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Abstract: In this paper we show that, for a closed ideal J of a unital
complex Banach algebra A and for a o -quasi centralizer element a of J in
A we have (i) under certain conditions if b is an element in the center of J
and w:J— BL(X) is an irreducible representation of J on the Banach
space X, then m(ba) is a scalar operator. (ii) If o4(a) has empty interior
and D, is the restriction of the inner derivation of a to J then (D)’ = 0.

1. Introduction.

This paper is a continuation of our study in [1], [2], and [3]
of quasi centralizers and inner derivations in a closed ideal of a
complex Banach algebra, where here we focus our study in the
case of o-quasi centralizers. As in [2], and [3], in this paper we
see that some results of Rennison in [7] remain true whenever
the o-quasi centrality conditions with respect to all the elements
in the algebra given by Rennison is replaced by the same o-
quasi centrality conditions with respect to all the elements in a
closed ideal.

Throughout this paper all linear spaces and algebras are
assumed to be defined over ¢ , the field of complex numbers.
Let A be any complex normed algebra. Then we denote the
center of A by Z(A) = {acA:ax = xa for all xe A }, and
the centralizer of a subset B of A by C(B) = {acA:ax = xa
for all xeB }. For acA, the spectrum in A of a will be
denoted by o.(a) and is defined by 6x(a) = { he ¢ : (h-a)"
does not exist }. The resolvent set, its complementin ¢ , will
be denoted by pa(a).

In [7] Rennison defined the set of all o-quasi central
elements in a complex Banach algebra A by Q, (A) =

UQs(k,A), where Quk,A) = {acA:|[x(h-a)| < k| (L-a)x||

k>1

for all xe A and all Ae p, (a) }.
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Similarly, in [1], for a subset B of a complex normed
algebra A, we defined the o-quasi centralizer of B is QCyB) =

VOC(kB), where QC,(k,B) = {acA: [x(r-a)| < k|
(A—a) x| for all xeB and all Leps(a) }.

1.1 Theorem. [ S, Theorem 7 p128]

Let m be an irreducible representation of a Banach algebra A
on a normed space X such that n (a) eBL(X) and a €A. Then
T IS continuous.

1.2 Lemma. [ 4, Lemma 5, p3 ]
Let A be a Banach algebra. If x €A and p is a boundary point
of ou(a), then (A—a)’ is unbounded as A — u through pa(a).

1.3 Proposition. " Schur's lemma " [ 5, proposition 6 p121]
Let A be an algebra and X be an irreducible left A-module.
Then { TeBL(X): alx=T(ax) for all a €A and all x eX }
is a division subalgebra of BL(X) containing the identity.

1.4 Theorem. [ 1, Theorem 2.1]

If A is a complex normed algebra and D < B A, then for k>I,
)  CB) = OCk B) = QCo(k B) N QCp (k B).
(i) QkA) = QCk A) < QCk B) < QC(k D).
(iii) Qo (k, A) = QCo (k, A) < QCo (k, B) < QCo (k, D).
(v) Op(kAd) = QCp(kA4) < QCp(k B) < OCp(k D).

2. The Results.

If A is acomplex normed algebra and aeA, then the
inner derivation corresponding to a is denoted by D,, which is
a bounded linear operator on A defined by D,x = ax -xa. For
J an ideal of A, we will use the symbol D,’, to denote the
restriction of D, to J.

In this section we generalize some results related to o-
quasi centrality in a complex Banach algebra that was obtained
by Rennison in [7], where we see that some of these results
remain true whenever the o-quasi centrality conditions with

c
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respect to all the elements in the algebra given by Rennison is
replaced by the same o-quasi centrality conditions with respect
to all the elements in a closed ideal. Hence some of Rennison's
results becomes corollaries of our results. However, our proofs
of these results are similar to that proofs of Rennison. We begin
by the following Lemma:

2.1 Lemma. Let J be an ideal of a unital complex normed
algebra A. If a € QC,(k, J), then forallx €J and 1;, 1, ......,
A E pa(a) we have,
| (2=a)’ (—a)'.... (2a—a)" (D) x|| < (k+1)" || x|l
Proof: By induction on n.
The case in which n=1 can be seen as follow:

Since D,'x = x(A-a) —(A—a)x, then (A—a)'D,/x = (A—a
Y'x(A—a)—xfor all x €J and all A€ pa(a). However, (A—a)’
x belongs to the ideal J and a € QCy(k,J), then
I(A=a)'Dix| < [[(r=a)'x(h-a)| + |x]|

< k[l (h—a) r—a)'x| + [|x||

= (k+D|Ix]] coveerennnnn (1)
Now, suppose that the result is true for n = m >1, x€J and
Ay A, oty Ans1 € pa(a). Since both of a and (A —a) commutes
with (A —a)' fori=1,2,...... ,m and both (D,)"x and [(\
—a)' (m—a)l (Am—a)" (D))" x ] belong to the ideal J,
then one can use (1) and the hypothesis of induction to see
that

H(xl—a)'lqz—a)'l ......... (xmﬂl—a)'1 (Dai)meH 1
=DJ(||D(J7;$+1Ha)'(?»mﬂ—a)(?»l—a)' (?»z—a)' ......... (}\4m+1_a)_
a a X

= [ (M1—a)' (M—a)' (M—a)'....... (Am—a)"' [a(D,)" x —
(D))" xa ]|

= [ (A —a)' [a(h—a) (—a)'........ (Am—a)" (D))" x -
(M—a)' (hm—a)'....... (An—2a)" (D))" xa ]|

W | (Amer —a) ' D [(M—a)' (A—a)'......... (An—2a)" (D)™ x]
< (k+D[(Mm—a)' (nm—a)...... (Am—a) (D)™ x|
(by (1))
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< (k+D)(k+D™| x| = (k+1)™"||x|. Therefore, the result
is true for n = m+ 1. Hence the induction is completed and the
proof is complete [

Hence by using the above Lemma, we get the following
Corollary that appears as Lemma 3.1 in [7].

2.2 Corollary. [ 7, Lemma 3.1 |
Let A be a unital complex normed algebra. If a € Q,(k A),

then for all x €A and A, 4, ...... , A€ pala) we have,
| (i—a)! (p—a)..... (ln—a)' D) x|| < (k+1)"[|x]].
Proof:

Use Theorem 1.4 (iii)) and Lemma 2.1 with J = A to get
the result []

2.3 Proposition.

Let J be a closed ideal of a unital complex Banach algebra A,
aecQCyk, J), and beZ(J ) such that ab = ba. If w:J— BL(X)
1s an irreducible representation of J on the Banach space X,
then Y = { éeX:b(h—a)' & isbounded for all hepa(a) } is
a submodule containing D'x & for all xeJ and all £eX.

Proof:

Regard X as an irreducible left —J module with the module
multiplication given by x.E=mn(x)& for xelJ and £eX. Since J
is a closed ideal of a unital Banach algebra A, then by Theorem 1.1,
n is continuous. So that there exists C > 0 such that || x§ || <
Cllx||I&]|l for all xeJ and all eX. However, ac QCy(k, J),
then by Lemma 2.1
Ib(A—a) ' Dyx&| < Clb|l[[(A-a)' Dx||[&]

< C(k+D)|Ix]|IIIENb] for all xel, EeX
and Aepa(a). Hence D,'x EeY, and if & yeY and pe ¢ , then
b(r—a)' [p&+7y] = m(b(r-a))[pE+y] = pa(b(r
—a)H) &+ m(b(r-a)' )y = pb(r-a)'& + b(r-a)'y
which is bounded for all Aepyp(a). Therefore, Y is a subspace of
X.
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Now, let yeJ and £eY be arbitrary. By using the continuity of
n and the assumptions that ac QCqy(k,J), and beZ(J) such that
ab = ba we get that thereis Mk > 0 such that||b(A—a)'y&||
= [[(r-a)'y(r-a)b(r-a)' |

S&IIIVI I(h=a)'y(A=a)[lIb(A-a)'e|l < kM|yl[/[b(%-a)
However b(A—a)' & is bounded for all Lepa(a), therefore, b( A
—a)'y& is bounded. Hence yteY. Therefore, Y is a
submodule []

2.4 Theorem.

Let J be a closed ideal of a unital complex Banach algebra A.
If aeQCyk,J),beZz(J), ab = ba and w:J— BL(X) is an
irreducible representation of J on the Banach space X such
that, o x(mba) N doa(a) # @ and (A—mba)' =m(b)(A—ma)’
for all hepa(a), then m(ba) is ascalar operator.

Proof:

Since opx)(mba) ﬂ 0ca(a) # ¢, then by using Lemma 1.2

we have that (A - nba) 1s unbounded in BL( X ) for all Lep,(a)
and so is m(b)(A—ma)'.Let Y be as in proposition 2.3. To show
that Y # X, suppose on the contrary that Y =X, then for any
Lepa(a), b(A—a)' & is bounded for every EeX, and so m(b)( A
—ma)'¢ is bounded. By uniform boundedness Theorem m(b)( A —
ma )" is bounded in BL( X ) for all Le pa(a) which is a contradiction.
Therefore Y # X. However, m is irreducible, then the only
submodule of X is {0} and X itself, but by Proposition2.3 Y is
a submodule of X, hence Y = {0}.
Again by Proposition 2.3, we have D,'x £eY for all xeJ and
e X, but bxel, then DanxéeY. Hence 0 = Danxé = (abx —
bxa)f = m(abx—bxa)f = m(bax—xba)é& In other words,
mba ix = m@wx mba for all xelJ. Therefore, mbaeZ (n (J) ).
Finally, by using Schur's Lemma (Proposition 1.3) we get mba is
a scalar operator [

Hence by using the above Theorem, we get the following
Corollary that appears as Theorem 3.3 in [7].
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2.5 Corollary. [ 7, Theorem 3.3 |

Suppose that a is o-quasi central of a unital complex Banach
algebra A and that © : A— BL(X) 1s an irreducible
representation of A on the Banach space X such that,
opLx)(ma) N 0ox(a) # @. Then m(a) is a scalar operator.

Proof:
Use Theorem 1.4 (ii1)) and Theorem 2.3 with J=A and b=¢

to get the result [

2.6 Theorem.
Let J be a closed ideal of a unital complex Banach algebra A
and ae QC,(J). If o4(a) has empty interior then (D,')’ = 0.

Proof:

For any fixed xe J, define f: pa(a) >J by f(h) = (A-a)’
(D, )’ x. Then for all A e pa(a), (by Lemma2.1) we have, || f
M1 = (A =a)y' (DS/)x)| < (k+1)[(Dy)x|. Hence f is
bounded on pa(a).

Let A, n e pa(a). Then as in the proof of Theorem 2.1 in [2],

(=X A—a)y(p-a)' = [(Lt—a)—(7~—2t)](K—a_l)'l(u—a)'1

= ( » - a ) - ( n - a ), and
df I B f(A) - fCp)
an M= lim - p
_ lim [(M-a)" -(u-a)"](D /) x
Ao 7\'_“
_ lim (L—-MN\-a)”" (n-a)" (D))’ x)
A—u }\‘_u

= —(p—a)*(D,')Y’x. Hence f is analytic on py (a).
For all A, pe pa (a), ( by Lemma 2.1 ) we have,
|3~ fwll = [[(A-a)' ~ (n-a)'1(D)Vx|
= [ (n=2) (h=a )'(n-a)"(D.)x]
< (kD7 [A=p | [[(Da )" x|l.

Hence f is uniformly Lipschitz on p, (a). Therefore, f is bounded
analytic and uniformly Lipschitz on p, (a). However o, (a) has

6
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empty interior, then f has a unique extension to the whole
complex plane.
For all distinct points A, §, u € pa (a), (by Lemma 2.1) we have,
” f(h) - f(p) () - f(w) ||
A - -
)7 S -u
-1 -1 -1 -1
ety (e SUEY pryx =l (- a )k
- U S-u
—a) +(&-a) (p-a)'1(D, ) x|
= |[(p—a)y'[(§—a)'=(r-a) ](D.)x|
W ||Tv—§| I(p=a)'(r—a)'(&—a)' (D y'x| = (k+1)’ [A—E]
X ||.
Since f has a unique extension to the whole complex plane,
then the above inequality holds for all complex numbers A, &,
and p. This implies that f extend to be differentiable at each
complex number p; that is this extension is entire hence f must
be constant.
As in the proof Theorem 2.1 in [2], let Ae ¢ such that

|A|>|lal, then by [6,p.398], (A-a)' = > a"2"", and so

n=0

f(A) = > a"n""(D])’x . Butfis constant, therefore, (D, )Yx =0,

n=0
which implies (D,')’ = 0 since x was arbitrary in J [
Hence by using the above Theorem, we get the following
Corollary that appears as Theorem 3.7 (ii1) in [7].

2.7 Corollary. [ 7, Theorem 3.7(ii1) |
Suppose that a is o-quasi central of a unital complex Banach
algebra A and that o4(a) has empty interior then D,” = 0.

Proof:
Use Theorem 1.4 (iii)) and Theorem 2.6 with J = A to get the
result(]



As'ad Y. As'ad

References

[1] As'ad, A.Y., Centralizing In a Complex Banach Algebra, The
Islamic University Journal, v.10,n.2, (2002), 1-12.

[2] As'ad, A.Y., Quasi Centralizers and Inner Derivation in a
closed Ideal of a Complex Banach Algebra, An-Najah
University Journal, v.18, n.2, (2004), 203-214.

[3] As'ad, A.Y., Quasi Centralizers and Inner Derivation in a
closed Ideal of a Complex Banach Algebra Il, Proceedings of
The First Conference on Mathematical Sciences Zarqa Private
University, (2006), 90-95.

[4] Aupetit, B., Proprietes spectrales des algebras de Banach,
Lecture Notes in Mathematics 735, Springer, Berlin, (1979).

[5] Bonsall, F.F., and J. Duncan, Complete Normed Algebras,
Springer, Berlin, (1973).

[6] Kreyszig, E., Introductory  Functional  Analysis  with
Applications, Wiley, New York, (1978).

[7] Rennison, J.F., Conditions Related to Centrality in a Banach
Algebra. J. London Math. Soc. 26 (1982), 155-168.



