=1,j 6=i Mj ) is primary submodule of M.

Proof. We will take the case if i = 1, and similarly one can prove the result if i is
any number in the set {2, ..., n}. that is we will prove that Q1 is primary submodule
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of M1 if and only if Q1 ⊕M2 ⊕ ...⊕Mn is primary submodule of M.
(−→) Suppose that Q1 is primary submodule of M1, and let
r(q, k2, ..., kn) ∈ Q1 ⊕M2 ⊕ ...⊕Mn with r ∈ R and
(q, k2, ..., kn) /∈ Q1 ⊕M2 ⊕ ...⊕Mn. Then rq ∈ Q1 and q /∈ Q1.
Since Q1 is primary submodule of M1, there exists a positive integer s such that
rsM1 ⊆ Q1. Thus rsM ⊆ Q1⊕M2⊕ ...⊕Mn. Hence Q1⊕M2⊕ ...⊕Mn is primary
submodule of M.
(←−) Suppose that Q1 ⊕M2 ⊕ ... ⊕Mn is primary submodule of M. Let rq ∈ Q1

with q /∈ Q1. Then (q, 0, ..., 0) /∈ Q1 ⊕M2 ⊕ ...⊕Mn while
r(q, 0, ..., 0) ∈ Q1⊕M2⊕...⊕Mn. Since Q1⊕M2⊕...⊕Mn is primary submodule of M,
there exists a positive integer s such that rs(M1⊕M2⊕...⊕Mn) ⊆ Q1⊕M2⊕...⊕Mn.
Hence rsM1 ⊕ rsM2 ⊕ ...⊕ rsMn ⊆ Q1 ⊕M2 ⊕ ...⊕Mn. Therefore rsM1 ⊆ Q. So
Q1 is primary submodule of M1.

¤

Now we note that the direct sum of primary submodules is not necessarily pri-
mary as in the following remark.

Remark 2.3. The direct sum of primary submodules is not necessarily primary.
Note that if we take R = Z and M = Z ⊕ Z, then N = (4) ⊕ (3) is not primary
submodule of M. Because 3(4, 1) ∈ N, but neither (4, 1) ∈ N nor 3nM ⊆ N for
any positive integer n. However (4) and (3) are primary submodules of Z.

Lemma 2.4. Let M1 and M2 be R-modules and let M = M1⊕M2. If N is a proper
submodule of M1, then m ∈ prad(N) if and only if (m, 0) ∈ prad(N ⊕ (0)).

Proof. ( −→ ) Suppose that m ∈ prad(N). Let P be a primary submodule of M
such that (N ⊕ (0)) ⊆ P. Let P̄ = {x ∈ M1 : (x, 0) ∈ P}. We want to show that
either P̄ = M1 or P̄ is a primary submodule of M1 with the property that N ⊆ P̄ .
Suppose that P̄ 6= M1. Let rs ∈ P̄ with r ∈ R and s ∈ M1 − P̄ . Then (rs, 0) ∈ P.
Thus r(s, 0) ∈ P. Since P is a primary submodule of M1 and s /∈ P̄ , so (s, 0) /∈ P,
then rnM ⊆ P for some n ∈ Z+. Therefore (rnm1, 0) ∈ P for every m1 ∈ M1.
Hence rnM1 ⊆ P̄ . Thus P̄ is a primary submodule of M1. It is clear that N ⊆ P̄
because N is a proper submodule of M1 and N ⊕ (0) ⊆ P. Now since m ∈ prad(N),
then m ∈ P̄ . Therefore (m, 0) ∈ P and it follows that (m, 0) ∈ prad(N ⊕ (0)).
( ←− ) Suppose that (m, 0) ∈ prad(N ⊕ (0)). Let Q be a primary submodule of M1

such that N ⊆ Q. Then by ( 1 ) of Proposition 2.1, Q⊕M2 is a primary submodule
of M with N ⊕ (0) ⊆ Q⊕M2. Hence (m, 0) ∈ Q⊕M2. So that m ∈ Q. Therefore
m ∈ prad(N). ¤

In a similar way and by using ( 2 ) of Proposition 2.1 we can prove the following
Lemma.

Lemma 2.5. Let M1 and M2 be R-modules and let M = M1⊕M2. If N is a proper
submodule of M2, then m ∈ prad(N) if and only if (0, m) ∈ prad((0)⊕N).

Theorem 2.6. Let M1 and M2 be R-modules. Let M = M1⊕M2. If N = N1⊕N2

is a proper submodule of M, then prad(N) ⊇ prad(N1)⊕ Prad(N2).

Proof. Let (m1,m2) ∈ prad(N1)⊕ prad(N2), then m1 ∈ prad(N1) and
m2 ∈ prad(N2). Thus, by Lemmas 2.4 and 2.5 , (m1, 0) ∈ prad(N1 ⊕ (0))
and (0,m2) ∈ prad((0)⊕N2). Since N1 ⊕ (0) ⊆ N and (0)⊕N2 ⊆ N,
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prad(N1 ⊕ (0)) ⊆ prad(N) and prad((0)⊕N2) ⊆ prad(N), see [ 2 ].
Thus (m1, 0) ∈ prad(N) and (0,m2) ∈ prad(N). Hence (m1,m2) ∈ prad(N).
Therefore prad(N1)⊕ prad(N2) ⊆ prad(N).

¤

3. Characterization of primary radical of submodules when R = M
Note first that we take M to be an R-module of the commutative ring

with unity R.

Definition 3.1. Let N be a submodule of an R-module. Recall that
(N : M) = {r|r ∈ R : rM ⊆ N}.
Definition 3.2. Let N be a proper submodule of any R-module M. Let P be a
primary ideal of R. Then we shall denote by K(N, P ) the following subset of M :
K(N, P ) = {m ∈ M : cm ∈ PM + N, where cn ∈ R− P for every n ∈ Z+}.
Remark 3.3. It is clear that K(N, P ) is a submodule of M and PM+N ⊆ K(N, P ).

Lemma 3.4. K(N, P ) = M or K(N,P ) is a primary submodule of M.

Proof. Suppose K(N,P ) 6= M. Note that K(N, P ) 6= φ, by Remark 3.2 . Let
r ∈ R, m ∈ M such that rm ∈ K(N, P ). We will prove that either m ∈ K(N, P )
or rsM ⊆ K(N,P ) for some s ∈ Z+. Since rm ∈ K(N, P ), there exists c with
cn /∈ P for every n ∈ Z+ such that crm ∈ PM + N. If rs ∈ P for some s ∈ Z+,
then by the definition of K(N, P ), rsM ⊆ K(N, P ). Suppose that rn /∈ P for every
n ∈ Z+, then (cr)n /∈ P for every n ∈ Z+ because P is a primary ideal of R. Hence
m ∈ K(N, P ). Therefore K(N,P ) is a primary submodule of M. ¤

Let M = R be an M -module. Let N be an ideal of R, it is clear that N is a
submodule of M. Denote pradM (N) the primary radical of submodule N when
R = M. Then we can describe pradM (N) as in the following Theorem.

Theorem 3.5. For any submodule N of M,
pradM (N) =

⋂{K(N,P ) : P is a primary ideal of R }.
Proof. Let m ∈ B =

⋂{K(N, P ) : P be a primary ideal of R }. Let L be a primary
submodule of M containing N. Since m ∈ B, and (L : M) is primary ideal of R,
see [2], m ∈ K(N, (L : M)). Thus m ∈ M and ∃c with cn ∈ R − (L : M) for
every n ∈ Z+ such that cm ∈ (L : M)M + N. Therefore cm = hs + n, where
h ∈ (L : M), s ∈ M and n ∈ N. Thus hs ∈ L and n ∈ L because hM ⊆ L and
N ⊆ L. Hence cm ∈ L. Since cnM * L for every n ∈ Z+, and L is a primary
submodule of M, m ∈ L. Thus B ⊆ prad(N).
Now let m ∈ pradM (N), and let K(N, P ) ∈ B. Then by the previous lemma either
K(N, P ) = M or K(N,P ) is a primary submodule of M. If K(N, P ) = M, then
it is trivial that m ∈ K(N,P ). So let K(N,P ) 6= M. Since K(N,P ) is a primary
submodule of M with N ⊆ K(N, P ),m ∈ K(N, P ). Thus pradM (N) ⊆ B. ¤

4. S-Closed Subset of Modules and Primary Submodules

First we recall the following Definition, see [ 3 ].

Definition 4.1. Let R be a ring. A non empty subset S of R is said to be
multiplicatively closed subset of R if 1 ∈ S, 0 /∈ S and ab ∈ S for all a, b ∈ S.
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Definitions 4.2. Let S be a multiplicatively closed subset of a ring R and M be
an R-module.
1) A non-empty subset S∗ of M is said to be S-closed if se ∈ S∗ ∀s ∈ S and e ∈ S∗.
2) An S-closed subset S∗ is said to be saturated if the following condition is satisfied:

Whenever ae ∈ S∗ for a ∈ R and e ∈ M, then a ∈ S and e ∈ S∗.

Definition 4.3. Let N be a submodule of an R-module M.

(N : M)
1
n = {r|r ∈ R : rnM ⊆ N}

Proposition 4.4. If N is a primary submodule of an R-module M, then (N : M)
1
n

is a primary ideal of R for every n ∈ Z+.

Proof. Let rs ∈ (N : M)
1
n , then (rs)nM ⊆ N. Thus (rs)n ∈ (N : M), and hence

rnsn ∈ (N : M). Since N is a primary submodule of M, by [ 2 ] (N : M) is a
primary ideal of R. Thus either (rn)k ∈ (N : M) for some k ∈ Z+ or sn ∈ (N : M).
If (rn)k ∈ (N : M), then rk ∈ (N : M)

1
n , this implies that (N : M)

1
n is a primary

ideal of R. If sn ∈ (N : M), then s ∈ (N : M)
1
n and hence (N : M)

1
n is a primary

ideal of R. ¤

The following Example is due to Chin Pi Lu, see [ 4 ].

Example 4.5. Let {Pi}i∈I
be a collection of prime submodules of M with

pi = (Pi : M) ∀i ∈ I. Then S∗ = M −⋃
i∈I Pi is a saturated S-closed subset of M,

where S = R−⋃
i∈I pi .

Now consider the following example.

Example 4.6. Let {Qi}i∈I be a collection of primary submodules of M with
qi = (Qi : M) ∀i ∈ I. Then S∗ = M −⋃

i∈I Qi is a saturated S-closed subset of M,

where S = R−⋃
i∈I q

1
n
i , n ∈ Z+.

Proof. To prove that S∗ is a saturated S-closed subset of M, we must prove the
following three identities:
( 1 ) S = R−⋃

i∈I q
1
n
i , n ∈ Z+ is multiplicatively closed subset of R.

( 2 ) S∗ = M −⋃
i∈I Qi is S-closed subset of M.

( 3 ) S∗ is saturated.
Now we will prove the previous three identities.

( 1 ) Since
⋃

i∈I q
1
n
i , n ∈ Z+ is a proper ideal of R, S 6= φ. It is clear that 1 ∈ S

and 0 /∈ S. Now let a, b ∈ S and suppose that ab /∈ S. Then ab ∈ q
1
m
j , for some

m ∈ Z+, for some j ∈ I. Thus (ab)m = ambm ∈ qj = (Qj : M). Since Qj is a
primary submodule of M, by Proposition 4.4, (Qj : M) is a primary ideal of R.
Thus either (am)k ∈ (Qj : M), for some k ∈ Z+, or bm ∈ (Qj : M).

If (am)k = amk ∈ (Qj : M), for some k ∈ Z+, then a ∈ (Qj : M)
1

mk = q
1

mk
j . Thus

a /∈ S, which is a contradiction to the assumption that a ∈ S.

If bm ∈ (Qj : M), then b ∈ (Qj : M)
1
m = q

1
m
j . Thus b /∈ S, which is also contradic-

tion to the assumption that b ∈ S.
Therefore ab ∈ S for all a, b ∈ S. Hence S is a multiplicatively closed subset of R.
( 2 ) Since

⋃
i∈I Qi is a proper submodule of M, S∗ 6= φ. Now let s ∈ S and e ∈ S∗,

then s /∈ ⋃
i∈I q

1
n
i , for any n ∈ Z+. and e /∈ ⋃

i∈I Qi. Thus sn /∈ qi = (Qi : M), for
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any i ∈ I for any n ∈ Z+, and e /∈ Qi, for any i ∈ I. Since Qi is a primary submod-
ule of M for every i ∈ I, se /∈ Qi, for any i ∈ I. Therefore se ∈ M −⋃

i∈I Qi = S∗.
Therefore S∗ is S-closed subset of M.
( 3 ) Let ae ∈ S∗ for some a ∈ R and e ∈ M, then ae /∈ Qi for any i ∈ I. Since Qi

is a primary submodule of M for every i ∈ I, an /∈ (Qi : M) = q
i

for every n ∈ Z+

and e /∈ Qi for every i ∈ I. Hence a ∈ R−⋃
i∈I q

1
n
i = S and e ∈ M −⋃

i∈I Qi = S∗.
Thus S∗ is saturated.
Therefore by ( 1 ), ( 2 ), and ( 3 ) S∗ is a saturated S-closed subset of M.

¤

Theorem 4.7. Let S be a multiplicatively closed set of a ring R and let S∗ be an
S-closed subset of the R-module M. Let N be a submodule of M which is maximal
in M−S∗. If the ideal (N : M) is maximal in R−S, then N is a primary submodule
of M.

Proof. Clearly N 6= M. Suppose N is not primary. Then there exists r /∈ (N : M)
1
n

for every n ∈ Z+ and m ∈ M − N with the property that rm ∈ N. Since N is
maximal in M − S∗ and the ideal (N : M) is maximal in R − S, the submodule
(Rm + N) ∩ S∗ 6= φ and the ideal (< r > +(N : M)) ∩ S 6= φ. That is there exists
x ∈ (Rm + N)∩S∗ and t ∈ S ∩ (< r > +(N : M)). Then x = a1m + n, t = a2r + h
for a1 , a2 ∈ R, n ∈ N and h ∈ (N : M). Hence tx ∈ N ∩S∗ which is a contradiction.
Thus N is a primary submodule of M. ¤

Theorem 4.8. Let M = Rm be a cyclic R-module over a ring R. Let S∗ be an
S-closed subset of M relative to a multiplicatively closed subset S of R, and N a
submodule of M maximal in M − S∗. If S∗ is saturated, then the ideal (N : M) is
maximal in R− S and therefore N is a primary in M.

Proof. Assume that (N : M) is not maximal in R − S. Then there must exist an
ideal J in R − S such that (N : M) ( J. Hence N = (N : M)M ( JM. So that
there exists rm ∈ S∗ for some r ∈ J by the maximality of N in M − S∗. Since S∗

is saturated, r ∈ S which contradicts the fact that J ∩ S = φ. Thus (N : M) is
maximal in R− S and consequently by Theorem 4.7 N is primary. ¤

The following Proposition is a combination of results proved in [ 4 ] and [ 5 ].

Proposition 4.9. Let M be an R-module and let S be a multiplicatively closed set
of a ring R, S∗ be a saturated S-closed subset of M, and I be an ideal of R such
that I ∩ S = φ. If one of the following conditions holds:

i) R is a Bezout ring.
ii) M is a Bezout module.
iii) M is a cyclic module.

Then IM ∩ S∗ = φ.

Proof. Suppose that IM ∩ S∗ 6= φ. Thus there exists x ∈ IM ∩ S∗. Then
x =

∑n
i=1 rimi where ri ∈ I and mi ∈ M for each i ∈ {1, 2, ..., n}. Now:

i) Let J = (r1, r2, ..., rn), then J is a finitely generated ideal of R. Since R is
Bezout ring, there exists r ∈ J such that J = (r). That is x = rm where r ∈ I and
m ∈ M and also x = rm ∈ S∗. Since S∗ is a saturated S-closed subset of M, then
r ∈ S which contradicts the fact that I ∩ S = φ.
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ii) Let N = Rm1 + Rm2 + ... + Rmn. It is clear that N is a finitely generated
submodule of M. Since M is Bezout module, there exists m ∈ N such that N = Rm.
Thus x = rm where r ∈ I and m ∈ M and also x = rm ∈ S∗. Now again Since
S∗ is saturated S-closed subset of M, then r ∈ S which contradicts the fact that
I ∩ S = φ.

iii) Since M is a cyclic module, M = Rm for some m ∈ M. Thus x = rm where
r ∈ I and m ∈ M. As before this yields to a contradiction. ¤
Theorem 4.10. Let M be a multiplication R-module and let S∗ be a saturated
S-closed subset of M relative to the multiplicatively closed set S of R. Suppose that
IM ⊆ M − S∗ for each ideal I contained in R − S. If N is a submodule of M
maximal in M − S∗, then N is a primary submodule of M .

Proof. By Theorem 4.7 we only have to show that (N : M) is maximal in R − S.
Assume that (N : M) is not maximal in R − S. Then there exists an ideal J in
R− S such that (N : M) ( J. Hence JM ⊆ M − S∗. But N = (N : M)M ⊆ JM,
so that
JM = N because N is maximal in M − S∗, that is, J ⊆ (N : M) and by this
contradiction we conclude that (N : M) is maximal in R− S. ¤

From Proposition 4.9 and Theorems 4.8 and 4.10, we have the following Corol-
lary.

Corollary 4.11. Let M be a multiplication R-module and let S∗ be a saturated
S-closed subset of M relative to the multiplicatively closed set S of R. If N is a
submodule of M maximal in M −S∗ and one of the following conditions is satisfied

i) R is a Bezout ring
ii) M is a Bezout module
iii) M is a cyclic module

Then N is a primary submodule of M .

The following Proposition can be proved by Zorn’s Lemma as follow.

Proposition 4.12. Let S be a multiplicatively closed set of a ring R and let S∗

be an S-closed subset of the R-module M. Let N be a submodule of M such that
N ⊆ M−S∗, then there exists a submodule L containing N and maximal in M−S∗.

Proof. Let T = {K : K submodule of M and N ⊆ K with the property that
K ∩ S∗ = φ}. It is clear that N ∈ T. Thus T 6= φ. Let {Ni}i∈I be a sequence
of elements on T. It is clear that

⋃
i∈I Ni is a submodule of M that includes N

and (
⋃

i∈I Ni) ∩ S∗ =
⋃

i∈I(Ni ∩ S∗) = φ. Thus by Zorn’s Lemma T contains a
maximal element L. Thus there exists a submodule L containing N and maximal
in M − S∗. ¤
Proposition 4.13. Let S be a multiplicatively closed set of a ring R and let S∗ be
an S-closed subset of the R-module M . If the S-closed subset S∗ is saturated, then
M − S∗ 6= φ and it is a union of submodules each of them is maximal in M − S∗.

Proof. Since S∗ is a saturated S-closed subset of M, then 0 ∈ M − S∗. Thus
M − S∗ 6= φ. And also for all x ∈ M − S∗, Rx ⊆ M − S∗. From the previous
Proposition, there exists a submodule Li containing Rx and maximal in M − S∗.
Thus M −S∗ =

⋃
Li, where Li is a submodule maximal in M −S∗ for every i. ¤
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From the previous Proposition it is clear that we can always have a submodule
L maximal in M − S∗. Thus by Theorem 4.7 if (L : M) is maximal in R− S, then
L is a primary submodule of M.

Theorem 4.14. Let R be a ring and let S be a multiplicatively closed set of R. Let
M be a multiplication R-module and S∗ be a non-empty subset of M. Suppose that
T ∗ ∩ IM = φ for each saturated S-closed subset T ∗ of M and for each ideal I in
R − S. Then S∗ is a saturated S-closed subset of M if and only if the set M − S∗

is a union of primary submodules Qi ( i ∈ I ) of M and the set R − S is a union
of (Qi : M)

1
n , i ∈ I and n ∈ Z+.

Proof. We have seen in Example 4.6 that the sufficiency holds for any submodule.
To prove the necessity suppose S∗ is saturated S-closed subset of M, then
IM ∩ S∗ = φ, for each I in R− S. Since S∗ is saturated, then 0 ∈ M − S∗, that is
M−S∗ 6= φ. Let e be any element of M−S∗, then Re ⊆ M−S∗, and by Proposition
4.12 there exists a submodule Q containing Re and maximal in M − S∗. The
submodule Q must be primary by Theorem 4.10 Hence M − S∗ =

⋃
i∈I Qi where

Qi is a primary submodule of M for every i ∈ I. Next put S0 = R−⋃
i∈I(Qi : M)

1
n ,

n ∈ Z+.
We shall show that S = S0.
If s ∈ S and m ∈ S∗, then sm ∈ S∗ = M − ⋃

i∈I Qi. so that sm /∈ Qi for every
i ∈ I. Since each Qi is primary and m /∈ Qi for every i ∈ I, s /∈ (Qi : M)

1
n for

every i ∈ I, for every n ∈ Z+. Hence s ∈ S0. Therefore S ⊆ S0. On the other hand,
if s̀ ∈ S0, then s̀ /∈ (Qi : M)

1
n for every i ∈ I, for every n ∈ Z+. And s̀m̀ ∈ S∗

for all m̀ ∈ S∗ due to that each Qi is a primary submodule of M. It follows that
s̀ ∈ S as S∗ is saturated S-closed subset. We conclude that S0 ⊆ S and therefore
S = S0. ¤

By Proposition 4.9 and Theorem 4.14, we have the following Corollary.

Corollary 4.15. Let M be a multiplication R-module, S be a multiplicatively closed
set of R and S∗ be a non-empty subset of M . If one of the following conditions
holds:

i) R is a Bezout ring.
ii) M is a Bezout module.
iii) M is a cyclic module.

Then S∗ is a saturated S-closed subset of M if and only if the set M − S∗ is a
union of of primary submodules Qi (i ∈ I) of M, and the set R − S is a union of
(Qi : M)

1
n , i ∈ I, n ∈ Z+.

Theorem 4.16. Let M be a cyclic module over a ring R, S a multiplicatively closed
subset of R, and S∗ a non empty subset of M. Then S∗ is a saturated S-closed subset
of M if and only if S∗ = M −⋃

i∈I Qi, where Qi is a primary submodule of M for
every i ∈ I and S = R−⋃

i∈I(Qi : M)
1
n , n ∈ Z+.

Proof. We have seen in Example 4.6 that the sufficiency holds for any submodule.
To prove the necessity, let e be any non-zero element of M −S∗. Then Re∩S∗ = φ.
Since S∗ is saturated. By Proposition 4.12, there exists a submodule Q containing
Re and maximal in M − S∗. The submodule Q must be primary by Theorem 4.8
Hence M − S∗ =

⋃
i∈I Qi, a union of primary submodules Qi, i ∈ I. Next put
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S0 = R− (
⋃

i∈I(Qi : M)
1
n ), n ∈ Z+. As we show in the proof of Theorem 4.14

S = S0 and the proof is complete. ¤
Proposition 4.17. Let M be a multiplication R-module. If one of the following
conditions holds:

i) R is a Bezout ring.
ii) M is a Bezout module.
iii) M is a cyclic module.

Then M is pcp if and only if every primary submodule of M is pcp.

Proof. The necessity is trivial. To prove the sufficiency, suppose every primary
submodule of M is pcp. Let N be a proper submodule of M with N ⊆ ⋃

α∈λ Qα

where Qα is a primary submodule of M for each α ∈ λ. We have two cases:
1 )

⋃
α∈λ Qα = M. Since N is a proper submodule of a multiplication module then

by [ 1 ], there exists a prime, hence primary submodule Q that contains N. By
assumption Q is pcp and N ⊆ Q ⊆ M =

⋃
α∈λ Qα therefore Q ⊆ Qβ for some

β ∈ λ that is N ⊆ Qβ for some β ∈ λ.
2 )

⋃
α∈λ Qα ( M. Let S∗ = M − ⋃

α∈λ Qα. Then S∗ is a saturated S-closed
subset of M where S = R − ⋃

α∈λ(Qα : M)
1
n , n ∈ Z+, by Example 4.6 Since

N ⊆ ⋃
α∈λ Qα, then N ⊆ M−S∗ and by Proposition 4.12 there exists a submodule

Q containing N and maximal in M − S∗. By Corollary 4.11 Q must be primary.
But Q ⊆ ⋃

α∈λ Qα, then by the hypothesis, there exists β ∈ λ such that Q ⊆ Qβ

and hence N ⊆ Qβ . Thus N is pcp, hence M is pcp. ¤
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