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Abstract

Making use of a generalized differential operator we introduce some new
subclasses of multivalent analytic functions in the open unit disk and
integral
properties of these subclasses are also discussed. Furthermore, we
generalize the integral operator F studied by Frasin [11] and investigate

investigate their inclusion relationships. Some

sufficient conditions for the operator to be P —valentlystarlike,
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preserving

p_

valently close-to-convex and uniformly P — valent close-to-convex.

1. Introduction:

Let Ap denote the class of functions f (Z) of

the form
f(z)=2z" +iak+pz e,
k=1
(peb ={123..}),

which are analytic and p —valent in the open

unitdisk U ={z e :|z]<1}.

(1)

For functions f given by (1) and ¢ given by

g(z)=z" +Zw:bk+pz k+p
k=1
(pelb;zeU), (2)

the Hadamard product (or convolution)of f and
g is defined by

(f xg)(z)=2" +iak+pbk+pz P (3)
k=1

Given two functions f and ¢, which are analytic in
U, f
as f < g, if there exists a Schwarz function W

analytic in U satisfying W (0) =0and M (z )‘ <1

is said to be subordinate to ¢ in U, written

suchthat f (z)=g(w (z)), z eU.

In particular, if the function ¢ is univalentin U, the
above subordination is equivalent to f (0) =g (0)
and f (U)cg(U).

A function f €A is said to be p—valently
starlike of order 05(0 <a< p) if and only if
Re{%(zz))}>a, (z V).

We denote by S; (0!), the class of all such

functions. On the other hand, a function f € Ap
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is said to be —valently convex of order z f
P d D/f (z) 1 d—j (0<y<1),4)
a(OSa<p)ifandonlyif dzo z-¢

Re{1+%(zz))}>a (z eV).

We denote by Kp (0!), the class of all such
functions. Furthermore, a function f eAp is said
to be in the subclass Cp (a) of p —valently close-

to-convex of order a(O <a< p) if and only if
Re{fz gzl)}>a (z eV).

Note that S,(0)=S,, K (0)=K_ and C,(0)=C,

are, respectively, p —valently starlike, p — valently

convex and p —valently close-to-convex functions
inU .
A function f (z) €A, is said to be in the class US| (0{)

of uniformly p — valent starlike functions of order «
(—p <a< p) in U if and only if
zf'(z zf'(z
res21'@) 1. (21'(@)
f ) f ()

Also, a function f (z)eA,

is said to be in the class

ucC b ((Z) of uniformly p —valent close-to-convex

functions of order « (0S06< p) in U if and only if
2f (Z)—p‘ (z eU).

2f'(z)
Re{d———~—a ;>
9(2) 9(z)
The class US (@) was first introduced and studied by

Goodman [14].
The following definition of fractional derivative given
by Owa [18] will be required in our investigation.

The fractional derivative of order y for a function f is
defined by
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where the function f is analytic in a simply connected
region of the complex z — plane containing the origin

and the multiplicity of (Z —é’)_y is removed by
requiring 10g (Z - é’) to be real when (Z - C) >0.
It readily follows from (4) that
Dr2* = I'(k +1) Skt
F(k +1—}/) (5)
(0<y<i kel ={12..}).

Using D/f , the operator Qi ZAp —)Ap, which is

known as an extension of fractional derivative and
fractional integral, is defined by

L(p-y+1)

O ey

z2’D/f (z),
y=p+Lp+2,..

k+p
o2 (6)

Note that Q?,f (z)=f(2).

Let P denote the class of analytic functions h (Z ) with
h (0) =1, which are convex and univalent in U and for
which Re{h(z)}>0(z eU).

For a fixed function g e Ap given by (2), Bulut [7]

define the differential operator U;V‘gyl g(z ):Ap —A,
by
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Ufp.g( )=U7, [Uiig(2)],

nglg( ) ﬂpIDJgplg ] nell.(8)

For g (Z ) given by (2), then by (7) and (8), we see that
For nell .

Utg ()= +z[1+k[h15j] o 2+s, N€lo.(9)

p+I p
Remark 1.
i un

251 =1,(n,4,1) defined by Cata's [8]

ii. U]y, =Dj, defined and studied by Darus and
Ibrahim [9]

iii. Uj;,=D] which is Al-Oboudi (generalized
Salagean) differential operator [2].

iv.  U/j;=D" which is Salagean differential

operator [22].
Using (6) and (9), we define D[

A.p.1,7.9
by
D;;f,ygf (z):Q{)f (z)*ij'F‘f’,g(z) nel,.

We can write for n el]

f(z):A, >A,

Dnb

Aplrg

) 1 _ n (10)
+Z&[l+k[i+gjj aker bk+pzk+p'
a(p-r+1), p+lp

where 4,6,1 >0and 0<y <1.
It is easily follows from (10) that

p(p+1)D5Y,.f (2)
=p(s(p+1)-2p)DJ7, ,f (2)

f(z)=2"

, (11)
+(Ap+(1-5)(p+1))z (Dj*p“ygf (z ))
27l
We assume that p,m elJ, ¢, :eXp(Tj, and
om (1,6,4,7:9;2) =
. (12)

Z (D/rllrflyg + "(f EAp)

j=0

(ar{;z)):zp
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Clearly, for m =1, we have

fo(l,6,4,7;09;2)=D]7, f(z).
Making use of the operator szwgf (Z ), we now

introduce the following subclasses of Ap of p — valent

analytic functions.
Definition 1.1. A function f €A

class M ;,m (I 0,4, 7:0; h) if it satisfies

2(D73),f (2))

is said to be in the

- <h(z),(z €U),(13)
(p+1)f ), (1,6,4,7:9;2) (2).( )
where heP and f ] (1,4,7,6;9;2)#0
Remark 2.
ii For y=l=0andd=1 in (13) then

M S,m (I ,5,/1,7/;g;h) reduces to the function
class SS,m (/I;g;h) studied by Selvaraj and

Selvakumaran [23].
ii. In (13) if we let n=y=1=0,06=1 and

9(z)=2",F, (al,...,aq;ﬁl,..., ;z),

we obtain the function class SJ% (ay;h)

then

introduced by Wang, Jiang and Srivastava [24].
iii. If we let n=1=y=0,6=1 and

8

then

in (13)

M7 (1 ,5,/1,7/,g,h) reduces to the function

class T, (a,c;h) introduced by Xu and
Yang[25].
1+z
iv.. Letl=yp=0,6=1and g(Z)zh(Z)zl—,
A

then MfZ(O,l,l,O;g;h)zss*. The class S: of

functions starlike with respect to symmetric

points has been studied with several authors

([19],[21].[26]).
Definition 1.2. A function f €A

(I 0,4, 7:0; h) if it satisfies

is said to be in the

n
class N/
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z (Dj’gy,'mf (z ))’
(P+D)gpn (1.0, 4,7:9:2)
for some (p(z )e M S,m (I ,5,1,7/;g;h), where h eP
and @ | (I 0,4, 70,2 )i 0 is defined as (12).
Remark 3. y=l=0and 6=1
N;Ym(l,&/l,)/;g;h) reduces to the function class

<h(z), (zev),(14)

For then

K’;"m (ﬂ,;g;h) studied by Selvaraj and Selvakumaran
[23].
Definition 1.3. A function f €A is said to be in the

class O} . (a,1,68,4,7,9;h) ifit satisfies

Z (D;yvgvlyyygf (Z ))
p+D) gy (1,6,4,7,9:2)

(1—0[) (

Y (15)
(Z (D;-Yg,lmgf (Z )) j
+a -<h(z).
(P+1)(#5.0 (1,6, 4,719:2))
for some a>0 andgp(Z)eM;vm(l,é‘,ﬂ,,y;g;h),
where h e P and (¢;,m (I 0, 4,792 ))’ #0.
Remark 4. For y=l=0and 6=1  then

O;,m (a,l,é’,/l,y/;g;h) reduces to the function class
C. n(a,4;9;h) studied by Selvaraj and Selvakumaran
[23].

Definition 1.4 Let S €[], nell ;, ¢ >0 and f; €A,

we define the following general integral operator

F,(z )=J‘0Z ptp—lﬁ(Dﬂvypvl,tybgfi (t)] dt . (16)

i1
Remark 5.

i In (16) if we take b, =1 Vk,pel,
n=y=0, we obtain the general integral
operator F studied by Frasin [11].

ii. In (16) if we take by, =1Vk,pell,
Nn=y=0and p =1, we obtain of the general
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integral operator Fl(Z) =K (Z) introduced

and studied by Breaz and Breaz [3] and Breaz et
al. [6] (see also [4,5, 12, 13]).
iii. Also for b.., =L Vk,pell,n=y=0,

k+p

p =S :1 and al = E[O, 1] in (16), we

(f (1))
obtain the integral operator IO [¥j dt
studied in [16].

Lemma 1.5. (Eenigenburg et al. [13]) Let S(8=0)

and y be complex numbers and let h (Z ) be analytic

and convex univalent in U with

Re{ﬂh (Z )+7/} >0 (Z eU ) If q (Z ) is analytic in U

with ¢ (0)=h(0), then the subordination

2q'(2)
q(z)+——————=<Nh(z z €U
(04 petroh(e) (2 <)

implies that

q(z)=<h(z) (zeU).

Lemma 1.6. ( Miller and Mocanue [15]) Let h (Z) be

analytic and convex univalent in U and let W (z ) be
s

z
analyticin U withRe{w (2)}>0 (z €U). Ifq(z) i

analytic in U with q(0)=h(0), then the
subordination

q(z)+w(z)zq'(z)=<h(z) (zeU)

implies that

q(z)=<h(z) (zeU).

Lemma 1.7.

Let f (Z)EM;m (I,é’,/l,y/;g;h). Then

z(fpfm(l,5,/1,y;g;z))
(P+1)fon(16,4,77052)
Proof. For f (Z )e A,, we have from (12) that

<h(z) (zeU). (17
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fr (1,8,4,7:9;:¢)z zf "(z
pm( 79 ) Re 1+’—() <p+$ (ZEU),
1M -1 ) f (Z) (1+a)(1—b)
. gmdp(Dinglyg ( 'iﬂz))
M a=o where a>0, b >0 and a+2b <1, then f is p—
glb nd (d+] 0. " valently close to convexin U .
m 4= Lemma 1.10.[1].If f €A satisfies

_gJPf

Pt (1,6,4,7;0;52), (j e{0,1,..,m-1})

and

(fp“m(l,5,i,7;g;z))’
m-1 r-

28#_ (D;,‘fl o (grﬂlz ))

j=

Bll—‘

Hence

z(fpfm(l,5,/1,7;g;z))'
(p+1)f (1.6, 4,7:9:2)
(D;sl Lof (grfqz))'
om (1,6,4,7:9:2)

imzf £ Z(nglygf (gjz))’
“m oo (164710807

]O p+|
Since f (z)eM ],
£ (D131 (£2))

(Ié‘i}/ggz)

m-1¢&

i
1 om
m (p+1)f

(Z eU ) (18)

(l,é‘,/?,,;/;g;h), we have

for je{O,l,...,m—l}. (19)

<h(z
(p+|) (2)
Noting that h(z ) is convex univalent in U , from (18)
and (19) we conclude that (17) holds true.

Lemma 1.8 [17].If f €A satisfies

ﬂ}<p+% (zeU),

Re| 144

t'(z)
then f is p —valently starlike in U .
Lemma 1.9 [20].If f €A satisfies
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Re{1+ al "(Z)} pri (zev),

fr(z)
then f isuniformly p —valent close-to-convexinU .
2. Aset of inclusion relationships:
Theorem 2.1. Let h (Z )e P with

Ap-0 |
Re{h(z)}> p(2p—0(p+1))

(p+l )(lp +(1-6)(p +I )) (20)

(zeU;peN;1,620,1>1).

If f(z)eM7 o (1.5.4,7:9;h),then
f (z)eM ], (1,5,4,5:9;h)provided
fn(1.8,4,7:9:2)#0 (z €V).

Proof. Using (11) and (12), we have
p(s(p+1)-2p)f,), (1.6, 4,7:0:2)

+(Ap+(1-3)(p+1))z (f; (I,5,/1,;/;g;z))’
:—Zg Jp[ p+1) (Dhlfsygf (grf]z ))}
:p(p+|)fprf;1(l,5,/1,;/,g;z) (21)
Let f (z)eM ] (1,6,4,7:9;h) and
fon(l,0,4,7.9:2 ’
W(Z)—( (| ( 79, ))
p+1)f ) (1,6,4,7:9:2)
ThenW(Z)is analytic in U ,WithW(O)zl, and from
(21) and (22) we have

(22)
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S(p+1)-Ap +/1p+(1—5)(p+l)
(p+1) p
:fp"’;l(l,ﬁ,ﬂ,,y;g;z)
fon(1,8,2,7:9;2)

Differentiating (23) with respect to z and using (22),
we get

w(z)+

w(z)

(23)

zw'(z)
p(s(p+1)-4p)
(ﬂ,p +(1-5)(p+1)
2 (21,6, 47:19:2))

=(p+l)(fpi;1(|,5,,1,y;g;z)) (24)

From (24) and Lemma 1.7 we note that
zw'(z)

p(5(p+1)-2p)

Ap+(1-8)(p+I)

)+(p+l)w(z)

w(z)+

<h(z),

+(p+1)w (z)
(zeU). (25)

In view of (20) and (25), we deduce from Lemma 1.5
that

w (z)=<h(z), z €U .(26) Now, Suppose that

z (D/?,Yg,lmgf (Z ))
p+D)f ) (1,6,4,7:9;2)

Then ( (Z) is analytic in U, with q (0):1, and we
obtain that

(1.6, 47:0:2)q(z)

Q(Z)=( .(27)

= (lp +(1_p§)(p o )) D;,t)l,ylg,%gf (Z )
p(s(p+1)-2p) ., )

_(p +l )(ﬂ“p +(1-5)(p +I )) Zoaral (2):

Differentiating both sides of (28) with respect to z and
multiply by z , we get
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p(s(p+1)-4p)

Ap +(1—6)(p+|)+(|0+|)W (z )}q(z)

(D1 of (2))

zq’(z)+{

pz

:ﬂp+(1—§)(p+l)fpfm (1,6,4,7;9;2) (29)
From (21), (23) and (29), we find that
2q'(2)

qlz

o)

+(p+1)w(z)
Ap+(1-6)(p+1) (30)

__z (D/rl];l,’lt}:y,gf (Z ))

p+1f0(1,6,4,79;2)
which is subordinate to h (Z ) since

f(z)eM)n(1.6,4,7;9;h).

m

From (20) and (26), we observe that

o(p+l)-4

Re p( (p+1) p) +(p+l)w(z)r>0
(Ap+(1-3)(p+1))

Therefore, from (30) and Lemma 1.6 we conclude that

q(z)=<h(z),(zeU), that

f(z)eM;’m(I,d,/i,y;g;h).

Theorem 2.2.

If f (Z)eNS“(I,é’,A,}/;g;h), with respect to

,m

o(z)eM 7 (1,6,4,7;9;h), then f (2)eN] (1,6,4,7:9;h)
provided @7 | (1,6,2,7;9;2)#0 (z €U )where (20)
holds.

Proof. Let f(Z)eN;f;(l,é‘,l,}/;g;h). Then for
z €U , there exists a function

qo(z )e M Stnl(l ,5,2,,7/;g;h) such that
z(D],7,f (2))
— h(z).
(p+1)epn(1,6,4,7:9:2)

So (o(Z )e M ;’m (I O, 4,79 h) by Theorem 2.1. And

Lemma 1.7 leads to

means

(31)
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2 (o0, (1,6, 4,7:0:2))

z)= n h(z). (32)
v (P+1)epn (1.6, 4.7:9:2) (2)
Now, let
2 (D25, (2))

z)= n . (33)
1) (p+)ey (1.0, 4,7:9:2)
Using (11), q (Z ) can be written as
oo (1.6, 4,7:952)0(2)

= p n+1,6

_ﬂp+(1—5)(p+|) valvy,gf (Z)
__ p(s(prh)-ap) ., @) o4

(p+1)(Ap+(1-8)(p+1)) **'7e

Differentiating both sides of (37) with respect to z,
and using (21) (with f replaced by ¢ ), we get

)4 29'(2)
1) p(5(p+1)-4p)

Ap+(1-8)(p+I)
o (P e)
p+l @) (1,6,4,7,9;2)
From (31) and (35), we find that

+(p+1)w(z)

35)

<h(z).(36)

(2)+ 2aiz)
p(5(p+1)-4p)
Ap+(1-8)(p+1)

Therefore, from (20),(32) and (36), we deduce from
Lemma 1.6 that

q(z)<h(z)
which shows that f (Z)eN;Ym (|,5,ﬂ,,7/;g;h) with

(1,6, 4,7:9:h).
Theorem 2.3. Let 0< ¢ <a,such that (20) holds.
Then

Os’m (aleyé’ﬂly;g;h)Cog’m (alﬂllgy/lij/yglh)(BB)

+(p+)y(z)

(z<U), (37)

respectto ¢(z)eM
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Proof.
Let f (z)eo;‘m (az,l,é',ﬂ,,y/;g;h). Then for z €U

there exists a function go(z )e M (I 0470, h)
such that

) 2(D151,4f (2))
( az)(p +D) ey (1.6, 4,7:9:2)
(20254 ()]
(p +|)((ogvm (1,6,4,7:9;2 ))

provided that ¢} (1,6,4,7;9;2)#0 .
Suppose that

z (D;,'g,lmgf (Z ))
p+D)g (1,6, 4,7;0;2)

’

+a,

-<h(z) (39)

(40)

q (Z ): (
Then q (Z ) is analytic in U, with ¢ (O) =1
Differentiating both sides of (40) we get
o (1,6,4,7:9;2 ,
p, ( ) q (Z )
(03 (1,6, 2,7:952) ]

q(z)+

(02501 )

= - (41)
(P+D)[@pn (1,6, 2,7:09;2) ]

Now, using (39), (40) and (41) we have

q(z)+w(z)zq'(z)=<h(z), (42)
where
,—l
z(py . (1,0,4,7:9;12
w(z)=a, (104702 (43)

opn(1,6,4,7:9;2)

In view of Lemma 1.7 and @, >0, we observe that

w (Z )is analytic in U and Re{w (Z )} > 0.
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Consequently, in view of (42), we deduce from Lemma
1.6 that

a
a(z)=<h(z).(44) Since 0<—1 <1 and since h(z)is
a,
convex univalent in U , we deduce from (39) and (44)
that

2(D3,1 (2)
p+1)gpn (1,6,4,759:2)
2 (05 @)
(p+1) (o0 (16,4 71052))

_ £ (03,1 (2))
p+1)ep . (1,6,2,7:9:2)
(st 0]
_mz (p+1)(#)n (1,6, 2 739:2))
o[-

Thus f (z )eO;‘m (e4,1,6,4,7,9;h) which completes
the proof of Theorem 2.3.

(1—051)(

!

+a,

(1—052)(

<h(z).

3. Integral operator:
Theorem 3.1.Let h(z )eP and
Reic
Re{h(z )}>max{0,—p—£l}} (z €U), (45) where
C is a complex number such that Re{c}>—p. If

f(z)eM om (1,6,4,7;9;h), then the function
_C+Pzica
F(z)=""%" [t (), (46)

is also in the class M S,m (I O, A, 7105 h), provided that
Fo(1,6,4,7;9;2)#0,where ' (1,6,4,7:9;2) is
defined as in (12)
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Proof. Let f(z)eMS’m(I,&}t,y;g;h). Then for
Re{c} > —p, we note that F(Z )eAp and

F(z)=zp+i{ c+p }aszk*p .

lc+p+Kk

We can deduce that
(c+p)Diy1,.f (2)

=cD}?, F(z2)+2(D2,, ,F(2)) (47)
Also we have from above

(c+p)f) . (1.6,4,7:9;2)

:%Egm“’ (cDQﬁ,m F (gr#z )+gn’;z (Df,’s,l,y,g F (grf;z ))IJ
=0

=cF) . (1.6,4,7,9;2 )+z2 (Fp"’m (1,6,4,7;9;2 ))' (48)

Let

z(prm(I,é,/l,y;g;z)),
p+1)F (1.6, 4,7:9:2)

w(z)= (49)
(

Then W (Z ) is analytic in U, with w (0) =1, and from

(48) we observe that

frn(1,6,4,7:0;2)

Fon(l.6,4,7:9:2)

Differentiating both sides of (50) with respect to z and
applying Lemma 1.7, we obtain
zw'(z)

W) W )

z(f). (1,0,4,7:0;z '
= (p'”‘(n 7:9:2)) <h(z)(51)
(p+D)f ) (1,6, 4,7:09;2)
In view of (51), Lemma 1.5 leads to w (Z )< h (Z ) If

we let

(p+1)w(z)+c=(c+p) (50)

z(DQ"g‘I‘%gF(z ))
(p+1)F,(1,6,4,7;0;2) '

a(z)=
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then q(z) is analytic in U, with q(O):l, and it
follows from (47) that
Fn(1.6,4,7:9;2)q(z).

C+ ne C n,o
=—pDz,'§,|,7,gf (Z )_—Dﬂyyg,l%g F (Z )

(52)
p+I p+I

Differentiating both sides of (52) with respect to z and
multiply by z, we get

Z(E" (1,8,4,7.9:2))
Lo k7o) o)
F'n(1,6,4,7:09:2)

=(c + Z(sz,l,y,gf (z ))’
=P T EL (Lo 2y07)

z (D;y’?l,%gF (Z ))
(p+1)F), (1,8,4,7:9;2)°

zq'(z )+

or
2q'(z)+((p+1)w (z)+c)a(z).

z (D;f’mgf (Z ))
p+)F L (1,6,4,7:9;2)
Now, from (52) and (53) we deduce that

2q'(2)
p+l)w(z)+c

C+p z (D;;g‘yl%gf (Z ))'
(p+hw (z)+c (p+1)F), (1.6,4,7:9:7)
_z2(D5.f ()
(p+1)f ), (1.6,4,7:9;2)

:(c+p)( (53)

q(z)+(

<h(z), (54)
as f (Z)el\/lgym (I,é‘,l,}/;g;h) )
Combining (45) and w (Z )< h (Z ) we have

Re{(p+l)w (z)+c}>0 (z eU).
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Therefore, from (54) and Lemma 1.6 we find that
q(z)=<h(z), which that
F(z)eM] (1.6,4,7:9;h).

By applying similar method as in Theorem 3.1, we have:
Theorem 3.2.

If f (Z )e N S,m (I ,5,1,7/;g;h), with respect to
(0(2 )e M S,m (I 0,0, 7:9; h), then the function

shows

F(z)zc;p [ (t)et,

is also in the class N ;,m (I ,5,2,,7/;g;h) with respect

(55)

to
c z .
e(z):Zchjot o(t)dt,

provided that G (1,6,4,7:9;2)#0where (45)
holds.

(56)

4. Sufficient Conditions for The Operator F_p :

We begin by establishing sufficient conditions for the
operator F_p tobein S .

Theorem 4.1. Let & >0 be real numbers for all
i =12,.,s .If f, €A, foralli =1,2,...,s satisfies

z(D",  f (z
Re ( aLRu () <p+ (zeU), (57
D7, i (2) :
aplrgli 4Zai
i=1
then F_p is p-valently starlike in U .
Proof. From Definition 1.4, we observe that
Fp (Z ) € Ap. Also we see that
_, s (D™ f (z))"
F, (z):pzp—ln[—“’*'?i (2) : (58)
i=1

Differentiating the equation logarithmically and

multiplying by z, we obtain

!

2F'(z) Sy, z(Do1,6f(2)) ~
F'(z) . 'Zﬂ: | DIt (@) P
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Thus we have

2F'(2)

£ (2)
2(D2?,,,fi(2))

_p(l Za j+§“ D7, (2)

Taking the real part of both sides, we have
zF
e [1+ A]
F(2)

= p(l—iil:ai J+2ai Re

1+

.(59)

- (60)
2(Dipsfi (2))

Dgglygfl (Z)

From (60) and (57), we have

Hence by Lemma 1.8, we get F_p is p —valently starlike
inU.
Corollary 4.2 [31].Let &, >0 be real numbers for all

i =12,..,s .If f, €A, foralli =1,2,...,s satisfies

zf/(z) cpa L
N )P

Re (z eU).

Then the function F

j pt HH[ T dt is

p — valently starlike in U .
Proof. Take b, , =1 Vk,p€lJ,n=0 and y=0 in

Theorem 4.1.
Corollary 4.3.If f € A satisfies

k+p
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Re % <1+i (z eV),

(f (1))
where « > 0, then J.o [#} dt is starlikein U.

Proof. Take S=p =1, = and f,=f in Corollary

4.2.

Now, we obtain the following sufficient conditions for
F, to be p —valently close-to-convex and uniformly
p — valent close-to-convex using Lemmas 1.9 and 1.10.

Theorem 4.4. Let & >0 be real numbers for all

i =12,.,s .Iff, €A foralli =12,..,s satisfies
. (D:”f wafi @) | (a+b)s (z eV ), (62)
D7D|/Qfl(z) 1+a Zal

where a>0,b >0 and a+2b <1, then Fp is p—
valently close-to-convex in U .
Proof. From (60) and (62), we have

F
Re 1+Z—()

Ry ()

=p(1—§aij+§ai re| Z(Piiia (2 ))

D;glygfl (Z)

(a+b)
(1+a)(1-b)D

p(l—izs;ai j+izsl:ai p+

n

i=1

(a+h)

“Pra)ion)

Using Lemma 1.9, we have F_p is p — valently close-to-

convexinU .
Theorem 4.5 .

i =12,.,s .If f, eAp foralli =12,...,

Let ¢ >0 be real numbers for all

S satisfies
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Dlg,l;/g |(Z)

D;‘g,lvyvgfi (Z )) 1

!

<p (z eu)(63)

+ S
32 o
i=1

then Fp is uniformly p-valent close-to-convex in U .

Proof. It follows that by applying Lemma 1.10 and
using (60) and (63) to get the result.
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