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Abstract

In problems concerning time series, it is often the case that the distur-

bances are, in fact, correlated. It is known that the ordinary least squares

(OLS) may not be optimal in this context. We have proved that the rela-

tive e¢ ciency of the variance of the generalized least squares (GLS) to that

of OLS is invariant to scaling and shifting of the design vectors. We have

derived explicit formulas for the relative e¢ ciencies of the GLS estimator

to that of OLS estimator in some important special cases. We consider

both linear and quadratic design vectors in the presence of AR(1) distur-

bances with and without an intercept term included in the design and use

these formulas to show some asymptotic properties of the estimators.

Keywords: Autocorrelation; Autoregressive; Ordinary Least Squares; Gen-

eralized Least Squares; E¢ ciency.
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1 Introduction

Let the relationship between an observable random variable y and k explanatory

variables X1; : : : ; Xk in a T -�nite system be speci�ed in the following linear

regression model

y = X � + u (1)

where

y is a (T � 1) vector of observations on a response variable, X is a (T � k)

design matrix, � is a (k � 1) vector of unknown regression parameters, and u is

a (T � 1) random vector of disturbances. For convenience we assume that X is

full column rank k < T and its �rst column is 1�s.

The ordinary least squares (OLS) estimator of � in the regression model (1)

is b� = (X�X)�1X�y (2)

In problems concerning time series, it is often the case that the disturbances

are, in fact, correlated. Practitioners are then faced with a decision, use OLS

anyway, or try to �t a more complicated disturbance structure. The problem is

di¢ cult because the properties of the estimators depend highly on the structure

of the independent variables in the model. For more complicated disturbance

structures, many of the properties are not well understood. If the disturbance

term has mean zero, i.e. E (u) = 0, but is in fact, autocorrelated, i.e. Cov (u) =

�2u�; where � is a T � T positive de�nite matrix and the variance �2u is either

known or unknown positive and �nite scalar, then the OLS parameter estimates

will continue to be unbiased, i.e. E
�b�� = �: But it has a di¤erent covariance

matrix;

Cov
�b�� = �2u (X�X)�1X�� X (X�X)�1 . (3)
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The most serious implications of autocorrelated disturbances is not the re-

sulting ine¢ ciency of OLS but the misleading inference when standard tests

are used. The autocorrelated nature of disturbances is accounted for in the

generalized least squares (GLS) estimator given by

e� = �X���1X��1X���1y (4)

which is unbiased, i.e. E
�e�� = �, with covariance matrix
Cov

�e�� = �2u �X 0 ��1X
��1

. (5)

The superiority of GLS over OLS is due to the fact that GLS has a smaller

variance. According to the Generalized Gauss Markov Theorem, the GLS es-

timator provides the Best Linear Unbiased Estimator (BLUE) of �. But the

GLS estimator requires prior knowledge of the matrix correlation structure, �.

The OLS estimator b� is simpler from a computational point of view and does

not require a prior knowledge of �.

A common approach for modeling univariate time series is the autoregressive

model. The general �nite order autoregressive process of order p or brie�y,

AR (p), is

ut = �1ut�1 + �2ut�2 + � � �+ �put�p + "t; "t � i:i:d: N
�
0; �2"

�
(6)

An important special case is the �rst-order autoregressive disturbance, or an

AR(1) error process, which is the simplest AR process, commonly seen in eco-

nomic and environmental studies and easier to handle mathematically. AR (1)

is represented in the autoregressive form as

ut = �ut�1 + "t; "t � i:i:d: N
�
0; �2"

�
(7)
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For a linear regression model with �rst order autocorrelated disturbances,

several alternative estimators for the regression coe¢ cients have been discussed

in the literature, and their e¢ ciency properties have been investigated with

respect to the OLS and GLS estimators (e.g. Kadiyala, 1968; Maeshiro, 1979;

Chipman, 1979; Spitzer, 1979; Ullah et al., 1983).

This article involves an important statistical problem concerning estimation

in the presence of auto-correlated disturbances.

We consider estimation of the coe¢ cient vector in the linear model (1). In

the case of correlated errors with known variance structure, an e¢ cient estimator

can be derived using GLS as in (4) and the variance formula for the estimates

are well-known and is given by (5), but depend in a non-trivial way upon the

design matrix X as well as the covariance structure of the disturbances.

An interesting question occurs naturally in many cases: what happens to the

relative e¢ ciency of OLS to that of GLS for di¤erent design vectors? We will

look for families of designs that we can use to characterize the e¢ ciency ratio,

such as deterministic polynomials (linear, quadratic). We have investigated

the relative e¢ ciency of GLS to OLS in the important cases of autoregressive

disturbances of order one, AR(1), with autoregressive coe¢ cient �:

This article is organized as follows. In section 2, we look for families of

designs that can we use to characterize the relative e¢ ciency of GLS to that

of OLS. In section 3, we use the explicit formulas derived in section 2 to show

some asymptotic properties of the estimators. Finally in section 4 we o¤er some

conclusion remarks and suggestions for future research on the comparison of

OLS and GLS.
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2 DESIGN VECTORS

In this section we look for families of designs that we can use to characterize

the relative e¢ ciency of GLS to OLS such as deterministic polynomials. The

relative e¢ ciency in a linear regression containing an autocorrelated disturbance

term depends on the structure of the matrix of observations on the independent

variables, i.e. it depends on a speci�c design which makes it di¢ cult to char-

acterize in general. We prove that the relative e¢ ciency is invariant to scaling

and shifting of the design vectors. In addition, explicit formulas for the relative

e¢ ciencies of the GLS estimator to that of OLS estimator in some important

special cases are derived. We consider both linear and quadratic design vec-

tors in the presence of AR (1) disturbances with and without an intercept term

included in the design.

2.1 Scaling and Shifting the Design Vectors

Suppose X is a vector uniformly spaced, i.e.

X 0 =

264 1 1 � � � 1 1

1�a
b

2�a
b � � � (T�1)�a

b
T�a
b

375 (8)

where a 2 R; b > 0. As special case when a = 0 and b = 1, i.e.

X 0 =

264 1 1 � � � 1

1 2 � � � T

375 (9)

We prove that using design (8) or (9) has no e¤ect in the relative e¢ ciency of

the variance of GLS to that of OLS. In other words, the relative e¢ ciency is

invariant to scaling and shifting of the design vectors.

Theorem 1 The relative e¢ ciency of the variance of GLS to that of OLS is
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invariant to scaling and shifting of the design vectors.

Proof. Recall the de�nitions for the variances of OLS and GLS estimators,

V = V ar
�b�� = �2u (X 0 X)

�1
X 0 � X (X 0 X)

�1

eV = V ar �e�� = �2u �X 0 ��1X
��1

Suppose X is a (T � k) design matrix with full column rank k < T , and

� is a T � T positive de�nite matrix. For scaled design, consider new lin-

ear regression design Y = X�� + u; where X� = XD scaled design, D =

diag (b1; b2; � � � ; bk) ; bi 6= 0; i = 1; 2; :::; k.

Let V ar
�b��� and V ar �e��� are the variances of OLS and GLS estimators

for the scaled design, respectively.

V ar
�b��� = �2u (X��X�)

�1
X��� X� (X��X�)

�1

= �2uD
�1 (X 0 X)

�1
D�1DX 0 � XDD�1 (X 0 X)

�1
D�1

= �2uD
�1 (X 0 X)

�1
X 0 � X (X 0 X)

�1
D�1

=
h

1
bibj

Vi j

ik
i; j=1

Similarly,

V ar
�e��� = �2u �X�0 ��1X���1

= �2uD
�1 �X 0 ��1X

��1
D�1

=
h

1
bibj

eVi jik
i; j=1

Hence the relative e¢ ciencies of the variances of GLS to that of OLS is

invariant to scaling of the design vectors.

Consider the linear regression design Y = X� + u; b�j is determined solely
by the relationship between Y and x?j where x?j = xj � p

�
xj jV ?j

�
; j 6= 0;

and V ?j = L (xi; i = 0; 1; :::; k; i 6= j), i.e. b�j = f
�
y; x?j

�
: For shifted design,

consider new linear regression design Y = X>� + u where

X> =
�
x>0 ; x

>
1 ; :::; x

>
k

�
, x>i = xi + ai x0, x�0 = [1; 1; :::; 1], and x>?j =

x>j � p
�
x>j jV

>?
j

�
; j 6= 0; i.e. b�>j = f �y; x>?j �

V ?j = fc0x0 + � � �+ cj�1xj�1 + cj+1xj+1 + � � �+ ckxk + � � � ; ck 2 Rg
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V >?j =
�
c0x

>
0 + � � �+ cj�1x>j�1 + cj+1x

>
j+1 + � � �+ ckx

>
k + � � � ; ck 2 R

	
= fc0 (x0 + a0x0) + � � �+ cj�1 (xj�1 + aj�1x0) + � � �+ ck (xk + akx0) + � � � g

= f[c0 (1 + a0) + � � �+ ckak]x0 + c1x1 + � � �+ cj�1xj�1 + � � �+ ckxk + � � � g

= fc0x0 + c1x1 + � � �+ cj�1xj�1 + cj+1xj+1 + � � �+ ckxk + � � � g

= V ?j

Thus, in any linear regression analysis which includes the vector J of all

ones as an x-vector, the b�0s corresponding to other vectors are not a¤ected by
adding the same intercept to all elements of those vectors, hence shifted design

which is linearly dependent on J only e¤ects an intercept, b�0. Therefore, the
relative e¢ ciency of the variance of GLS to that of OLS is invariant to scaling

and shifting of the design vectors.

2.2 Linear Design Vector

Consider the linear regression model with �rst-order auto-correlated distur-

bances as given in (1) and (7), and assume that the true value of � is known. We

will consider a special case, namely that in which the regression takes the form

of a simple trend with and without an intercept term included in the design.

2.2.1 Linear Design Vector without an Intercept Term

Consider the simple linear trend

yt = X � + ut; t = 1; 2; :::; T (10)

where X is a vector uniformly spaced, i.e. X 0 =

�
1 2 � � � T

�
: The vari-

ance matrix of disturbance terms can be written as
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E (u u0) = �2u� = �
2
u

2666666666664

1 � �2 � � � �T�1

� 1 � � � � �T�2

�2 � 1 � � � �T�3

...
...

... � � �
...

�T�1 �T�2 �T�3 � � � 1

3777777777775
(11)

where �2u = �
2
"

�
1� �2

��1
is the variance of an AR(1) process. It is known that

the inverse of � in (11) is given by

��1 =
1

1� �2

2666666666666664

1 �� 0 0 � � � 0 0 0

�� 1 + �2 �� 0 � � � 0 0 0

0 �� 1 + �2 �� � � � 0 0 0

...
...

...
... � � �

...
...

...

0 0 0 0 � � � �� 1 + �2 ��

0 0 0 0 � � � 0 �� 1

3777777777777775
(12)

with � given in (11),

X 0�X =
TP
i=1

i2 + 2
T�1P
k=1

T�kP
i=1

�ki (i+ k) ; X 0X =
TP
i=1

i2

with V ar
�b�� given in (3) and collecting terms, we �nd that

V ar
�b�� =

�
TP
i=1

i2 + 2
T�1P
k=1

T�kP
i=1

�ki (i+ k)

�
�2u�

TP
i=1

i2
�2 (13)

with ��1 given in (12),

X 0 ��1X = 1
1��2

��
1 + �2

� TP
i=1

i2 � 2�
T�1P
i=1

i (i+ 1) �2
�
1 + T 2

��
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with V ar
�e�� given in (5) and collecting terms, we �nd that
V ar

�e�� = �
1� �2

�
�2u

(1 + �2)
TP
i=1

i2 � 2�
T�1P
i=1

i (i+ 1)� �2 (1 + T 2)
(14)

The variances in (13) and (14) are functions of � and T . The relative e¢ ciency

of the variance of GLS to that of OLS is given by

RE (�) =

�
1� �2

� � TP
i=1

i2
�2

	(�; T )

�
TP
i=1

i2 + 2
T�1P
k=1

T�kP
i=1

�ki (i+ k)

� (15)

where

	(�; T ) =

��
1 + �2

� TP
i=1

i2 � 2�
T�1P
i=1

i (i+ 1)� �2
�
1 + T 2

��
Equation (15) shows that upon taking the ratio of the variances, �2u is cancelled

and the relative e¢ ciency is therefore completely determined by two factors the

values of � and T:

2.2.2 Linear Design Vector with an Intercept Term

Consider the simple trend given in (10), where X is a vector uniformly spaced,

i.e.

X 0 =

264 1 1 � � � 1

1 2 � � � T

375
then

X 0 X =

2664 T
TP
t=1
t

TP
t=1
t

TP
t=1
t2

3775, [X 0X]
�1
=

2

T (T � 1)

264 2T + 1 �3

�3 6
T+1

375
with � given in (11),

X 0 �X =

264 f (�; T ) g (�; T )

g (�; T ) h (�; T )

375
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where

f (�; T ) = 2
T�1P
i=0

�i +
T�2P
j=1

jP
i=1

�i +
T�1P
j=2

T�jP
i=0

�i

g (�; T ) = (T + 1)
T�1P
i=0

�i +
T�2P
j=1

jP
i=1

(j + 1) �i +
T�1P
j=2

T�jP
i=0

j�i

h (�; T ) =
T�1P
i=0

(i+ 1)
�
�i + T�T�i�1

�
+
T�2P
j=1

jP
i=1

(j + 1) i�j�i+1+
T�1P
j=2

TP
i=j

ji�i�j

Collecting terms, we �nd that the variances of an intercept and the slope of the

OLS estimator are

V ar
�b�0� = 4 f(2T + 1) [(2T + 1) f (�; T )� 6g (�; T )] + 9h (�; T )g�2u

[T (T � 1)]2
(16)

V ar
�b�1� = 36 f(T + 1) [(T + 1) f (�; T )� 4g (�; T )] + 4h (�; T )g�2u

[T (T 2 � 1)]2
(17)

respectively, with ��1 given in (12), X 0 ��1X = 1
1��2

264 k (�; T ) l (�; T )

l (�; T ) m (�; T )

375
where

k (�; T ) = (1� �) [T � � (T � 2)]

l (�; T ) = 1
2 (T + 1) k (�; T )

m (�; T ) = (1� 2�) + T [T � (T � 1) �] + 1
6 (1� �)

2
(T � 2)

�
2T 2 + T + 3

�
Collecting terms, we �nd that the variances of an intercept and the slope of the

GLS estimator are

V ar
�e�0� = �

1� �2
�
m (�; T )�2u

d (�; T )
(18)

V ar
�e�1� = �

1� �2
�
k (�; T )�2u

d (�; T )
(19)

respectively, where d (�; T ) = k (�; T )m (�; T )� [l (�; T )]2

Then the relative e¢ ciencies of the variances of GLS to that of OLS for an
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intercept and the slope are given by

RE (�0) =
[T (T � 1)]2

�
1� �2

�
m (�; T )

4d (�; T ) f(2T + 1) [(2T + 1) f (�; T )� 6g (�; T )] + 9h (�; T )g (20)

RE (�1) =

�
T
�
T 2 � 1

��2 �
1� �2

�
k (�; T )

36d (�; T ) f(T + 1) [(T + 1) f (�; T )� 4g (�; T )] + 4h (�; T )g (21)

2.3 Quadratic Design Vector

Consider the quadratic regression design with �rst-order auto-correlated distur-

bances as given in (1) and (7), and assume that the true value of � is known. We

will consider a special case, namely that in which the regression takes the form

of a simple trend with and without an intercept term included in the design.

2.3.1 Quadratic Design Vector without an Intercept Term

Consider the simple trend given in (10), where X is a quadratic vector, i.e.

X 0 =

�
1 4 � � � T 2

�
. With � given in (11),

X 0 �X =
TP
i=1

i4 + 2
T�1P
k=1

T�kP
i=1

�ki2 (i+ k)
2
; X�X =

TP
i=1

i4

with V ar
�b�� given in (3) and collecting terms, we �nd that the variance of the

OLS estimator is

V ar
�b�� =

�
TP
i=1

i4 + 2
T�1P
k=1

T�kP
i=1

�k [i (i+ k)]
2

�
�2u�

TP
i=1

i4
�2 (22)

with ��1 given in (12),

X���1X = 1
1��2

��
1 + �2

� TP
i=1

i4 � 2�
T�1P
i=1

i2 (i+ 1)
2 � �2

�
1 + T 4

��
with V ar

�e�� given in (5) and collecting terms, we �nd that the variance of the
GLS estimator is

V ar
�e�� = �

1� �2
�
�2u

	� (�; T )
(23)
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where

	� (�; T ) =

��
1 + �2

� TP
i=1

i4 � 2�
T�1P
i=1

[i (i+ 1)]
2 � �2

�
1 + T 4

��
The variances in (22) and (23) are functions of � and T . The relative e¢ ciency

of the variance of GLS to that of OLS is given by

RE (�) =

�
1� �2

� � TP
i=1

i4
�2

	(�; T )

�
TP
i=1

i4 + 2
T�1P
k=1

T�kP
i=1

�k [i (i+ k)]
2

� (24)

Equation (24) shows that upon taking the ratio of the variances, �2u is cancelled

and the relative e¢ ciency is therefore completely determined by two factors the

values of � and T:

2.3.2 Quadratic Design Vector with an Intercept Term

Consider the simple trend given in (10), where X is a quadratic vector, i.e.

X 0 =

264 1 1 � � � 1 1

1 4 � � � (T � 1)2 T 2

375
Then

X 0 X =

264 T a

a b

375
where

a =
TX
t=1

t2 =
T (2T + 1) (T + 1)

6
; and b =

TX
t=1

t4 =
T (2T + 1)

�
3T 2 + 3T � 1

�
30

(X 0X)
�1
= 1

bT 2�a2

264 b �a

�a T

375
with � given in (11),

X 0 �X =

264 f� (�; T ) g� (�; T )

g� (�; T ) h� (�; T )

375
where

12



f� (�; T ) = 2
T�1P
i=0

�i +
T�2P
j=1

jP
i=1

�i +
T�1P
j=2

T�jP
i=0

�i = f (�; T )

g� (�; T ) =
�
T 2 + 1

� T�1P
i=0

�i +
T�2P
j=1

jP
i=1

(j + 1)
2
�i +

T�1P
j=2

T�jP
i=0

j2�i

h� (�; T ) =
T�1P
i=0

(i+ 1)
2 �
�i + T 2�T�i�1

�
+
T�2P
j=1

jP
i=1

[i (j + 1)]
2
�j�i+1+

T�1P
j=2

TP
i=j

[ij]
2
�i�j

Collecting terms, we �nd that the variances of an intercept and the slope of the

OLS estimator are

V ar
�b�0� = �

b2f� (�; T )� 2ab g� (�; T ) + a2 h� (�; T )
�
�2u

[bT � a2]2
(25)

V ar
�b�1� = �

a2f� (�; T )� 2aT g� (�; T ) + T 2 h� (�; T )
�
�2u

[bT � a2]2
(26)

respectively, with ��1 given in (12),

X 0 ��1X = 1
1��2

264 k� (�; T ) l� (�; T )

l� (�; T ) m� (�; T )

375
where

k� (�; T ) = (1� �) [T � � (T � 2)] = k (�; T )

l� (�; T ) = (1� �)
"
T 2 + 1 + (1� �)

T�1X
i=2

i2

#

m� (�; T ) = (1� 4�) + T 2
h
T 2 � � (T � 1)2

i
+ (1� �)2

T�1X
i=2

i4 � 2�
T�1X
i=2

i2

Collecting terms, we �nd that the variances of an intercept and the slope of the

GLS estimator are

V ar
�e�0� = �

1� �2
�
m� (�; T )�2u

d� (�; T )
(27)

V ar
�e�1� = �

1� �2
�
k� (�; T )�2u

d� (�; T )
(28)

respectively, where d� (�; T ) = k� (�; T )m� (�; T )� [l� (�; T )]2

Then the relative e¢ ciencies of the variances of GLS to that of OLS for an
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intercept and the slope are given by

RE (�0) =

�
bT � a2

�2 �
1� �2

�
m� (�; T )

d� (�; T ) [b2f� (�; T )� 2ab g� (�; T ) + a2 h� (�; T )] (29)

RE (�1) =

�
bT � a2

�2 �
1� �2

�
k� (�; T )

d� (�; T ) [a2f� (�; T )� 2aT g� (�; T ) + T 2 h� (�; T )] (30)

respectively.

The previous derived formulas are designed to compute the relative e¢ cien-

cies of the variances of regression coe¢ cients of GLS to that of OLS for linear and

quadratic design vectors when the disturbance term follows an AR(1) process.

The features of these particular cases will, �rst and foremost, reduce the

required time for computations by about 70% and, second, be easier to use than

the regular formulas for the covariances of the regression coe¢ cients, �, by OLS

and GLS in (3) and (5). In addition, these derived formulas enable us to derive

the following properties of the relative e¢ ciency of GLS to OLS.

3 Properties of the Relative E¢ ciency Function

Using the previous explicit expressions for the relative e¢ ciencies of GLS to

OLS, we prove that the following limiting properties hold for the relative ef-

�ciencies of the variances of GLS to OLS of (�0; �1) for linear and quadratic

design vectors with an intercept term included in the design. The other cases for

these designs without an intercept term are similar and satisfy these properties.

3.1 Linear Design Vector

The following limiting properties hold for the relative e¢ ciencies, RE (�), for

the linear design vector with an intercept term.

(i) lim
j�j!1

RE (�0) = lim
j�j!1

RE (�1) = 0
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That is, if the �rst order autoregressive coe¢ cient of the disturbance term

is large enough, then OLS estimators of estimating an intercept and the slope

perform poorly.

(ii) lim
T!1

RE (�0) = lim
T!1

RE (�1) = 1; for any �xed �; j�j < 1

That is, if the sample size is large enough, then OLS estimators of estimating

an intercept and the slope perform nearly as e¢ ciently as GLS estimators.

Proof. Case (1): For an intercept, the relative e¢ ciency of the variance of

GLS to OLS of � in (20) can be written as

RE (�0) =
f0 (�)

g0 (�) h0 (�)
(31)

where

f0 (�) = �T
2
h
2 (�� 1)2 T 3 + 3

�
1� �2

�
T 2 +

�
�2 + 4�+ 1

�
T � 6�2

i
(T � 1) (�+ 1) (�� 1)4

g0 (�) = �� (�� 1)
�
(�� 1)

�
�2 + 2�� 1

�
+ 4�T+1 (4�+ 5)

�
T+�

8�T+1 � �2 + 10�+ 1
�
(�� 1)2 �T 2 + 2� (�+ 1) (�� 1)3 T 3�

2�2
�
�3 + 4�2 + 10�+ 4� 2�T (�+ 2) (2�+ 1)

�
h0 (�) =

h
(�� 1)2 T 2 � (5�+ 1) (�� 1)T + 6� (�+ 1)

i
[(�� 1)T � 2�]

As j�j ! 1; f0 (�)! 0; g0 (�)9 0 and h0 (�)9 0 in (31), then lim
j�j!1

RE (�0) =

0:

The coe¢ cient of T 6, the maximum power of f0 (�) and g0 (�) h0 (�), is

2� (�+ 1) (�� 1)6 : Divide numerator and denominator by T 6, as T ! 1 in

(31), then lim
T!1

RE (�0) = 1:

Case (2): For the slope, the relative e¢ ciency of the variance of GLS to

OLS of � in (21) can be written as

RE (�1) =
f1 (�)

g1 (�) h1 (�)
(32)

15



where

f1 (�) = � (�+ 1) (�� 1)5 T 2 (T + 1)
�
T 2 � 1

�
g1 (�) = �

�
1� �2

� h
(1� �)2 + 12�T+1

i
T + 6�2 (�� 1)2

�
1 + �T

�
T 2 + � (�+ 1)

(�� 1)3 T 3

h1 (�) = (�� 1)2 T 2 � (5�+ 1) (�� 1)T + 6� (1 + �)

Applying L�Hôpital�s rule, as j�j ! 1; in (32), then lim
j�j!1

RE (�1) = 0:

The coe¢ cient of T 5, the maximum power of f1 (�) and g1 (�) h1 (�), is

� (�+ 1) (�� 1)5 : Divide numerator and denominator by T 5, as T !1 in (32),

then lim
T!1

RE (�1) = 1:

3.2 Quadratic Design Vector

The following limiting properties hold for the relative e¢ ciencies, RE (�), for

the quadratic design vector with an intercept term.

(i) lim
j�j!1

RE (�0) = lim
j�j!1

RE (�1) = 0

(ii) lim
T!1

RE (�0) = lim
T!1

RE (�1) = 1, for any �xed �; j�j < 1

Proof. Case (1): For an intercept, the relative e¢ ciency of the variance of

GLS to OLS of � in (29) can be written as

RE (�0) =
f�0 (�)

g�0 (�) h
�
0 (�)

(33)

where

f�0 (�) =
h
�T 2 (1 + �) (�� 1)6 (T � 1) (8T + 11)2

i
h
6 (�� 1)2 T 5 + 15

�
1� �2

�
T 4 + 10 (�+ 1)

2
T 3 �

�
�2 + 8�+ 1

�
T � 30�2

i
g�0 (�) = 16 (�� 1)

3
T 5�2 (43�+ 23) (�� 1)2 T 4+(�� 1)

�
89�2 + 290�+ 41

�
T 3

+
�
119�3 � 309�2 � 279�� 11

�
T 2 � 24�

�
3�2 + 14�+ 3

�
T � 180�2 (�+ 1)

h�0 (�) = �0 + �1T + �2T
2 + �3T

3 + �4T
4 + �5T

5

where

�0 = �12�2
�
�2 + 3�+ 6

� �
6�2 + 3�+ 1

� �
�T � 1

�
16



�1 = � (�� 1)��
11�4 � 104�3 � 336�2 � 280�� 11

�
(�� 1) + 12�T+1

�
21�3 + 57�2 + 33�� 11

��
�2 = �12� (�� 1)2

��
3�4 + 6�3 + 41�2 + 13�� 3

�
+ �T+1

�
18�2 + 9�� 37

��
�3 = �4� (�� 1)3

�
8�3 � 27�2 + 51�+ 8 + 9 (�+ 9) �T+1

�
�4 = 3� (�� 1)4

�
11�2 + 26�� 11 + 24�T+1

�
�5 = 24� (�+ 1) (�� 1)5

Applying L�Hôpital�s rule, as j�j ! 1; in (33), then lim
j�j!1

RE (�0) = 0

The coe¢ cient of T 10, the maximum power of f�0 (�) and g
�
0 (�) h

�
0 (�) is

386� (�+ 1) (�� 1)8. Divide numerator and denominator by T 10, as T !1 in

(33), then lim
T!1

RE (�0) = 1

Case (2): For the slope, the relative e¢ ciency of the variance of GLS to

OLS of � in (30) can be written as

RE (�1) =
f�1 (�)

g�1 (�) h
�
1 (�)

(34)

where

f�1 (�) = � (�� 1)
7
(�+ 1)T 2 (8T + 11)

�
8T 2 + 3T � 11

�
(2T + 1)

2
(T + 1)

2

[T (�� 1)� 2�]

g�1 (�) = g
�
0 (�)

h�1 (�) = �
�
0 + �

�
1T + �

�
2T

2 + ��3T
3 + ��4T

4 + ��5T
5

where

��0 = 10�
2
�
5�2 + 8�� 1

� �
�2 � 8�� 5

� �
�T � 1

�
��1 = ��

�
�2 � 1

� �
(�� 1)

�
11�3 + 147�2 + 213�� 11

�
� �T+1

�
�2 + 7�� 2

��
��2 = �10� (�� 1)

2 �
3�4 � �3 + 38�2 + 11�� 3 + �T+1

�
31�2 + 34�� 41

��
��3 = �5� (�� 1)

3 ��
�2 � 36�� 1

�
(�� 1)� 12�T+1 (�� 5)

�
��4 = 10� (�� 1)

4 �
3�2 + 10�� 3 + 8�T+1

�
��5 = 16� (�+ 1) (�� 1)

5
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Applying L�Hôpital�s rule, as j�j ! 1 in (34), then lim
j�j!1

RE (�1) = 0:

The coe¢ cient of T 10, the maximum power of f�1 (�) and g
�
1 (�) h

�
1 (�), is

256� (�+ 1) (�� 1)8 : Divide numerator and denominator by T 10, as T !1 in

(34), then lim
T!1

RE (�1) = 1:

4 Conclusion and Future Research

In this article we have proved that the relative e¢ ciency of the variance of GLS

to that of OLS is invariant to scaling and shifting of the design vectors. We

have derived explicit formulas for the relative e¢ ciencies of the GLS estimator

to OLS estimator for linear and quadratic design vectors in the presence of �rst

order autoregressive disturbances in the regression models and their asymptotic

properties.

We are currently using these explicit formulas to investigate the performance

of the GLS estimator to that of the OLS estimator of the regression coe¢ -

cient when the disturbance term follows AR(1) or AR (2) process for linear and

quadratic design vectors.
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