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Abstract

In problems concerning time series, it is often the case that the distur-
bances are, in fact, correlated. It is known that the ordinary least squares
(OLS) may not be optimal in this context. We have proved that the rela-
tive efficiency of the variance of the generalized least squares (GLS) to that
of OLS is invariant to scaling and shifting of the design vectors. We have
derived explicit formulas for the relative efficiencies of the GLS estimator
to that of OLS estimator in some important special cases. We consider
both linear and quadratic design vectors in the presence of AR(1) distur-
bances with and without an intercept term included in the design and use

these formulas to show some asymptotic properties of the estimators.

Keywords: Autocorrelation; Autoregressive; Ordinary Least Squares; Gen-

eralized Least Squares; Efficiency.



1 Introduction

Let the relationship between an observable random variable y and k explanatory
variables X1,..., X, in a T-finite system be specified in the following linear

regression model

y=XpB+u (1)

where
y is a (T x 1) vector of observations on a response variable, X is a (T x k)
design matrix, 8 is a (k x 1) vector of unknown regression parameters, and wu is
a (T x 1) random vector of disturbances. For convenience we assume that X is
full column rank k£ < T and its first column is 1’s.

The ordinary least squares (OLS) estimator of 3 in the regression model (1)
is

B=(XX)" Xy (2)

In problems concerning time series, it is often the case that the disturbances
are, in fact, correlated. Practitioners are then faced with a decision, use OLS
anyway, or try to fit a more complicated disturbance structure. The problem is
difficult because the properties of the estimators depend highly on the structure
of the independent variables in the model. For more complicated disturbance
structures, many of the properties are not well understood. If the disturbance

term has mean zero, i.e. E (u) = 0, but is in fact, autocorrelated, i.e. Cov (u) =

2

2 1Is either

023, where ¥ is a T x T positive definite matrix and the variance o
known or unknown positive and finite scalar, then the OLS parameter estimates
will continue to be unbiased, i.e. F (B) = (. But it has a different covariance

matrix;

Cov (B) =02 (XX)'X'D X (XX) 1. (3)



The most serious implications of autocorrelated disturbances is not the re-
sulting inefficiency of OLS but the misleading inference when standard tests
are used. The autocorrelated nature of disturbances is accounted for in the

generalized least squares (GLS) estimator given by
F=(xe X)X n Yy (4)
which is unbiased, i.e. E (B) = [, with covariance matrix
Cov (B) =02 (X' Z_lX)f1 . (5)

The superiority of GLS over OLS is due to the fact that GLS has a smaller
variance. According to the Generalized Gauss Markov Theorem, the GLS es-
timator provides the Best Linear Unbiased Estimator (BLUE) of 5. But the
GLS estimator requires prior knowledge of the matrix correlation structure, 3.
The OLS estimator B is simpler from a computational point of view and does
not require a prior knowledge of X.

A common approach for modeling univariate time series is the autoregressive
model. The general finite order autoregressive process of order p or briefly,

AR (p), is
Ut = Qrut—1 + GoUt—2 + -+ Pput—p + &ty ¢ ~iid. N (07 0?) (6)

An important special case is the first-order autoregressive disturbance, or an
AR(1) error process, which is the simplest AR process, commonly seen in eco-
nomic and environmental studies and easier to handle mathematically. AR (1)

is represented in the autoregressive form as

us = pug_1 + &, ¢ ~id.d. N (0,0?) (7)



For a linear regression model with first order autocorrelated disturbances,
several alternative estimators for the regression coefficients have been discussed
in the literature, and their efficiency properties have been investigated with
respect to the OLS and GLS estimators (e.g. Kadiyala, 1968; Maeshiro, 1979;
Chipman, 1979; Spitzer, 1979; Ullah et al., 1983).

This article involves an important statistical problem concerning estimation
in the presence of auto-correlated disturbances.

We consider estimation of the coefficient vector in the linear model (1). In
the case of correlated errors with known variance structure, an efficient estimator
can be derived using GLS as in (4) and the variance formula for the estimates
are well-known and is given by (5), but depend in a non-trivial way upon the
design matrix X as well as the covariance structure of the disturbances.

An interesting question occurs naturally in many cases: what happens to the
relative efficiency of OLS to that of GLS for different design vectors? We will
look for families of designs that we can use to characterize the efficiency ratio,
such as deterministic polynomials (linear, quadratic). We have investigated
the relative efficiency of GLS to OLS in the important cases of autoregressive
disturbances of order one, AR(1), with autoregressive coefficient p.

This article is organized as follows. In section 2, we look for families of
designs that can we use to characterize the relative efficiency of GLS to that
of OLS. In section 3, we use the explicit formulas derived in section 2 to show
some asymptotic properties of the estimators. Finally in section 4 we offer some
conclusion remarks and suggestions for future research on the comparison of

OLS and GLS.



2 DESIGN VECTORS

In this section we look for families of designs that we can use to characterize
the relative efficiency of GLS to OLS such as deterministic polynomials. The
relative efficiency in a linear regression containing an autocorrelated disturbance
term depends on the structure of the matrix of observations on the independent
variables, i.e. it depends on a specific design which makes it difficult to char-
acterize in general. We prove that the relative efficiency is invariant to scaling
and shifting of the design vectors. In addition, explicit formulas for the relative
efficiencies of the GLS estimator to that of OLS estimator in some important
special cases are derived. We consider both linear and quadratic design vec-
tors in the presence of AR (1) disturbances with and without an intercept term

included in the design.

2.1 Scaling and Shifting the Design Vectors

Suppose X is a vector uniformly spaced, i.e.

/ 1 1 -+ 1
X = 9)

1 92 ... T
We prove that using design (8) or (9) has no effect in the relative efficiency of
the variance of GLS to that of OLS. In other words, the relative efficiency is

invariant to scaling and shifting of the design vectors.

Theorem 1 The relative efficiency of the variance of GLS to that of OLS is



mwvariant to scaling and shifting of the design vectors.

Proof. Recall the definitions for the variances of OLS and GLS estimators,

V =Var (B) —2 (X' X)X S X (X X))

V=Var(B) =2 (x' 571X) "

Suppose X is a (T x k) design matrix with full column rank & < T, and
Y is a T x T positive definite matrix. For scaled design, consider new lin-
ear regression design Y = X*(§ + u, where X* = XD scaled design, D =
diag (by, ba, -+, bg), b; #0,i=1,2,..., k.

Let Var (B*) and Var (B*) are the variances of OLS and GLS estimators
for the scaled design, respectively.

Var (B) = o2 (X*X*) L X¥Y X+ (X+X*) 7!

=o2D (X' X)"'D"'DX’' £ XDD (X' X) ' D!

=2D V(X' X)X’ S X (X' X) ' D!

=[],

Similarly,

Var (B7) = o2 (X7 271X7)

—o2D"! (X' £1X) 7' D!

L~ 1k
- {bib-i%j}i j=1

Hence the relative efficiencies of the variances of GLS to that of OLS is

-1

invariant to scaling of the design vectors.

Consider the linear regression design Y = X + u, Bj is determined solely
by the relationship between Y and a:j- where :cj- =x; —p (xj|VjJ-), j # 0,
and le- =L(x; 1=0,1,..,k, i #j), ie. Bj =f (y,zj-) . For shifted design,
consider new linear regression design Y = X* 3 + u where

X* = [zf, 2F, ., 2} ], 2f =z +a; mo, 20 =[1, 1, ..., 1], and le =

z;;« <;«|V*l),j¢0,i.e.3 f(y,J)

{01‘0+"'+Cj_1$j_1—|—Cj+1CCj+1+"'+Ck-1?k+"' ,CkER}



Vj’“‘ ={cox§ +- -+t +o ey +oo o €RY
= {co (w0 + aowo) + -+ cj1 (vj—1 +aj120) + - + ek (T + arwo) + - }
={lco(l1+ao)+ - +crar)zo +crz1 +--+c¢j1xj 1+ -+ +---}
={cozo +crz1 + - +c¢j1xj1 +¢jTjp + -+ axp+ -}
= le
Thus, in any linear regression analysis which includes the vector J of all

ones as an x-vector, the B/s corresponding to other vectors are not affected by

adding the same intercept to all elements of those vectors, hence shifted design
which is linearly dependent on J only effects an intercept, BO. Therefore, the

relative efficiency of the variance of GLS to that of OLS is invariant to scaling

and shifting of the design vectors. m

2.2 Linear Design Vector

Consider the linear regression model with first-order auto-correlated distur-
bances as given in (1) and (7), and assume that the true value of p is known. We
will consider a special case, namely that in which the regression takes the form
of a simple trend with and without an intercept term included in the design.

2.2.1 Linear Design Vector without an Intercept Term

Consider the simple linear trend
y=XpB+u, t=1,2,....T (10)

where X is a vector uniformly spaced, i.e. X’ = [ 1 2 ... T } . The vari-

ance matrix of disturbance terms can be written as



1 p p2 prl

P 1 P p' 2
Euu) =oi¥ =0y | p2  p 1 p

pT—l pT—Z pT—S 1

where 02 = o2 (1 — p2)

the inverse of ¥ in (11) is given by

1 —p 0 0 0 0
—p 14+p> —p 0 0 0
. 1 0 —p 1+p* —p 0 0
) =1
0 0 0 0 —p 14p
0 0 0 0 0 —p

with ¥ given in (11),
T T-1T—k
XX =Y a+23 Y pFi(i+
=1 k=1 =1

with Var (B) given in (3) and collecting terms, we find that

i) o

T
k), X'X =32

i=1

‘{5 T

with ¥~ given in (12),

T-1
X' u- 1X[(1+p)2i2—2p;

i=1

i(i+1) p? [1+T2]}

~!is the variance of an AR(1) process. It is known that

.
0
0
(12)
—p
1 -
(13)



with Var (B) given in (5) and collecting terms, we find that

Var <E) = (1 _ [12) % (14)

(1+p2)§:1i22p ;i(iJrl)pr(lJrTQ)

The variances in (13) and (14) are functions of p and T. The relative efficiency

of the variance of GLS to that of OLS is given by

v

1

RE () = S ) }
XN ERED T

where

U (p,T) = [(1+p7) Zl —2p Z (i +1) = p° (1+T2)]
Equation (15) shows that upon taklng the ratio of the variances, o2 is cancelled
and the relative efficiency is therefore completely determined by two factors the

values of p and T.

2.2.2 Linear Design Vector with an Intercept Term

Consider the simple trend given in (10), where X is a vector uniformly spaced,

i.e.
11 1
X =
1 2 T
then
T
oy Tt o) 2 oT+1 -3
Tl oz T(T -1
vty -
t=1 t=
with ¥ given in (11),
T
X TX - (p,T) g(p,T)
(p,T) h(p,T)



g(p,T) =

. y y — j . . y y T_1 T .. > >

hip,T)= Y (i+1) (pl + TPT’H) Z Zl (j+1)ipI 14 22 > jip'
i=0 j=1i= =2 i=j

Collecting terms, we find that the variances of an intercept and the slope of the

(

OLS estimator are
> AT+ [T +1) f(p,T) — 69 (p, T)] +9h (p,T)} o2
Var (,6’0) = (T — 1)]2 (16)

S\ _36{(T+1)[(T+1)f(p,T)—4g(p,T)] +4h(p,T)} o2
Var (61) = T 1)]2 (17)

k(p,T) 1(p,T)
Lp,T) m(p,T)

respectively, with 71 given in (12), X' ©71X = 1}/)2

where
k(p,T)=1-p)[T—p(T-2)]

Lp.T) = 5 (T +1)k(p.T)

m(p,T)=(1-2p)+ T[T -

(T—1)pl+ 31 —p)* (T —2)(27% + T +3)
Collecting terms, we find that the variances of an intercept and the slope of the

GLS estimator are

~ —p*)m o2

Var () - S e Dk as
=\ _ (=) k(p,T)0}

Var (61> = d(p.T) (19)

respectively, where d (p,T) =k (p, T) m (p,T) — [l (p, T)]2

Then the relative efficiencies of the variances of GLS to that of OLS for an

10



intercept and the slope are given by

[T(T = D] (1= p*) m(p,T)
4d (p, T){ (2T + 1) [(2T + 1) f (0, T) — 69 (p, T)] + 91 (p,T)}

RE (50) =

. (12 )]’ (1 - )k (p.T)
REG) = 56 (o, @+ DT+ D F (D) —dg 0D+ ah o1 )

2.3 Quadratic Design Vector

Consider the quadratic regression design with first-order auto-correlated distur-
bances as given in (1) and (7), and assume that the true value of p is known. We
will consider a special case, namely that in which the regression takes the form

of a simple trend with and without an intercept term included in the design.

2.3.1 Quadratic Design Vector without an Intercept Term

Consider the simple trend given in (10), where X is a quadratic vector, i.e.

X’=[1 4 .. Tz]wthgivenin (11),
X/ EX_ET:ZA_I_?TilTik ki2 (s 2 v s
= PP i+ k)", XX =>4
i=1 k=1 =1 i=1

with Var (B) given in (3) and collecting terms, we find that the variance of the

OLS estimator is

with 371 given in (12),

T T-1
Xy lx =2 [(1 )it -2 Y 2+ P (1+ T4)}
i=1 i=1

02

with Var (B) given in (5) and collecting terms, we find that the variance of the

GLS estimator is
2

var (3) - % (23)

11



where

T T—1
v 1) = (1) it -2 X i D - (147
i=1 i=1
The variances in (22) and (23) are functions of p and T'. The relative efficiency

of the variance of GLS to that of OLS is given by

RE (8) = = " (24)
U (p, T) [§z4+2k_1 ; pF [i(z’+k:)]2}

Equation (24) shows that upon taking the ratio of the variances, o2 is cancelled
and the relative efficiency is therefore completely determined by two factors the
values of p and T.

2.3.2 Quadratic Design Vector with an Intercept Term

Consider the simple trend given in (10), where X is a quadratic vector, i.e.

X 1 1 1 1
= , ,
1 4 (Tr-1)° T
Then
X' X = ¢
a b
where
T T 2
TR2Tr+1)(T+1) T(2T+1)(3T +3T71)
_ 2 _ _ 4 _
a—Zt = 5 ,andb—Zt = 30
t=1 t=1
B b —a
(X'X)" = gt
—a T

with ¥ given in (11),
*(pT) g (p,T)
g (p,T) h*(p,T)

X' XX =

where

12



f*(p, )—2Zp+]2“2p+]21?—:'p_ (0.T)
(T = (1 +1) S g iuuf&figjw

Z Z [i)* p'=

Jj=21i=j
Collecting terms, we find that the variances of an intercept and the slope of the

h*(p,T) =

OLS estimator are

~ (02 f* (p,T) = 2ab g* (p,T) + a® h* (p,T)] a2,
Var (/30> = o a2]2 (25)

[a®f* (p,T) = 2aT g* (p,T)+T? h* (p,T)] 02 (26)

var (Bl) - BT — a2

respectively, with ¥~ given in (12),
k*(p,T) 1" (p,T)
(p,T) m(p,T)

—1 — 1
XN = s

where

k*(p,T):(lfp)[T*p(T*%]:;f_(f,T)
Fp,T)=0—-p) |T?+1+1~p) ) i
L i=2 -

*(p,T)—(1—4p)—|-T2[T2—p(T—l)2}—|—(l— Zz —2pZz

Collecting terms, we find that the variances of an intercept and the slope of the

GLS estimator are

Var (EO) = (- pd?k T(n/: ;p), Do (27)
=\ _ (1=p)k (p,T)0},
Var (61) = & (0. T) (28)

respectively, where d* (p, T) = k* (p, T) m* (p,T) — [I* (p, T)]?
Then the relative efficiencies of the variances of GLS to that of OLS for an

13



intercept and the slope are given by

(bT — a2)2 (1= p?)m* (p,T)
(p, T) [2f* (p,T) — 2ab g* (p,T) + a® h* (p,T)]

RE (8) =

(bT — a?)* (1 = p2) k* (p, T)
(0, T) [a®f* (p,T) — 2aT g* (p, T) + T2 h* (p,T)]

respectively.

The previous derived formulas are designed to compute the relative efficien-
cies of the variances of regression coefficients of GLS to that of OLS for linear and
quadratic design vectors when the disturbance term follows an AR(1) process.

The features of these particular cases will, first and foremost, reduce the
required time for computations by about 70% and, second, be easier to use than
the regular formulas for the covariances of the regression coefficients, 3, by OLS
and GLS in (3) and (5). In addition, these derived formulas enable us to derive

the following properties of the relative efficiency of GLS to OLS.

3 Properties of the Relative Efficiency Function

Using the previous explicit expressions for the relative efficiencies of GLS to
OLS, we prove that the following limiting properties hold for the relative ef-
ficiencies of the variances of GLS to OLS of (5, ;) for linear and quadratic
design vectors with an intercept term included in the design. The other cases for

these designs without an intercept term are similar and satisfy these properties.

3.1 Linear Design Vector

The following limiting properties hold for the relative efficiencies, RE (3), for
the linear design vector with an intercept term.

(¢) lim RE(8y) = lim RE(8;)=0
[p|—1 lp|—1

14



That is, if the first order autoregressive coefficient of the disturbance term
is large enough, then OLS estimators of estimating an intercept and the slope
perform poorly.

(#) lim RE(By) = lim RE(B,) =1, for any fixed p, |p| < 1

T—o0 T—o0

That is, if the sample size is large enough, then OLS estimators of estimating
an intercept and the slope perform nearly as efficiently as GLS estimators.
Proof. Case (1): For an intercept, the relative efficiency of the variance of

GLS to OLS of § in (20) can be written as

fo(p)

RE (o) = go (p) ho (p)

(31)

where
fo(p) = pT? {2(;)_ 1273 +3(1— p2) T2 + (p* + 4p + 1)T—6p2}
(T=1)(p+1)(p—1)*
go(p)=—pp=1)[(p=1) (P> +20—1) +4p" T (4p+5)] T+
(8pTH = p> +10p+ 1) (p— 1)* pT2 +2p (p+ 1) (p — 1)° T~
20 [p® +4p% +10p+ 4 —2p" (p+2) (2p + 1)]
ho(p) = [(p=1)* T2 = (5p+ 1) (p = )T +6p(p+1)| [(p— 1) T — 2]
Aslpl =1, fo(p) = 0. g0 (p) = 0 and ho (p) = 0 in (31), then lim RE () =
0.
The coefficient of 7, the maximum power of fy (p) and go (p) ho (p), is
2p(p+1) (p—1)°. Divide numerator and denominator by T¢, as T — oo in
(31), then Th_r}r(l)o RE (By) = 1.
Case (2): For the slope, the relative efficiency of the variance of GLS to
OLS of § in (21) can be written as

f1(p)

RE(5,) = g1 (p) hi(p)

(32)

15



where

() =pp+1)(p—1)>T>(T +1) (T* 1)

91 (p)=p(1-p?) [(1 —p)?+ 12/)”1} T+6p*(p—1)7 (1+p7) T+ p(p+1)
(p—1)°T°

h(p)=(p—1)°T? = (5p+ 1) (p— 1) T +6p (1 + p)

Applying L’Hopital’s rule, as |p| — 1, in (32), then |Hgl RE(5,) =0.

The coefficient of 7%, the maximum power of f; (p) and g1 (p) h1 (p), is

p(p+1)(p—1)°. Divide numerator and denominator by 75, as T — oo in (32),

then TIEI;O RE(B;)=1 n

3.2 Quadratic Design Vector

The following limiting properties hold for the relative efficiencies, RE (3), for
the quadratic design vector with an intercept term.

(7) |l}m1 RE (By) = |l}m1 RE(5,)=0
pl— pl—
) Tlim RE (By) = Tlim RE (8,) =1, for any fixed p, |p| < 1
Proof. Case (1): For an intercept, the relative efficiency of the variance of

GLS to OLS of § in (29) can be written as

RE(Bo) = o) ms ()

where
15 (o) = [pT? (L4 p) (p = 1)° (T = 1) (8T +11)*]
{G(p— D275 415 (1— p?) T* + 10 (p+ 1) T3 — (p* + 8p + 1)T—3op2}
95 () =16 (p— 1)° T5—2(43p +23) (p — 1)> T*+(p — 1) (89p> + 290p + 41) T?
+ (1199 — 309p% — 279p — 11) T? — 24p (3p® + 1dp + 3) T — 180p* (p + 1)
hi (p) = 8o + 01T + 8212 + 03T + 64T + 5517
where

8o = —12p (p* +3p +6) (6p° +3p+1) (p" — 1)

16



s1=p(p-1)
[(11p* — 104p® — 336p — 280p — 11) (p — 1) + 12p7+1 (21p3 + 57p? + 33p — 11) ]
o =—12p(p— 1)% [(3p* + 6p® + 41p% + 13p — 3) + pT+1 (180 + 9p — 37)]
b5 = —4p(p—1)* [8p> — 27p> + 51p+8+9(p+9) pT*!]
51=3p(p—1)* (11p> + 26p — 11 + 24p" 1)
85 =24p(p+1)(p—1)°
Applying L’Hopital’s rule, as |p| — 1, in (33), then |;}T1 RE (By) =0
The coefficient of 7%, the maximum power of f (p) and g; (p) h{ (p) is
386p (p+1) (p — 1)°. Divide numerator and denominator by T, as T — oo in
(33), then Tlglclx) RE(By) =1
Case (2): For the slope, the relative efficiency of the variance of GLS to
OLS of § in (30) can be written as

fi (p)

RE(B) = & m )

(34)

where

) =pp—1)"(p+1)T? (8T +11) (8T + 3T — 11) (2T + 1)* (T +1)°
[T (p—1) = 2]

91 (p) = 95 (p)

Ry (p) = 8 + 07T + 65T% + 6513 + 6,14 + 5515

where

56 =10p* (50 +8p—1) (p* —8p —5) (pT — 1)

§i=—p(p*—1)[(p—1) (11p> + 147p* + 213p — 11) — pT 1 (p? + 7p — 2)]

85 =—10p(p—1)% [3p* — p* +38p> + 11p — 3 + pT+1 (31p® + 34p — 41)]

55 ==5p(p—1)° [(p* = 36p—1) (p— 1) = 12971 (p - 5)]

8 =10p(p—1)* (30> + 10p — 3 4+ 8pT 1)

55 =16p(p+1)(p—1)°

17



Applying L’Hopital’s rule, as |p| — 1 in (34), then ‘lljgl RE(B,) =0.

The coefficient of T1°, the maximum power of f; (p) and g7 (p) k% (p), is

256p (p + 1) (p — 1)° . Divide numerator and denominator by 7', as T — oo in
(34), then Tll_{r;o RE(B;)=1 =

4 Conclusion and Future Research

In this article we have proved that the relative efficiency of the variance of GLS
to that of OLS is invariant to scaling and shifting of the design vectors. We
have derived explicit formulas for the relative efficiencies of the GLS estimator
to OLS estimator for linear and quadratic design vectors in the presence of first
order autoregressive disturbances in the regression models and their asymptotic
properties.

We are currently using these explicit formulas to investigate the performance
of the GLS estimator to that of the OLS estimator of the regression coefhi-
cient when the disturbance term follows AR(1) or AR (2) process for linear and

quadratic design vectors.
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