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Abstract

The problem of estimating the mode of a conditional pdf based
on a sample of Lid. random wvariables {Xy, ¥7),.... (X, 5),
with joint pdf flz, v}, has been considerad by Samanta and Tha-
vaneswaram [7]. They have shown under some regularity con-
ditions that, the estimzte of the conditional mode, obtained by
miaximizing a kernel estimate of the conditional density is strongly
consistent and asymptotically oormally disteiboted.

The resalt is applied to the problam of estimating the condi-
tional mode evaluated at a finite numBer of distinct continuity
points of f. based on a sample (X1, Y510 .. (X Yo of a strictly
stationary process satisfvicg a weak dependence condition.

Keywords: Hernel estimation, condifional distribufion, conditional
mode, mullivariale distribution, strong miving, stochestic process, large
samyle theory.
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1 Introduction

Assume that (X, Y1), (X2, ¥a), ... ( Xy, Ya) a sample of iid. random
variables with joint pdf f(z,y). The marginal pdf of X7 is g(z) =

[ [z, y)dy, and the conditional pdf of Y] given X: = z i= flylz) =

flz,y)

i) e
and it follows that fly|x) possesses & mode M(x), assume that M{x) is
unique, debined by

Assume that for each z, flylr) s uniformly continuous in y

F(M{z)|z)= max fiy|z).
— e il

Let & be a Borel function that setisfics some propertics mention in as-
sumpticn A(2), and {k,} be a sequence of poeitive numbers converging
to zern. Consider the fallowing estimates of fiz ¢, glz), and fly|z):

1 et =Xy — Ky
.fn(-';ry.'={nhf":l l;j{( -h-ra ':IK{ hr. -h

I'—X:' o _ JI‘.-Ll:-I-:.I:rJ
w0 R = Ty

For every sample sequence and for each =, f (y|z) is & continuous
function of y and lemds v gero as ¢ lends Lo £oo. In sequentially, there
is a random variable M () such that

%
ga(2) = (nha) ™ D K

FaMa(e)lr) = max fulyls). (1)
v — T

Samanta and LUhavaneswaran [7] considered A (1] as en estimate of

M{z) and established conditions under which the estimate 15 strongly

vonsistent and asymptotically normally distribuced.

In this paper, we sludy (e joinl asyimptotic normalicy of the es-
timated conditional mode, proposed by Samanta and Thavaneswaram
[7], evaluated at a finite number of distinel points, when Lhe sample
(X ¥, (XL ie taken from a siriccly stationary process salis-
fying a weak dependence condition. We assume that the stochastic
process (X, Y}, ¢ €& satisfes the etrong mixing (a—mixing) condition,
see Rousses and Toanides [5].
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2 Assumptions

(A1} (X, ¥i),..., (X, Y.), is a sample of a strictly stationary process

and strongly mixing with mixing coefficient a(x), and joint pdf
flz, i), where the following are hold,

(i) the marginsl pdf of X, g{z) is uniformly continuous,

&Y f(z,y)
chat

(i) fod(x ) =

4,

exist and are honnded for L < 47 <

(A2) The kernel K is & Borel function and satishies the following

(i) A {w) tends to zero as u tends to 0.

(1) S{w) and ite Aret two derivatives are functions of bounded
wvariation.

(i) lim PENw) =0, {i=01)

| e

(iv) / wh{udu =1, i=0(=0,if 1=1,2).

oo
o0

{v) f || (e <5 o
-

(AL} h, is & sequence of positive numbers tending to zero, and satisfes
the following lim nhf =00 and  lim nAl? = 0.
n—s00

TR=—30

(A4} Thers exdist a sequence of positive constants o, such that

(i) = U{hr:i}'

(i) lim A3 " ol 0(1) =0, for some v £ (0,1).

TI—od
[=ry,

{AS) For all i > 2, the random variables ) = {X;, Y1) and Z; = (X, 1))
bave a joluw pdl [z z, with respect to lebesgus measure such that

|Jr271.-i-': (ws v, w, 2) — flu, T-':Ur{w!zjl = G,

for all {u, ), (w, z) in R*, where ' is a constant.
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(AG) lev p = pin}, g = g(n) be pesitive numbers with p+¢ < n for all
sufficiently large n and tending to infinity, and let £ be the integral
part of nf{p + g), where the following hold,

(i} im —=10
n—oa 1
2
(i) L =
n—z fht2

(1) Um kalg) =10
For example, fir.y) = 81?0 < y < z < 2, glx) = Zx? satisfy
assmplion A1), while assumplion A2 is satisfed if we chooss

R 3R R 1/ T —
Klu)= '4‘_\.:- Ll - E‘LI- -+ E“ J 11/ dn e T
b ¢

For more details see Samanta and Thavaneswaran [7).

For natational convenience, set

i f e ; 3 L . IR TR o o
T o — 09, = iy D KR, 1i=1,2),
- i=1 b i
_x 5V, ) — X ~¥;
K, = bkt T e g o et (B R g,
- h " ' e
T i PR T L [ R

3 Main Results

Firstly we will prove the following two lermas, sines they will be helpiol
in proving our main theorem.

Lemma 1. Under assumption/ A2){i).(il1). and {iv), the following
hold

(i) lEJ;G Vi (Kp) = [(.y) ] f (K (u) i (0) )V dudy, fiz.y) €
clf.
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(i) 1'm n R Z(,m.r{ Ko, Kal =0, (@) (zay) € CU) %0 7 %

Froof.

(i) Fnsily fram the delinition of K., we lave

’f [Fﬂ—‘ﬁ LJL 1 flr — w,y = vidude

o F =00

_'h‘n[huzf f K({— 2 h’l' ‘.lf['r‘ w,j — widudv)®,

r:

W Var(K,) = hi? /

An application of Lemma 1 in Samanta and Thavaneswaram [7], com-
pletes the prool of (i)

(i) Suppose that witheut the los of generality thar x, > @,
Let § =z = &, and 8, = &

TR 3 2
'i!}:l; E[F’.’“}T_“-] = h::zf j H: }( {[”[TI’]) fﬂ:u,v][ﬁ!d‘i-’

- _/ [ K{u)K (&, + u) [K“][Lr:u]"_.l’l:x,.—h.ﬂu.;l,r—hnv]ldt:dv

o [ o
= f [j KK, + ulglx, — h.;u]di.-.]
-0 L ez
% (KN Sy — Bavlee = Tow)d, 2y

MNext,

_/:;D F{u)K (4, +ulylo, — lpulde = .;/|.u i KK {(fq + wlglz, — hnw)du
+ [ . KK, + w)gle, — hwide
fos 2
= Euléln K& +u) fx Kizhgle — hyz)dz
B —ac
| oap Ko fﬂ Ky, + 2)giny — Mpz)ds

T,
e
o |
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< sap K{u) O(1) + sup Kiu) - O(1)
w2 ulz %

=2 sup Kiu)-O(1)

> £

l-i i

= — sup [udi{u}] - 1)
O o>

= ] aap [ fC (]| (1)

— Ok,

From (2) and {3} we have that
nli_];ﬂll.DFQE{KuKﬂ] =10 ()

It 15 ensy to see by ancther applioaiion of Lenena 1 oin Saecala od
Thavaneswaram |T] that

lin A E(K)E K =0 (3]
Hence a combination of {£) and (3) gives that lim hlCov( R, Je) =
0, which completes the proof of (1), O

lemma 2. Under the assumplioms (A1) theough (AS)], and for
(gl gyt 2 O0F), and r 5 5 the following hobds,

1 .
T Lo Cov( s, Kyi) = D,
~|.t-]|‘&'- n lf_g‘li i . J

Proof.
Let &y, and 5 ha defined b
Sp={{E e {12 onf 1<y i< e},

Sy={li, )i 1e{ls. . nte+lE7—is<n—1}.
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Then
i\?‘ Z |CI:I'|.-'|:K3_-':R-5_1'J . h_izpz‘m"'[ﬂrﬂrffﬁj}l
i L=iisn " &
_ %D;:wmﬂ,f@:-l- (6)
Ha

First we consider the swmmed over 5,

Jlf';l = = h;.l - 1 sl hi§ -I:E I.,l s .E.; — !
- K Hay)| =2 (= ! i ]
- él Cov{ o, Ko )| = ﬂ[%, hﬁﬁ,ﬁ“*'- P St

1y T z, y - ¢ 4 p B
il :J — )z e, 2] M) (w2 |dudedwd 2]

=

|"* - i I ryn A i
=iy [ R E)
iy R

i I - o =
u.E'..Z_.['-':T — gl i — .’1-“'1.',4.5 — hnl"-'.-;: hr44.-

o

— flme — han g — Bl Flms — hawsy — J"tn::]|d1m'1.'r:f1.'.ldz]

— Ceahd =D, 7
by A(4101)
Mext, consider the summed over Sy, For s=ame =~ € (0, 1), we have
|Cov( Fy, Ko < 1065 — )| (R T B T

R . -zl :
= 10T — i) [k, X E ) el [ SR I | R
where
e k
gilm) = 8% [ (RGP Fl, — v,y — hyv)dudu

of —o

: Jr[x-,.:y;.j R TR w3 T dude = iz, ),
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ant
e 1 . N 1 % o
ix,) = f (KK [0 flz, = b,y = hyv)dudy
=D
. _,l'[u'.',,y}f (K (K (6] dade = g(z,).
Thus,
rd 10 # 1 n—t _?{ : 144 ) ;1-.'7 L;rl] 1/2
LR ks Kol = =1 st gy [
T %{]Cm o Bl = T h%:] Lol ) ; 2] g hqz_"[u._—j.}
o " 12 r 5 142
< 10 |ii.-'il"'l 1 Z:""ﬂ -r'l.‘rﬂ "“ L ZI.;:I LIF:'J -l El‘i';[l‘sj] 0
I=cn =l L 5=

(&)
glhee -
it U T ! v
i =en
by {A4)(ii) and,

& 1/2 " a1/
= - . % L i . 3 po it
|:'.'.l >_._ g iz, §I:| |:n : E_ iy [E_.}J — g™ )] g

=1
Therefare a combination of (8], (7}, and (&) completes the proof. O

Now. we will Introduee and prove our main vesult in this paper.
Theorem 1. Suppoae that Ty, . ..., 7 are distinct poinds, whers
Floey) = 0, and (z.0) € OF) (0=1,2 ..t} Then under the as
sumplicns (AL} through {AG),
a1 i ; A P w1 T
l:-:i‘? i-l.: 1= {11-:!,_- |.I'|':| == f|.lr'__.1"'| l'.l. Vil g Jarf_-.'__uf-':,' — .ﬂ-irll.t-:l} ! .
where T denotes the transpose, is asymptaticelly mnltivariate normal
with mesn veclor zeee aed disgonal covariones matzix O = |_l:'=-j-], with

Fle, M) i e ) o
Gy = _;]3;—:;«,.'}&-/ {f‘f:'iti_lfnf“:'f:.':l}"-1:'.'.4'.4:':'
{J" : [-J'i:“' II.J'I::I.' ]
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Proof.
First, we will show that
(a2 {1 (31, 9) — B0 (a,y), . £ ) = EFOY ()Y
(9)
= asyvinplutivally mullivacale normal with mean veclor seco amd Jiagonal
covariance matriz [' — [v;], with

---——_J‘L;:yj f{fﬂh”ﬁ‘”[i} *dudp, (i=12,....1).

Follows the same hines as the proof of Theorem 3.1 in Ronssas and Tran
[4]
Let

Yor = Y (Ze) = A3 (F0N (@, ) = EFCH 2, 0), (r=1,2,....8),

t
= e b B = E Cptiar, O 18 A comztant,
r=1

i

Var(wa) = Y o Var(f) +2 Y cosCov(tne, sl (10)

r=1 leras<t
1'&'?5.1'['{_"5;.[_1-} = n-"" ""'111' x}]]lz‘n :'
—'J{wr-s'}[ [ J'_H' H I’“ ri_ll:l} I."?Hd':‘]' E“.:I
by Lemma 2 in Samanta and Thavaneswaram [7].
Since .
Oy = T—IEZK,,. (r=12,....0
=1

then

H-”'Ilr y] fun“[:rf‘“‘- I:I

lh“Zf'm{Ii K )+n 1hf,’l";0‘-f' (Ko Hog) —£12)

i

Cov (W, Yns ) =110 CD‘-’[
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by Lemma 1{ii), and Lemma 2. Hence by a combination of (10), (11),

and {12) we get that

i
iy noa o i b
Var(thy,) = Zr;v; =g, = (£,...0)
rel
Let
::'-*“f =3 h;{-‘;(ﬁ P Ehn_:l
e r]
Eqp = Z Ipiy S = zfrﬁ*u
i=1 fe=]
ac that _ "
Bue = ¥y, Sp = NIl

Let p. g, and & be as in assumption (A6)., We divide the set (1,2,

into p large blocks arnd ¢ small blocks and set

Emp=1
Yoo = Z Frin K ={m—1)p+q)+1,
t=kun
n.'\..-l--','—]
-!!':ww'a: Z Fri '!m.-— ':m_1.|(p+|]:'+‘?'-+ [
=lm

E-":'rr.k= E el m=1,2 ...,k

t=i{mt+g)+E

Alsg, set
k K
i ' B I oo f
5, = E Y, S = E y;.ﬂn.! Spr el
m=1 m=l
and _
1 ] o
Py R Loy B R TR N !
=D ashe  H=D od S=) el
=1 r=1 7=l
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Thern
Var(z;) =1'a1‘-.-"a:“{ffﬁj < hlEKEE
1 [ 4] ; v 2
=ht [h_“ ’n' f_ (K ()K" (u))” flzr = why y = uhﬂjdudv]

oo —0 = &

) oo ’ 2
— (.9 f f (Kiu) K'Y {w)) dudy,

sothal Varlz ) < € (i=1.2,...,m), and (r =1,2.....1%). Hence

k4
1 ; Cigk)
Lind T Y Xy 19
12 Zz‘bdrlzrt’ S n |: }
me=] i=1
Furthermore,
Cov{zn, 2y = R Cov( Kps, Kog).
Thus.
i o\
EZ ) Z |Cov (2, 2| =— > ) Z |Cav( K, K.y
=1Ly i 1S+ —1 m=1 [ iyl +y—1
[ .
E—q' Z |Cﬂ1lrlIE—ri|ﬁrrj:l — D- [Eﬂ:l
T yeiaien
Therefors
1 k | s U a9 k
- V(i o 1= — Var( =, :T‘ ? G| Zps; Zrg
HZ #{4orm) nzz . :H-n“f l’ ‘ i)
m=1 m=1 =1 m=1 1., Sic sl dg=1
gk, At : P
<O(=)+=2 Y |Cov(in, Koy)| 0, (21)
Ry T b
l&iezy€n
by (AG)(i), and {20).
Mext.
h4g—1 Li—g—1 g Big+a-1
v (g V) =07 | S 5, N 2| = X ¥ Covize, 2a).
=i =l U=l 1=t
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Hence,

Li+g—1ti+p-1

1; |C {yr'rz yJ'rrJ E E Z |C"J1"r Sr "'”
il 1<ii<h

;'i'u:,l{k v=ly 1=l

n—F il

<Cn'Y 3 |Cov(z =)l

i=1 j=i+p

n—p n
:(,-‘u_lh;'_'_z z |Cen (K e, o)

i=1 Ji=idp

{F?I_lh: Z |CU?{I{:I."- H-|_r}| = I:QE}

1<a< fn

Therefore by (21) and {22} we ohtain for each r = 1,2

n ':1":' o L 1"‘“"{ r.-r.u '|l|.]I + = Z Cov{ '-ynn"' v'n—;:l —+ 0.

" m=1

I<ici<k
By the Minkewsk imeguality
| . : t )
) P rE ! A —\ I 31 ¢
=B ] =[50 _esiy) ?EZwI—FHﬁ. ik
r=1 =1

t
i
= E :I.',-li_—‘l."ﬂ,_l. J'a;".;]2 — 0.
m
r=1
This ymplies that

Lo ooy
?—lb{s,{f] — [,
Using the same technique, wo ean prove that

(23)

ey

E[ B ,,I' (24]
Sinee

L k. P
Pa=nts,=n"2{s] +a] +a%),
we have

ne, =y —nH (o] + &) (23)
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0 B8 = Byl +n B(sh + 50 — 27 Esu (s, + 54)),  (26)

and
B + 5" < B+ B -0, (27)
ancl
7 Elsa(sl + 0l B2 x [0 Es)y - si)]?
=iEv’:i}=[n‘lELsn iy ;]9 — D, (28)

Thus a combination of (13), (26), (27) and {28) implies that
B — o (20)
Applying (29) with o, # 0 and «; =1, s # r we obtain

"1E[J e =120 (30

ar Tl

4
Z -"I""Tm +2 E G“"(L‘umb‘mﬂ- {31)

iy =k
Now,

-y n

Z Cuv{,';m.,_,y,g,i:jfi-*n_lhiz z |Cov( s, H5H

1€i<jak i=1 j=i+q

<Cn'h) Y |Cov(Ky. Kog)| — 0.(32)

1=gargl:

From (23), (31}, and (32}, we obtain that

[
ﬂ_l Z "'ﬂlliyn_.,,_} = TE b= ]'2: woaa e {33)
m=]
Therefore,
[ &
E\'I_l .I"\-'FFLI[’ym'ml:l = :'Trz'.' (34}
r=1 m=L
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Gt B = Llionifer=1, %0 ,tl:ue independent random vari-
ﬂ.l}.ﬂt .‘$|_'I.|.'"..h thﬁt- KLHR 18 'jj.Stl'ibutﬁ'[] a5 t?r?l_ﬂyﬁm-. a.]'.l.d X.'trm = }r:n.."m rsﬂ'-
where

t & ¢ k

. e 5 :

5 = E E Var{Yomm) = E e E Var( e, ¥y ) — 05
=1 =1

el =l

& k
Since EXpm =0and D Y Var(X,p) = 1, it follows that

r=1 m=1
r k
3N Hoem — N{D, 1) (35)
r=1 m=1
in distribation, if and only i, [or every ¢ = 0,
£k
gle) =3 D BXindiwamlza — 0. (36)
=1 m=1

Mo,

1 a
L) 3
”ﬂ\{JI:?E}nrmI: YormlZene)

i1
i
. A
_TI.EEL I-':n:.—rlr [.F’"""|}r'*-‘-‘..£_.-'.;-_r:|
2 P
et i O 1 .
Lt !'.t T2 'Fl:lyunu = ﬂ‘ﬁﬂ._EJ.'fC,_]
”5;1 |1;
2 & Vi)
T s nhg nated
This implies that
X2 a R T
glel = £ , o .Lk.LT Vo r:!fnrm}' 47)
T 83 nhd nsd ! L

|

which converges to zero, by essumption (A8)(ii). Thus, (36) holds. Now,
by A(6)(i11) and (36) we obtain that
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i ]
o 7 2 Ei e
Y 02y e — NI0,03), (38)
r=1 me=l
in distribution.
Cirice

¢ 5 F
nis =ni 2-\(1 g = 21?1“3 5 O
4, = R Wnrma
=1

=1 fri=]l
wr have that, .
n”ig — N(D, 72, (349

in chistribution, and since

W = 4, + 8+ &),
thus a combination of (23) and (24) and (39) buplies Lhat
iy, — N0, 2] in distribution. (40)
The convergence in (40) iz the same ag

i
(r)E Y e (£, p) - DO e p)) = N(0,03),  (41)

rm=]
in distribution. 'Cherelore by the Cramér-Wold device (9) holds, The
proof of Theorem 1 is completod by making use of Lemimys 3 and Lemma
4 in Samanta and Thavaneswaram [7]. O
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