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Abstract

This paper considers the distributions of spacings between successive
order statistics corresponding to a random sample from a two-parameter
gamma distribution I'(«, ). We prove that when the shape parameter of
the underlying distribution is a positive integer, these spacings can be
expressed as finite gamma mixtures. We present exact formulas for
computing the distributions of the spacings. Then we present a

Mathematica program to implement the results.
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1. Introduction:

Let X,,X,,---, X, be a random sample of size n
and X, Xy, -+, X,y be the corresponding order
Xy <Xy << Xy
D, = X1y — X5y be the distance between X;,;) and

statistics, = where Let

X(i) for 1=1,2,3,...,n—1. By convention, we set
Dy = Xy
The random variables D,,D,,...,D,_; are called the

spacings between successive order statistics (Pyke,
1965; Casella et al., 2001). Order statistics and their
spacings play an important role in mathematical
statistics and other fields of applied probability.
These spacings can be used to characterize some
distributions like the uniform and exponential
distributions (Pyke, 1965; Ahsanullah, 1978). They
are very important in statistical inference. For
example, they can be used to construct confidence
intervals for the corresponding population. They
also are used in goodness-of-fit testing (See for
example Lockhart et al, 1986; Stephens, 1986).
Therefore, these spacings may be of interest in their

own right. In particular, gamma spacings play an
important role in reliability, communication
systems, queueing applications, and other areas in
the engineering discipline.

For various properties of order statistics the reader
may refer to (Arnold et al, 1992; David, 1981).
Spacings and their properties are deeply reviewed in
(Pyke, 1965). One also can refer to (DasGupta, 2011)
for more information about spacings.

The random variable X is said to follow a gamma
distribution with shape and scale parameters « >0
and S >0, respectively, written for short as

X : I'(e, p), if the probability density function
(pdf) of X is given by

f o (X)= x“ e 0<x<om, (1)

() *
where I'(@) = J:Cta_le_tdt is the gamma function at

a>0.
The cumulative distribution function (cdf) of
X : I'(a, f) at t>o0 is given by
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F (0) :%, @)

g a-1,-X .
where 7(05,Uﬂ)=j0 X““edx is the lower

incomplete gamma function at («,t/f).

Many authors considered the representation of
spacings in terms of normalized exponential random
variables. (Pyke, 1965) showed that for any random

variable X with failure rate function A, (t), the
spacings can be represented as

D = -;Yi’
(n-)A (&)

where Y,,Y,,...,Y,; are independent and identically

(3)

distributed exponential random variables and
S, <a <§S,,,,with
- .
S=>—Y, i=01,...,n-1 (4)
=onN—1

(Weissman, 1978) showed that as the sample size n
goes to infinity, the successive spacings between the K
largest observations (K fixed) asymptotically become
independent and exponentially distributed for a wide
class of distributions that includes the gamma
distribution.

The problem we tackle in this paper is determining the
distributions of the D,,s when the underlying

population of the sample is I'(«, ), where o =1,2,....
We will show that the D, 's have gamma mixtures with
k =(a—1)(n—i)+1 components. The jth component
has I'(j, p#l(n—1)) distribution, where j=1,2,...,k.In
other words, We will show that D;, for i1 =1,2,---n—1,

can be represented as a gamma mixture; that is, a
weighted sum of gamma distributions with scale
parameters f/(n—i), where £ is the scale parameter
of the underlying population.

That is, we will show that the pdf of D, is given by

k

fo (1) =>WwTI,(j,Bl(n-1)), (5)
j=1

where w; > 0 and ZI;WJ- =1.

2. Distributions of the D, 's:

Let X, X,,..., X, be a random sample of size N from
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a gamma distribution I'(«, ) with shape and scale
parameters o and [, respectively.
Recall that the joint pdf of the ith and jth order

statistics X, and X 1<i< j<n,
(DasGupta, 2011)

Gy is given by

n! L
(-1 -1-0)!(n— j)! f(x)fQ)F (x) ©)
x[F(y)-F I [1-F(y)",

for —co<X<y<oo.
When j=i+1, (6) reduces to

fi;(xy)=

n!

(i —1)!(n-—i —1)! 7

fia(xy) = F)F(y)F I-F ()™

It follows from (7) that the pdf of D; at r >0 is then
the integral

fo, (@ B) = [, 2 (X x+1)dx (8)

Theorem 1 The spacing D; between X, and X,

for each 1=1,2,...n-1, has a finite gamma mixture
distribution.

fo, (T £) = YT (J, A=),
j=1

k=(a-1)(n-i)+1 s

components, W; >0 with ZI;WJ- =1, and T';(j, A(n-1))

(9)

where the number of

is the gamma pdf of shape parameter | and scale
parameter g/(n—i),forall j=1,2,... K.

Proof. We use the following expansion of y(«,X),
namely,

a-1 Xi
y(a,X) = 1"(05){1—8_X —I} (10)
=L
when a =1,2,... (see Temme, 1994; Gradshteyn et al.,
2000; Gautshi, 2003), expand sums by using the

multinomial theorem, namely, for a positive integer K
and a non-negative integer n,

k
(X + Xy o4 X )" = Z ( m ijk_)i, (11)
bl.|_b2.|_....|_bk:m bl;bza---abk j=1

and then use integration by parts and mathematical
induction.
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Hence, for X : T'(ex, )

_1@XB) 4 (¥B)'
i @ .Z |
_ _ e (X 1)IB) _ s (X4 1)IB)
1-F ((x+1)/B) @ ZO: T
Substituting in (7), we get for i =1,2,...n—1
l i i-1
L) =8 T (el 1oe ?a IL
i n-i-1 (12)
)
) r;xa_l ﬂ
- Zo il ’
where & = 2N (N—i)C () ().
K i-1
)
v
S,= |1-e % .
] - %al_l (1) (&) (™)
ata, 4, -\ % (13)

|- Xal e-x/ﬁ o+l
(a-1)15"

y (_l)a2+a3+---+aa[ i-1 j
R LTI

a2+a3 +a_,)XIf a3+2a4+---+( a-l)a

X(2|) 430 - (o= 1)) e /),a3+2a+ +o-1)a,,,
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Similarly,

- e (=i)en)B 5 { n-i-1 ](1)b1[(x”)jb2
by +Dy++-+b,, =n=i-1\PL:B2.-.. by ug

b
(x+r)2 b3 (x+r)"‘71 a
2152 (@-11p271

_ e—(n—l—l)(x+r)/ﬂ

(14)

n-i-1

)
by +by +-+b, =n-i-101.02.-. by

by +2b3+-~~+(a—1)ba 1

b2+2b3+~-+(a—l)ba '

(x+r)
(192233 - (-1 p

Similarly,

B,+a-
cot(a-1b, -1 "2 J‘[B -1 —h-
(X+r)a+b2+2b3+ +a-1)b,, l: 2+ha ]th52+a h 1‘ (15)

h=0
where B, =b, +2b, +---+(a-1)b,.
Therefore,

By+a-1
. 2 _
5 ¥ 3 1B

fiist (X x+1) = _ )
atay++a, g =i=lby+by++b  o=n-i-1 h=0

X[ i-1 ][ n-i-1 ][Bzm—lj (16)
a1,a2,...,a,41 \ b, 02,....by h
Xe_AixmxAz ) (- |—1)(x+r)//} +h‘1r82 +a—h-
rp'2 Ba "2 ’
where & = (_1)a2+a3+ *8u1 5 and
A =a,+a;---+a, +2
A, =a,+2a,++(a-1)a,,
= (@B 2N*@BYS - ((a —1)1) =
A =(@H=@h) @y (-0 17

B, =b,+b,+---+Db,
B, =b,+2b,+---+(ax-1)b,
B

. = (1)2N3E)™ - (@ -1,
Therefore, the pdf of D, at r >0 is given by
By+a-1

I N W

B
a1+a2+~-+aa+1=i—lbl+b2+-~+ba+2=n—i—1 h=0 A35A283ﬂ 2 (18)

X[ i-1 ][ n-i-1 ][Bz+a—ljxl(r)’
21,82, 8541 \D1,D2. Dy h

where

fp,(N= &
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Ir = Isor 82+a—h—1e_r/ﬁxA2+a+h—le—Alx/ﬁe_(n_i_1)(X+r)/ﬂdx

_ (19)
=T(Ag + o+ e (BB g i _pyfeteth
Hence,
B)+a-1
. 2
i, ()= & T > y Drerd)
! aqtay ety g Ti-ly byt o =n-i-1 h=0 AgﬂAZ Byf 2
x[ i-1 ]( n-i-1 ](BZthZ*lj (20)
aj,ag,..., ag41 \bp,bo,..., by, h
_(n—i)r
e B rBZJroz—h—l(/}/(/51 ni 71))A2+a+h.

Remark 1 2 It is clear from (20) that f, is a finite
1

gamma mixture, where the |th component has shape
parameter |
i=1.2,...,n-1.
To determine the number of components, we need to
look at the range of the power of r. Note first that
max(B,) = (¢—-1)(n—i—1). This max is achieved
b1:b2:...:ba_l:0 ba:n_i_]__
Therefore, the power of r have a maximum of
max(B,)+a —1. That is the maximum of the power of
r is equal to (¢ —-1)(n—i—-1)+(a—-1) = (x¢—-1)(n—1).
Therefore, the power of r ranges from 0 to
(e¢—1)(n—1) and the number of components described
by (20) is k = (a¢—-1)(n—1)+1.

and scale parameter pfl(n—1i), for

when and

Examples
Here, we use a simple Mathematica program to
implement the result.

Example 3 Let us consider the case when a=2,n=3,i =1,
and B> 0.

Now a, =a, =a, =i—1=0 implies A =2,A, =0,A, =1.
Also, b +b,=n—-i-1=1 implies b =0,b,=1 or
b, =1,b, = 0. This implies that B, =00rl and B, =1.
Note that, depending on B,, h ranges from 0 to
B,+a-1=1. Note also that & =3!/3‘. Considering all

possible values of B, and h, we get the following terms
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3 (ﬁjzre_m, 3 2[ﬁj3e-2”ﬁ,
p\3 p\3

ﬂl(ﬁjzrzeﬂ/ﬂ ﬂi(ﬁjsreznﬂ
gt p\3 "Bt p\3 !

gt pL3 '

Summing the above terms, we get the pdf of D,

2r 2r 2r

B B 20 B
f(r) = 8e +14re N 2ree . (21)
= 98 95 3p°

The components proportions are W, = 8/18, w, = 7/18,
and w; = 3/18. Therefore,

fo, (1) = gl“(l, 612) +%r(z, 612) +%r(3, A2). (22)

Remark 4 Note in Example 3 that

2r 2r 2r
A an 7 B 20 B
'[ 8e +14re2 N 2r e3 dr=1. (23)
o1 98 98 3B

Note also that the components proportions can be
obtained by integrating each term with respect to r;
ie.,

=8 7 4
Wl - —dr——,
Y 9
_er
»14re # 7
w, =[ T —dr=—, (24)
° 98 18
2r
»2r% P
W, :j 2r e3 dr:E.
Y 6
Example 5 Suppose that « =2,n=4,and i =1.
3r
_3e 7 (B+r){13b2 +20r +8r?)
fD (r) - 4
) 328
3r 3r 3r 3r [25)
_3r% # 21r*e / 99re / 39 ¥
= —+ ——+ —+ .
48 83 3242 328
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Example 6 Suppose that « =3,n=5,i=2, and >0.
In this case we have
_3r
6. B
sz ) = 543r~e -
800003

_3r
12687r°% £
N

16000038
_3r

2078481r3 4

160000054
_3r

8051628663re 4
320000000042

_3r
135447r% #
+ +
3200003°
3r

153589893r2¢ £
+ +
6400000053
_3r
3737720079 #
32000000004

(26)

The proportions
w; = 0.389346,w, = 0.27957,w, = 0.177766,

w, = 0.096226, w, = 0.0418046,w, = 0.0130525
and W, = 0.00223457 .

are
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