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Abstract

"The scalar field coupled to two flavoure of ferminng hrough Yukawa,
couplings i9 treated as o constrained system using the Hamillon-Jacobi
approach.  The equations of motion are obtained 35 total differeolial
cqualions in many vadables. Thess equations of motion are i exacl
agreewrent with those equations oltained wing Dirsc's method.
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Hamilton-Jacobi Formulation of the scalar ¢ coupled to two flavours

1 Introduction

The most cornmaon method for investigating the Hamiltonian treatment
of constrained systems was initiated by Dirac 1]. The main feature of his
method is to consider prirmary constraints first. All constraints arc ob-
teined using consistency conditions, Besides, he showed that the number
of degrees of freedom of the dynamical system ean he reduced. Hence,
the equations of motion of constrained system are obtained in terms of
arbitrary parameters.

The canonical method {or Giiler's method) developed Hamilton-Jacobi
formulation: to investigate constrained systems [2-3|. The Hamilton-
Jacobi treatment of constrained systems leads us to oblain the egua-
tions of mction as total differential equations in many veriables. These
equations are integrable if the corresponding system of partial diferential
eemations is A Jarobi system. Since there are few physical examples were
discussed by using Hamilton-Jacobi approach [4,7], it is still necessary
to study more of them and compare the results that can be obtained
by Dirac’s method, For these reasoms. the scalar feld coupled to two
flavours of fermions through Yukawa eouplings will be studied using both
Hamillon-Jacobi formulation and Dirac’s method,

A review of the Hamillon-Jacobi approach can be inlroduced as fol-
lovwrs:

If the rank of the Hess matrix

2. & oa
AEJ=H—EM, p=n—r+1,.,n 1.7=1,2.....m,
()0 By
(1)
is (n —r).7 < n, then the standard definition of & linear momenta
L
i B =12 ..,n—r, (2)
P () 2
5L
= : ==+l 0m 3
= ) &
enables us to solve eq.(2) for ﬂucpp'as
2, = Oypalip, Tupuy ) = Wy, v=12.. 0= (1)
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Substiteting eq.(4), into eq.(3), we obtain the constraints as

?‘f:_, =M.+ Hucxpﬂ;.ﬂ'-ﬂﬂ} = [}3‘ (5}
where ar
Ho=—r— ' 6
d['ﬂ":-'ﬂ"»l ity { }

The usual Hamilteniam ¥, is defned as
Hy = =L+ Ty, = (Buu M. (7)

Like funcdions H,, the [enclica My i ool sooexplicst fubelion of vhe
velovilies &5, Therelore, 1he Homilloo-Jacobi function S{z, ) should
sitisfy the fnllowing soe of Homilton-Fanobi partiol ditfferential equations
{HIFDE] siiltaneously for an extrersum of the funetion:

. I A
Hu(£ﬂ1 g W= a':P{, My = 'l.;-"ﬁn = lj1 {S:I
whrep
ﬂ.;g=t},j'a—r+l,---|'ﬂ!-', ||.'-|=1,E|...1'J.-‘T':&-\Ild
H, =1, | He (9

Thao canonieal aguations of motinn are given as total differential saquations
i variables g

T,

digty = d_m“d:f.“, =1, 0 a=0n—v-1,...,n, {10}
dfrp=—§r::‘dtm g=L..,n=r {11}
dpp:-izr“dfﬂ, nwn=0n—-r-+1_..,7 (12)
&z = (—Hn.wﬂﬁfﬁﬁ) . (13

by,
e Z = S{te. 55, (14)
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being the action. Thus, the analvsis of & eonstrained syslean s veduced
to solve equations (10-12) with constraints

Helta, e 7y =1, kT =0n=r+1....1 {15)

Since the equations (10-13) are totad differential equations, ntepeabilily
conditions should be checked. Thess equations of motion are intearable
[3-5,8] if and ooly i the variations of R, vanish Wlenbeally Lhan iy

' = 0. (16)

It conditions {11 do not vanish identicoally, then we consider thom as
uew constrairds. This procedure is repeated until a complete system is
ahtrind.

This paper ig arraaged s follown: Dirac's method s used in sect.2
and iiler's method in sect. . The papor elosca with o conclosion in
gect.d.

2 Dirac’s method

We conslder one leop arder the selfenergy for the sealar Beld o with a
mass an, coupled Lo Awo Oavours of fermions willh masses wy and g,
coupled throngh Yoakews couplings deseribed by the loprangian

1 . 1 1 y T ' A '
Lo 50" = gmbe’ — gt + Z!f“"tf}':"'?‘“ By~ MW

=

- SP[@W%’-‘{;&] + Eﬂqu&frl}? p=10HhL124, EIT}
where i parameter and § constant, y, ¢y, and E{” are odd ones, We

arc adonting the Miokowski merrie g, = dagl 11, -1, -1, - 10
Where Polsson bracket in Grassmann algebra, can be defined as

{4, B} — —(—1y™={D, A}, (18)
where

i A een
AT i A edd
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The: Lagrapgiam hmetion (17) ie singular, since the rank of the Heas
matrix is one,
The generalized momenta [2.31

e = 9L _ g, (19)
i
p =g = —H,; i=1,2 (303}
(] a‘b[i] S i 1<
- 4L _—
Py = = =0=—fy. (21}
By

Whera wa must coll attention to the necessity of being cureful with the
spinor indeces. Considering. ag wsual ¢y, a5 a column vector aud E{fj
s 8 row vector implies that oy will e a row vector whils 5, will be =
volumn veclor,

Sinee the rank of the Hess matrix is one, cne may solve {19) [or #Fy a9

s —p, = w. . (22}

The usual Hamiitonian £y is given as

Hy= —L 4 wp, + Bty pogy 't ‘HIZII.'T"Q;'} P (2
‘P =—Hi By=~Hin

oy

Hy = %{pﬂa — Qi) + %mﬂfﬁz + I,l—ilw“ e i (950 — 1yt
+ gyt + gtm). a=1.2.3 (24)
Fas. (20, and (21} lead tao the primary constrainty
Hiy =p+ Hy = — i =10, (25}

anir

Hyy =5+ Hyg =By =0, (26)
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respectively. Thase consteaints lead to the total Hamiltonian
Hr = Ho+ My Hiy + 3 Hy, (273
or
iy = %EPB;. — Bapd) + %m"w“ + é}“ﬁ:a — ah (770 — mydugy
+ g + o) + Al — @™ + AP (28)

According to Dirac’s method, the time derivative of the primary con-
slraiole shwnald e zero, Lt i.ﬁ

. - A — el
Ay = {Hi Hr} = By 187 +m) + g o — A" =0, (29)
Aty = { Ay, Hrh = Eig (10,7 + oo} + ge iy — idgn® = 0, (30}
Ho = {Hyy e} = —(iv"8, — ma v + g vy — 7% Ay 0, {31)

H gy = {H i, Hr} = {148, ~ malny — g iy — 7 Mgy = 0. {32)

Figs. {20-32) fix the mnl¥ipliers I[l}, 5{2:, Ay and Apz respectively as

P = Py (187 + 10} + g2 Ty (33}
fju}’ru - 1_'n5‘{=] [3'5;’]'“ +ma) +g WEH}-* (34}
9% Ay = — (7" — Wiy - e P, {35}
i Ay = —{i%8, — myplm — g Yoy (36)

Multiplying cgs.{33) ond (34) from the right and ogs.(35) and | 'iﬁ] freom
the left by —i7", we obtain '

1{1} = E[l':. [:?Tlr:"n - i':'ﬁ!.'l :I ':.-n — -i,g ,:"j @fﬁi’:‘lug I:.ST:I

146



W. Eshraim, N. Farahat

— —_ —_— ) . - .

Ay = 0y (Bur® - iman® — ig gy a", (38)
Aegp = =P8, + i gy — g B, (39}
Ag) = = (10 + i — i1 W (40

There are no sscondary eonstrainls. Taling suitable linear combinations
of constraints, one has to find all numbers of second-clags ones, there are

D = HE;} Cr U T'E{:} n."'ni i=12 [41}
&y = E:[rj = ﬁ[m (42)

and -
by = g =Py . (43}

The equations of motion are read as
= {:F: H‘TJ' = P ’ {44}
g, = {abay Hyt = A, (45)
iy = {Wg, At = M, (46)

, o -
Bp = | He} =g + 5-:"'592 +9'(1P{1]*-'1'rjj + %) (47)
Ay = {pn). frt = "1?(1}{1'5;?' + ) +H‘F’E.:x].~ (48}

iz = (g, Hr} = Em [fgaTﬁ + ma) + FWE[I}!' {49)

By = (B Hr) = {078 = midpgy = gov — 700 (50
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Py = {Bigy: Hr} = ~{05°8, — mad + g9y — 112y (B1)

Differentiate eq.{dd) with respec) to time, and substituting from eq.(47),
we ged

. 1 - .
@l - E:’“ﬁz — sl Vi ~ Pip¥iy) = 0. {52]

Substituting {rom eqs.(3%) and (40} into egs.(45), (50) and (51), we get:

8, ~mi iy — g vy =0, (53)
{8, — wmalam — gy =0, (34}
From cos.(37) and (383 iobo eq.(46), we have
— — — . —
Bty 357 — Wy (307 + M) — gipify = 0, {56)
o T 4 - - " n T
Futlymy T — Wy AT L ) — gy = 0. (57}

In Lhe [ollvwing sectim the same syatemn will be discussed by using
Harnitton-Jecold approach,

3 Hamilton-Jacobi method

The problern i going now 0 be lackled by using Uamilton- Jacobi. The
el of (HIPDE} (8] reads as
r 1 2 I3 1 2.2 1 a_ T (om0
Hﬂ = -1 HI:I =_i[,|1_-|—EI:][.I w—ﬂu;ﬂ' |rr,:|+5f.l'| W +E}|¢,ﬂ —'t'l'."ﬁ}[t"f H,-l""?i‘i'.i}'ll.lh{i}
+ gl Pyt + Peythen),  (58)

Hiy =ws ~ =g — it " — 0, (549)
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- _ . _

Hy=bg-Hy=Fa =0 (60}

Theretor, the total differential equalions for the diarseberistic {10),
{11) and (12} are:

dig = podr, (61)

dtlyyy = dilyg. (62)

difry = e, (63)

dp, = [m"‘-,a + -]jlﬁﬂ'? + (Rt + E.;;:Jt.fl‘u}:'} ar, {64)
dpyy == [’I}.;n{ia*r" + g+ g ?E[z}] d, (65

dprgy = [E{z, (i + ma) + ¢ tp@m] 4T, | (60)

Py = [ — (48, -~ my iy + 'Wt-'*cz]] dr —inldiyy.  (67)

dr — iy, (68)

gy = [ — {3yl — Mgty + gy

The integrability conditions [df), = 0) tmply that the wariation of the
constrainis H.f.;-} ani] TT[.;] shonld be identically gero, that is

QHly, = dpgy — i Gy 1" =1, (69)
dH gy = dppy = 0. (70}

The following erpaalious of molion:
From eq.{61), we chtain
= P - {71}
Substituling from eqs. (G5) and (66} nte eq. (63),we get
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Y —
iauﬁ':-‘h]’:r'“ - w[ll{mdﬂ?“ =iy — wEty =0, {72)

15 o = B o
By v — W (i04° + ma) — gy, = 0. (73)
Bubstituling from ege. (67) and (68) into eq. {70}, we have

(a8, — b = g i =10, (74)

("8, — majify - et — 0 {75)
One notea that the mtegrabilicy conditions are not identically wero, they
are added to the set of equations of motion,
From eqs. (64667, we get the followiug eguations of molion:

. 1 - -

By = %0 o St + g (Wi + Fvi), {76)
. - e . "
By = Pylide ™ + ) 4 g2 Do, {77)
\ - B ouln —
P = Wi 07" + mgh -+ y e, (78]

Substituting from eqs(T4) and {73) into (AT} and (6K}, we get

Fia=0, i=12 (79}

Differantiare e, {71) with resped Lo time, and making use of (76), we
liave :

i ity — 2% gl + Pt} = 0, (80)
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4 Conclusion

The scalar field coupled Lo fwo flavenrs of fermions through Yukawa
couplings is discussed as constrained system [7] using both Dirac’s and
Hamilton-Jacobi methods. In Dirae's method the total Hamiltonian com-
posed by adding Lhe constraints multiplied by lagrange multiphers to the
cancnical Hamiltonian, In order to derive the squalions of molion, ome
needs to redefine these unknown multipliers in an arbitrary way. How-
ever, in Lhe Hamilton-Jacohi approach (or Giiler's method)[2-8], there is
no need to introduce lagrange multipliers to the canonical Hamiltomian,
then the Hamilton-Jacchi 1= simpler and more economical,

In Lhe Hamilton-Jaraobi approack it is not necessary to distinguish
hetween first-class and second-class constraints. The Hamilton-Jacobi
approach always in exact agreement with Dirac's method. Both the
consistency conditions and the integrability conditions lead to the same
conetraints. Also the equations of motion in both approaches are the
sarmne.
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