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Abstract: 
 

The aim of this paper is to discuss an important 

discourse, as most literatures highlighted the dimension 

of partial flag in a certain manner, according to a fixed 

definition that does not include all possible cases. In the 

present paper the existence of two different cases of 

flags in the partial flag varieties of the groups  

and  is explained wholly. In addition to this we 

will proceed by calculating the dimensions for all the 

given cases after pertaining the signature of these flags 

that are studied. 
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1. Introduction 

A flag manifold  of a semisimple complex Lie group  is a (compact) projective algebraic variety  

where  acts transitively on . It is easy to prove that the G-action on  is algebraic action and thus 

, where  is an algebraic subgroup of  as the stabilizer of a point called parabolic 

subgroup. 

In other fashion  is called a flag variety, which is a homogeneous space whose points are 

flags in a finite dimensional vector space  over . 

In fact flag varieties first appeared at the end of the 19th century in the papers of Hermann Günter 

Grassmann, Julius Plücker, Hermann Schubert and other mathematicians. Between 1987 and 1990, 

Lakshmibai had studied the geometry of the flag variety  of all classical groups in a series of 

papers, See [17],[18],[19], and [20]. In recent years, several papers had appeared which study flag 

varieties from various points of view (see  

and  ). 

The variety of full flags in a vector space  over a field , which is a flag variety  for the special 

linear group  over  and Borel subgroup B , has a specific form, signature and 

dimension. One can also consider homogeneous spaces  and  not only for , but also 

for other connected reductive group. These kind of flag varieties arise by restriction from the special 

linear group  to subgroups such as the orthogonal groups  or symplectic group 

. 

For the case of orthogonal and symplectic groups, additional conditions must be imposed on the 

flags in both cases full flag varieties and partial flag varieties. In order to study the flag varieties, we 

need to know the properties of flags and how can we write their signatures, and we need to know 

the dimensions of the flag varieties in these cases. Therefore, in this paper, we presented the 

method of writing the flags for each of the group  and , and we found the 

dimensions of full flag varieties and partial flag varieties. In a section  we proved that there are 

two different cases of partial flag varieties and each of them has a different dimension. 

2. Flag varieties 

2.1. Flag variety via Dynkin diagram 

Let  be a complex semisimple Lie group and let  be the full flag variety where  is a Borel 

subgroup. If  is a parabolic subgroup that contains  then  is called a partial flag variety (where 

 acts transitively). 
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Let  be a lie algebra of the Lie group . Define a maximal torus  of  with Lie algebra . Let  

denote the set of roots of  and  denote the set of positive roots and simple roots respectively. 

A Borel subalgebra  of  which defined the Borel subgroup  is a subalgebra of  such that 

 for some positive root system and a Cartan subalgebra . Then a parabolic 

subalgebra  of  which defined the parabolic subgroup  is a subalgebra of  that contains a Borel 

subalgebra . This implies that, for a fixed Borel subalgebra  the parabolic subalgebra 

 that contains  is of the form  with . Notice that, using  as a subset of 

the set of simple roots  of , the condition of  implies that 

 

Set  then it follows that 

 

This shows that parabolic subalgebra  is of the form 

 

There is a  correspondence between the subset  and a parabolic subgroup containing a 

fixed Borel subgroup, i.e. there is a  correspondence between the simple roots which define a 

parabolic subgroup and the nodes of the Dynkin diagram. More precisely, if  defined by the set of 

simple roots , then  is defined by removing the simple roots  from the Dynkin diagram. For 

more information see [5]. 

2.2. Full Flag varieties  

Let  be a semisimple complex Lie group which leaves invariant a non degenerate complex 

bilinear form  for  where  is a 2 n-dimensional complex vector space. 

Definition 2.1. If , we write  is called the orthogonal 

subspace of  with respect to . And we call  isotropic if . 

Definition 2.2. [8] Let  be the orthogonal group  or the symplectic group . A 

maximally -isotropic full flag  with respect to bilinear form  of  is a sequence of  vector 

spaces 
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such that , for all  and , for all . This means that  for all 

 are isotropic subspaces. 

In consonance with orthogonal and symplectic groups, let  where  is  isotropic and  

is its dual with respect to . Let  be a basis of  and  its dual basis, then 

 is a basis of . A flag  is called maximally isotropic flag in this case if and only if 

 and . Consider the basis  of eigenvectors of a 

maximal torus with distance eigenvalues. A space  which generated by  vectors of the basis  is 

isotropic if contains at most one and not both of the elements  for each . 

Assuming that we have a maximally isotropic flag associated to some permutation of the basis , 

then in the first  positions of the flag the above condition holds: if  appears, then  does not, and 

vice versa. Now the full flag is determined by the first  positions; regard it as a permutation of the  

and, if  occurs instead of an , where that spot is marked with a minus sign . We denote the set of 

all maximally -isotropic flag by , see . In fact  is a complex manifold and it is called a flag 

variety of the Lie group . The manifold structure of  arises from the fact that the Lie group  acts 

transitively on it. 

Example 2.3. Let  the special orthogonal group with non degenerate complex bilinear 

form  defined by 

 

and the Hermitian form 

 

Consider the standard basis of , 

 

and denote , and , so . Take , then 

the flag 

 

is a maximally -isotropic full flag in . 
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In the case of flag variety , where the Borel subgroup  is the stabilizer of a maximally -

isotropic flag in . The following statement is well-known. As a sake of convenience for the reader, 

the proof shall be reviewed. 

Lemma 2.4. There exists a -equivariant natural isomorphism between  and . 

Proof. Let , write  as a matrix with column vectors  where . 

Then define  to be 

 

where  is a flag associated to the ordered basis . 

2.3. The signature of flags in the Full Flag varieties 

In this section we introduce the signature of the flags in the homogenous space   where  

acts transitively. Let us consider the case of flags in the flag variety . Let  be the 

bilinear form of  with hermiation form . Fix a flag , define the 

following sequences: 

 

with  with respect to  where  (resp.  denotes the dimension of a 

maximal negative subspace and  denotes the dimension of a maximal positive subspace and  

define the degeneracy of the restriction of  to  with . The 3 -tuple 

 is called the signature of the flag . If  we refer to  as being non-

degenerate and write . 

Let us define a symbol parametrization of the flag  as follows: Consider a sequence of -

empty boxes, if  then place - in the box , and if  then place  in the box 

. 

Definition 2.5. Let  be a sequence of  signs. Define the transpose of  to be 

. If  then  is called skew-symmetric and if  then  is called 

symmetric. 

Example 2.6. Let  and . Note that  so  is 

skew-symmetric and  so  is symmetric. 
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Note that, once we know  in a skew-symmetric sequence or in a symmetric 

sequence , then we know , therefore  can be 

considred to be as symbol parametrization of the flags' signature. 

Remark 2.7. If  is an orthogonal group then the flags in  have symmetric parametrization, and if 

 is symplectic then the flags in  have skew symmetric parametrization 

  A partial flag variety  

Given a sequence  of positive integers with sum , a partial flag in  of type 

 is an increasing sequence of linear subspaces 

 

where . 

Since  acts transitively on the space of maximally -isotropic partial flags (lemma 2.4) and for the 

reasons explained in section  two kinds of maximally -isotropic partial flags are defined according 

to which nodes are removed from the Dynkin diagram, i.e. If we remove the last root of the Dynkin 

diagram (see [5], page 114) or not. The first kind of the partial flags is defined if the removed roots 

dose not contain the last root as follows: A partial flag of type  in  is an increasing 

sequence of linear subspaces 

 

such that  for all  and . This type of flags satisfy 

that , so we write only  in the flag. In this case, the partial flag variety is  where  

is the parabolic subgroup of  which stabilizes the above flags (1). 

The second kind of partial flags is defined if the removed roots contains the last root as follows: A 

partial flag of type  in  which is an increasing sequence of linear subspaces 

 

such that  for all . In this case, our partial flag variety is  

where  is the parabolic subgroup of  which stabilizes the above flags (2). 
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2.5. The signature of flags in the partial flag variety 

Finding a signature for the flags is an essential point to give the flag variety a clear picture in order to 

deal with it and study its geometric properties. Previously, in section  the signature of full flag 

varieties were studied. This signature was distinguished by the ease of use, because the difference 

between the dimension of  and the dimension of  is exactly 1 for each i. But the matter is 

different in the case of partial flag variety, and the reason for this is that the difference between the 

dimension of  and the dimension of  is greater than 1 for some , and this is what makes the 

matter more complicated and studying it must be done accurately so that we take into account this 

change. 

Based on the definition of a partial flag in  of type  which is an increasing sequence of 

linear subspaces 

 

where , which means that the number of vectors in the base of  exceeds the 

number of vectors in base of  by  and which means an increase in negative and positive 

vectors. Therefore, when expressing the signature for this flag, we will use which called block form 

for signature, 

 

where  is a set of  of  and  signs according to the vectors in , and called a block. To facilitate 

dealing with the block form, we will adopt a specific order of the signs inside any block, where the 

negative signs are placed in the far right of the block and positive signs in the far left of the block. 

Let us discuss the parametrization of the flags in the partial flags in our consideration. Firstly, 

consider the partial flag  which consists of the maximally  isotropic flags 

 

such that  for all  and . Then we have two cases, 

skew-symmetric flags and symmetric flags  : 

Case 1 : If the flag is skew-symmetric, then the parametrization of the flag can be written in the block 

form 

 

where each block  consists of  entries except the block , it has  entries,  of 

positive's entries and  of negative's entries. It is clear that if the first sings of the  entries is 

http://creativecommons.org/licenses/by/4.0/
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known then the other signs can be found, without loss of generality the positives of the block  can 

be put in the beginning. Therefore the parametrization of the flag becomes 

 

and to make it easy for understanding it is recommended to write the first half of this 

parametrization 

 

Case 2 : If the flag is symmetric, then the parametrization of the flag can be written in the block form 

 

, where each block  consists of  entries except the block  has  or  

entries. In this case the block  consists of even number of negative signs and even number of 

positive signs if  has  entries but if  has  then it has even number of negative signs 

and even number of positive signs and unique zero entry which will be placed in the middle between 

the positive and negative signs. Because the first half of the parametrization is used then the block  

is divided into two similar blocks 

 

 The skew symmetric flags appears in the case of  and the symmetric flags appear in 

the case of  each block  has half of the negative signs and half of positive signs and 

the zero is omitted if it exists, and then the signature becomes; 

 

Simply just the first half of these parametrizations is written 

 

On the other hand, if the partial flag  which consists of the maximally  - isotropic flags 

 

such that  for all . Then two cases are achieved: Case 1 : If the flag is 

skew-symmetric, then the parametrization of the flag can be written in the block form 
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where each block  consists of  entries and simply the first half of this parametrization 

can be written 

 

Case 2 : If the flag is symmetric, then the parametrization of the flag can be written in the block form 

 

, where each block  consists of  entries. For ease we write just the first half of 

these parameterizations 

 

3. Example of the group  

Consider the semisimple Lie group  with complex bilinear form defined by 

 

and Hermitian form 

 

Let  denote the flag variety for the group , which parameterizes full flags of maximally -

isotropic subspaces in . 

Define the maximally isotropic flag with respect to the ordered basis 

 

or any of its permutations, for example the flag induced by the basis 

 

this flag has signature , simply can be written as . Note to have 

maximally b-isotropic subspaces in , the vector  must stay always in the middle of the basis 

defined the flag, and therefore the sign of this vector can be ignored from the signature when the 

half of it is written for easiness purpose. 

On the other hand, two types of partial flag varieties can be written, 
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with signature  and for ease we write , and , 

 with signature  and for ease we write , 

4. The dimension of the flag varieties 

As we go, through the partial flag varieties of orthogonal and symplectic groups, it is indispensable to 

calculate the dimension of these flag varieties. For these types the flag varieties are related to two 

different kinds of maximally isotropic flags. According to the simple roots that are removed from the 

Dynkin diagram we have 2 kinds of partial flag varieties: The first one is the partial flag variety  

where  is the parabolic subgroup obtained by removing -nodes plus the last node from the 

Dynkin diagram and stabilizes the flag 

 

such that  for all . 

While the other one is the partial flag variety  where  is the stabilizer of the flags 

 

such that  for all  and , this parabolic subgroup 

obtained by removing -nodes from the first -nodes from the Dynkin diagram. 

4.1. The dimension of the full flag varieties 

To keep in mind that the Borel subgroup is the smallest parabolic subgroup, or in other words, the 

Borel subgroup is the parabolic subgroup resulting from deleting all nods in the Dynkin diagram ( see 

[5] and [11]). Therefore, the dimensions of the full flag variety spaces became specified in all cases of 

classical groups. 

It is known that the dimensions of the full flag varieties  where  is the orthogonal group 

 is , but if the group is  then the dimensions of the full flag varieties 

 is . On the other hand, if  is the symplectic group  then the dimensions of the full 

flag varieties  is . 
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4.2. The dimension of the partial flag varieties 

In contrast to the case , the dimension of the partial flag variety  is dependent on the 

removed nodes, or other words, the dimension of the partial flag variety  depends on the type of 

the flags defined on this homogenous space. 

Let us now calculate the dimension for each case of partial flag variety. Consider , the set of 

all maximal b-isotropic flags of signature  of type 

 

such that  for all . If  or  , then by 

using what we know about the dimension of Grassmannin variety in [18] and , the dimension of 

the partial flag variety  is ; 

 

By using similar calculation, if , then the dimension of the partial flag variety  

is 

 

On the other hand, if , the set of all maximal b-isotropic flags of signature  of 

type 

 

such that  for all  and . If  or 

, then the dimension of the partial flag variety  is ; 
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and if , then the dimension of the partial flag variety  is 

 

This difference between the cases mentioned is apparent because the dimension of the Grassmanian 

space depends on the type of the flags in the flag variety,i.e. if the flags are of the type 

 

such that  for all , then the Grassmanian space  has flags of 

the form 

 

such that , but if the flags are of the type 

 

such that  for all , sand , then the Grassmanian space 

 has flags of the form 

 

such that  and . 

5. Results and discussion 

It is clear from the previous sections that we have two types of partial flag varieties  for 

 and  depending on if the removed roots from the Dynkin digram that 

defined the parabolic subgroup  contained the last root or not. 
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These two types can be defined as follows: 

If , the set of all maximal b-isotropic flags of signature  of type 

 

such that  for all . If  or  , then the 

dimension of the partial flag variety  is ; 

 

and if , then the dimension of the partial flag variety  is 

 

On the other hand, if , the set of all maximal b-isotropic flags of signature  of 

type 

 

such that  for all  and . If  or 

, then the dimension of the partial flag variety  is ; 

 

and if , then the dimension of the partial flag variety  is 
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