IUG Journal of Natural Studies
Peer-reviewed Journal of Islamic University-Gaza

ISSN 2409-4587

IUGNES
Vol. 25, No 2, 2017, pp 160-166

Accepted on (14-03-2017)

Regular-Minimal and Regular-
Maximal Continuous Functions

Fadwa M. Nasser*
Hisham B. Mahdi*”

1Department of Mathematics, Faculty of
Science, Islamic University of Gaza, Gaza
Strip, Palestine

* Corresponding author
e-mail address: hmahdi@iugaza.edu.ps

Abstract

In this paper, we consider new types of continuous functions called regular
minimal continuous and regular maximal continuous functions. We
investigate their relationship with some other types of continuous
functions. Also, we study further properties of the new types of continuous

functions.
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1. Introduction and preliminaries:

A subset A of a topological space X is said to
be a regular open set (Stone, 1937) if
A= Int(CI(A)). Itis called a regular closed if A® is a

regular open. In Stone (1937), it was shown that the
regularly open sets of a space (X, 7) is a base for a

topology 7, on X coarser than 7. The space
(X,7,) was called the semi-regularization space of
(X,7). A space (X, 7) is semi-regular if and only if
the regularly open sets of ( X, 7 ) is a base for 7 ; that
is, 7 = 7. For a space (X, ), the regularly open sets
of (X,7) equal the regularly open sets of (X,z,).
Hence, the semi-regularization process generates at
most one new topology. Thus (z,); =7, (Stone,

1937). A space X is connected if X cannot be
represented as the union of two or more disjoint
nonempty open subsets. If X is not connected, then
X' is disconnected.

Definition 1.1 A function f : X —Y is called:
a) an almost continuous (Singal and Singal, 1968) if

for each X € X and for each regular open set V
containing f(X), there exists an open set U

containing X such that f(U) V.

b) an almost perfectly continuous (Singh, 2010) if
f *(U) is clopen set in X, for every regular
opensetU inY .

c) an almost strongly @ -continuous (Noiri and
Kang, 1984) if for each Xe X and for each
regular open set V containing f(X), there
exists an open set U containing X such that
f(ClU))cV.

d) a o -continuous (Noiri, 1980) if for each X e X
and for each regular open set V containing
f(x), there exists a regular open set U
containing X such that f(U)cV.

A proper nonempty open (resp. closed) subset U of
X is said to be a minimal open (resp. a minimal
closed) set (Nakaoka and Oda, 2001) if any open
(resp. closed) set which is contained in U is ¢ or

U. A proper nonempty open (resp. closed) subset
M of X is said to be a maximal open (resp. a
maximal closed) set (Nakaoka and Oda, 2003) if any
open (resp. closed) set which contains M is X or

’ IUG Journal of Natural Studies (Islamic University of Gaza) / CC BY 4.0


http://resportal.iugaza.edu.ps/journal.aspx?id=3
http://creativecommons.org/licenses/by/4.0/
mailto:hmahdi@iugaza.edu.ps

Regular-Minimal and Regular-Maximal Continuous Functions

Fadwa Nasser
Hisham Mahdi

M . The collection of all minimal open (resp. maximal
open, minimal closed, maximal closed) sets is denoted

by mO(X) (resp. M,O0(X), mC(X), M,C(X)).

Lemma 1.2 (Nakaoka and Oda, 2003) Let (X,7) be a

topological space.

a) If U is a maximal open set and W is an open set
such that U UW # X ,then W cU.

b) If U and V are maximal open sets such that

UuV # X,thenU =V.

Definition 1.3 (Benchalli, Basavaraj, and Wali, 2011) A
topological space (X,7) is said to be T_. (resp. T,

min max)
Space if every nonempty proper open subset of X is

minimal open (resp. maximal open) set.
Remark 1.4 (Benchalli et al, 2011) The concepts T,
and T if and

max

onlyif X is T,,.

Definition 1.5 (Benchalli et al, 2011) Let X and Y be
topological spaces. Amap f : X —Y is called:

spaces are identical. Thatis, X is T

min

a) a minimal continuous (briefly. a min-continuous) if
f (M) is an open set in X for every minimal

openset M in Y.
b) a maximal continuous (briefly. a max-continuous) if

f (M) is an open set in X for every maximal
openset M inY .
Remark 1.6 Let Y bea T,

a min-continuous iff f is a max-continuous.

space. Then, f: X —Y is

n

Definition 1.7 A nonempty proper regular open set A of
a topological space ( X, 7 ) is said to be:

a) a minimal regular open set (Jasim and Aziz, 2014) if
any regular open set contained in A is A or ¢ and

a minimal regular closed set (Anuradha and Chacko,
2015) if any regular closed set contained in A is A
or ¢.

b) a maximal regular open set (Anuradha and Chacko,
2015) if any regular open set contains A is X or
A and a maximal regular closed set (Jasim and Aziz,
2014) if any regular closed set contains A is X or
A.

The collection of all minimal regular open (resp.

minimal regular closed, maximal regular open, maximal

regular closed) sets in a topological space (X,7) is

denoted by mRO(X,z) (resp. mMRC(X,7),
M_,RO(X,7), M_RC(X,7)).
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Theorem 1.8 (Mahdi and Nasser, in press) Let X be a
topological space and F < X. Then F is a minimal
regular open (resp. a minimal regular closed) set if and
only if X\F is a maximal regular closed (resp. a
maximal regular open) set.

Lemma 1.9 (Anuradha and Chacko, 2015) Let X be a
topological space and U a minimal regular open set.

a) If W is a regular open set such that U "W = ¢,

then U cW.

b) If V is a minimal regular open set such that
UnNV #¢,thenU =V.

Theorem 1.10 (Mahdi and Nasser, in press) If A is a
minimal open set in a space X such that A is not dense
in X, then Int(CI(A)) is a minimal regular open.

Theorem 1.11 (Mahdi and Nasser, in press) Let X be a
semi-regular space and U a nonempty regular open set,
then the following three conditions are equivalent :

a) U is a minimal regular open.

b) U < CI(S) for any nonempty subset S of U .

c) CI(S)=CI() for any nonempty subset S of U .

Theorem 1.12 (Mahdi and Nasser, in press) Let A be a
nonempty subspace of X and U a regular open set in
A and a regular open in X.If U is a minimal regular
openin A, then U is a minimal regular open in X .

Theorem 1.13 (Mahdi and Nasser, in press) If A is a

maximal open set in a topological space X , then exactly
one of the following holds:

1. A is amaximal regular open set.
2. Aisadensesetin X.

Theorem 1.14 (Mahdi and Nasser, in press) Let X be a
semi-regular space. Then, U is a minimal regular open
set if and only if U is a minimal open set; that is,
m.O(X) =mRO(X).

Theorem 1.15 (Mahdi and Nasser, in press) Let (X,7,)
be the semi-regularization space of a topological space
(X,7). Then, mRO(X,7)=mRO(X,z,) and
M,RO(X,7) =M, RO(X,z,).

Definition 1.16 (Anuradha and Chacko, 2015) A
topological space (X, 7) is said to be an T, space if
every proper nonempty regular open subset of X is
minimal regular open.

Theorem 1.17 (Mahdi and Nasser, in press) Let X be
an rT;, space. Then, m;RO(X)= M_RO(X).

min
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2. R-min and r-max continuous functions;

definitions and characterizations:

Definition 2.1 Let X and Y be topological spaces. A
map f: X —>Y iscalled:

a) a regular minimal continuous ( briefly, an r-min-

continuous ) if f(U) is open setin X, for every

minimal regular openset U in Y.
a regular maximal continuous ( briefly, an r-max-

b)
continuous ) if f(U) is open setin X, for every
maximal regular opensetU inY .

Example 2.2 Let X =Y ={1,2,3,4} with the topology

7, ={¢, X, {1},{4}{1,4}{1,2},{1,2,4},{1,3,4}} and

vy ={s.Y {1} {2}.{4}{1.2}.{1,4}{2,4}{1,2,4}{1,2,3}}

Then

RO(Y,z,) ={o.Y {1} {2} {4} {1.4}.{2.4} {1.2,3}}.

Define f:X —>Y by f(1)=1, f(2)=1 f(3)=3,

f(4=4 and g:X-—>Y byg(l)=1 g(2=3,

9(3) =3, g(4)=2. Then, f isr-min-continuous and Q

is r-max-continuous.

Theorem 2.3 For a function f:X —Y, the following

are equivalent:

a) f isr-min-continuous (resp. r-max-continuous).
b) The inverse image of any maximal regular closed
(resp. minimal regular closed) set is closed set.

c) Forany Xe€ X and any minimal regular open (resp.
maximal regular open) set U in Y containing
f (X), there exists an open set W in X containing

X such that f(W)cU.
Proof. (a=b) The complement of minimal regular

open (resp. maximal regular open) set is maximal
regular closed (resp. minimal regular closed) set.

Moreover, f *(Y\U)=X\f*U).
(b=c) If U is a minimal regular open setin Y such
that f(x)eU, then Y \U is a maximal regular closed

in Y and fH(Y\U)=X\f"(U) is closed set in X
and so f(U) is open set in X. Since f(x)eU,
xe f*(U). Take W =f7"U),
xeW = f*U) and f(W)cU.

(c=a) Let U be a minimal regular open setin Y . Let

we get

x e f 1(U). Then there exists an open set W in X
p
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that xeW f(W)cU.
xeW c f*(U) andso f*(U) isopenin X. [

Theorem 2.4 Let X, Y be topological spaces. Consider

the following two statements:

1. Every minimal regular open set U in Y is an
intersection of finitely many of maximal regular
opensetsin Y .

2. If f:X =Y isr-max-continuous function, then f

such and Hence,

is r-min-continuous function.
Then (1) implies (2).

Proof. Follows from the fact that
f _l(ﬂin:lM )= ﬂinzlf (M,) and the fact that any
finite intersection of open sets is open. 0

Theorem 2.5 Let Y bean rT,, space. Then f: X —Y
is r-min-continuous if and only if f is r-max-continuous.

Proof. Follows from Corollary 1.17. [

3. Relations between r-min, r-max and other types
of continuous functions:

Firstly, there is no relation between r-min-
continuous (resp. r-max-continuous) and min-
continuous (resp. max-continuous) functions, as shown
in the following examples:

Example 3.1 Let (X,7,) and (Y,z,) be as in Example
2.2. Define h:Y - X by h(1)=2, h(2)=1, h(3)=1,
h(4)=4 and k:Y >X by k(1)=4, k(2)=1,
k(3)=2, k(4)=3. Then, h is both r-min-continuous
and r-max-continuous, but:

1. h is not min-continuous, since the set {1} is

minimal open in X , but f *({1}) ={2,3} which is
notopenin Y .

2. h is not max-continuous, since the set {1,3,4} is
maximal open in X, but f'({1,3,4})={2,3,4}
which is not openin Y .

Moreover, K is both min-continuous and max-

continuous, but K is not r-min-continuous and not r-
max-continuous since the set {1,2} is both minimal

regular open and maximal regular open in X, but
k*({1,2}) ={2,3} which is not openin Y .

Theorem 3.2 Let Y be a semi-regular space. Then,
f : X =Y is r-min-continuous if and only if f is min-
continuous.

Proof. Follows from Theorem 1.14. 0
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Definition 3.3 (Anuradha and Chacko, 2015) Let X
and Y be topological spaces. A function f: X —Y is

called:
a) a minimal regular continuous (briefly, a min r-

continuous) if f(U) is regular open setin X, for

every minimal regular openset U in Y .
b) a maximal regular continuous (briefly, a max r-

continuous) if f *(U) is regular open setin X, for
every maximal regular openset U in Y.

Remark 3.4 Every min r-continuous (resp. max r-
continuous) is  r-min-continuous (resp.  r-max-
continuous), but the converse need not be true as shown
in the following example:

Example 3.5 Let (X,7,) and (Y,7,) be as in Example
2.2. Define h: X =Y by h(1)=1, h(2)=1, h(3)=3,
h(4)=1. Then f is r-min-continuous, but not min r-
continuous since {1} is minimal regular open set in Y,
while f({1}) ={1,2,4} which is not regular open in
X . In Example 2.2, g: X —Y is r-max-continuous, but
not max r-continuous since {1,4} is maximal regular
openin Y, while g *({1,4}) ={1} which is not regular
openin X.

Theorem 3.6 Let X, Y be topological spaces and
f: X->Y.

1. If f then f

continuous and r-max-continuous.
2. If f is almost continuous, then f is both r-min-

is continuous, is both r-min-

continuous and r-max-continuous.
3. If f is almost perfectly continuous, then f is both

r-min-continuous and r-max-continuous.
4. If f is almost strongly € continuous, then f is

both r-min-continuous and r-max-continuous.
5. If f is O -continuous, then f is both r-min-

continuous and r-max-continuous.
Remark 3.7 The converse of all parts of Theorem 3.6

need not be true as shown in the following example:
Example 3.8 In Example 2.2, f is r-min-continuous,

but:

1. f is not continuous, since {1,2,3} is open in Y,
but f({1,2,3})={1,2,3} which is not open in
X.

2. f is not almost continuous, since {1,2,3} is

regular open set in Y, but f '({1,2,3})={1,2,3}
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which is not openin X .
3. f is not almost perfectly continuous, since {1} is

regular open in Y, but f *({1}) ={1,2} which is

not clopenin X .

4. f is not almost strongly € continuous, since for
X=21in X, f(2)=1, we have {1,4} is a regular
open set in Y containing f(2), but there is no

such that

open set W in X contains 2

f(CI(W)) ={1.4}.

5. f is not O -continuous, since for X=2 in X,
f(2) =1, we have {1,4} is a regular open set in Y
containing f (2), but there is no open set W in X
contains 2 such that f((W)) <{1,4}.

Moreover, g is r-max-continuous, but:

1. g is not almost perfectly continuous, since {2} is
regular openin Y, but g ({2}) ={4} which is not
clopenin X .

2. @ is not almost strongly € continuous, since for
X=4 in X, g(4) =2 and {2,4} is a regular open
setin Y containing g(4), but there is no open set
W in X contains 4 such that g(CI(W)) <{2,4}.

3. g is not O -continuous, since for X=3 in X,
g(3) =3, we have {1,2,3} is a regular open set in
Y containing f (3), but there is no regular open set
W in X contains 3 such that g((\W)) ={1,2,3}.

Also, In Example 3.1, h is r-max-continuous, but h is
not continuous since the set {1} is open in X, but

h™*({1}) ={2,3} which is not openin Y .
Theorem 3.9 Let f : X —Y be a function such that for

every X € X, there exists a minimal regular open set U
containing f(X). Then f isr-min continuous if and only

if T isalmost continuous.

Proof. Let xe X and G a regular open set containing
f (X) . Then, there exists a minimal regular open set U
containing f(x). By Lemma 1.9, U cG.As f r-min

continuous, there exists an open set W containing X
such that f(W)cU < G. Therefore, f is almost

continuous. The converse follows
Theorem 3.6 part (2). 0

directly from

4. Properties of r-min and r-max continuous
functions:
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Theorem 4.1 Let f:X —Y be an r-min-continuous
and X € X . If U is a minimal open set containing f (X)

such that U is not dense in Y , then there exists an open
set W in X containing X  such that

f(W) < Int(CIQU)).

Proof. By Theorem 1.10, Int(ClI(U)) is a minimal
regular open set in Y and f(x)eInt(CI(U)). By
Theorem 2.3, there exists an open set W containing X
such that f (W) < Int(CI(U)). g

Theorem 4.2 Let Y be a semi-regular space and
f:X —>Y a surjection function. If f is r-min-
continuous, then for any minimal regular open set U in
Y and any nonempty subset S of U, there is a
nonempty open set W in X such that W < f *(CI(S)).
Proof. Let U be a minimal regular open setin Y and S
a nonempty subset of U. Then W =f*(U) is a
nonempty open set. By Theorem 1.11, U < CI(S). So,

f (W)U < CI(S). Therefore, W = f *(CI(S)). [

Theorem 4.3 Let f: X =Y be an r-min-continuous

(resp. an r-max-continuous). Then for any subset A of
X, f|A:A—>Y is an r-min-continuous (resp. an r-

max-continuous).

Proof. Direct from the fact that
(f A U)=f*U)NA. 0

Theorem 4.4 Let {A, : @ € A} be an open cover of X.
Then, f:X —Y is r-min-continuous (resp. r-max-

continuous) if and only if f|A,:A, =Y is r-min-
continuous (resp. r-max-continuous), Va € A.
Proof. If f:X —Y is r-min-continuous (resp. r-max-

continuous), then by Theorem 4.3, f |A, : A, > Y isr-

min-continuous (resp. r-max-continuous), Va €A.
Conversely, assume that VaeA, f|A, 1A, -Y isr-

min-continuous. Let U be a minimal regular open set
in Y. Then, f'(U)= UaeA((f |A)"(U)). But
(f|A,)"(U) is open setin A, for every & € A. Since
A, isopenin X, (f|A,)"(U) is open setin X and
so, UaeA((f |A)*U))=f'(U) is open in X.

Therefore, f : X —Y is r-min-continuous. Similarly, if
f : X =>Y isr-max-continuous. 0
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Corollary 4.5 Let X = AUB where A and B are both
open (or both closed) sets in X. Then, a function
f : X =Y is r-min-continuous (resp. r-max-continuous)
iff both f|A and f|B are r-min-continuous (resp. r-
max-continuous). O

Theorem 4.6 Let B be a subspace of a space Y and
f:X—>B. If RO(B)cRO(Y) and f:X —>Y isr-
min-continuous, then f : X — B is r-min-continuous.
Proof. If U is a minimal regular open set in B, then by
Theorem 1.12, U is a minimal regular open set in Y
and so the result follows. O

Remark 4.7 The composition of even two r-min-

continuous (resp. r-max-continuous) functions need not
be r-min-continuous (resp. r-max-continuous).

Example 4.8 Let (X,7,), (Y,7,) be as in Example 2.2
and Z ={a,b,c} with 7, ={¢,Z,{a},{b}.{a,b}.{b,c}}
. Define f : X —Y asin Example 2.2 and h:Y —Z by
h(1)=b, h(2)=c, h(3)=b, h(4)=a. Then f and h
are r-min-continuous. But go f : X — Z is not r-min-
continuous since the set {b, C} is minimal regular open in

Z, while (9o H)*({b.ch) = (g7 ({b,c})
= f *({1,2,3}) ={1,2,3} which is not open in X .
Example 4.9 Let X =Y =Z ={1,2,3,4} with

rx ={¢ X {13.{2}.{1.2}.{34}.{1.3.4}{234}},
vy ={.Y {13.{2},{3}.{1,2}.{1,3}.{2,3},{1,2,3},

{1.2432.3.4}2.4 and v, ={4,Z {1}{4}4L4},
{1,2},{1,2,4}.{1,3,4}}. Then RO(Y,z,) ={s,Y .{1}.{3}.
{1,3}.{1,2,4},{2,3,4},{2,4}} and RO(Z,7,) ={4,Z {4} {1,2}}

. Define f: X >Y by f(1)=1, f(2)=3, f(3)=2,
f(4=4 and 9:Y >Z by g(1)=1 g(2)=2,
0(3)=3, g(4)=3. Then, both f and g are r-max-
continuous, but go f : X — Z is not r-max-continuous
since {1,2} is maximal regular open set in Z , but

(9o f)"{12h=f (9" {1.2)) = f "({1,2})={1,3}
which is not open setin X .

The proofs of the following three theorems are direct
and trivial, so they are omitted.

Theorem 4.10 Let f : X —Y be a continuous function
and g:Y —Z an r-min-continuous (resp. an r-max-
continuous). Then go f:X —Z is r-min-continuous
(resp. r-max-continuous).
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Theorem 4.11 Let f : X —Y be an almost continuous
and Q:Y —>Z a min r-continuous (resp. a max r-
continuous). Then go f:X —Z is r-min-continuous
(resp. r-max-continuous).

Theorem 4.12 Let Y bea T, space.If f: X —>Y isa
min-continuous and ¢:Y —Z is an r-min-continuous
(resp. an r-max-continuous), then gof : X —>2Z is r-
min-continuous (resp. r-max-continuous).

Theorem 4.13 Let Z be a semi-regular space. If
f:X —>Y is a continuous and g:Y —>Z is a min-

continuous, then go f : X — Z is r-min-continuous.

Proof. Follows from Theorem 3.2 and Theorem 4.10. []
Theorem 4.14 Let f:X —Y be a surjction open

mapping. If g:Y —>Z is a function such that
gof: X —>2Z is (resp.
continuous), then ¢:Y — Z is r-min-continuous (resp.

r-min-continuous r-max-

r-max-continuous).
Proof. Let U be a minimal regular open set in Z, then

(go f)'(U) is open in X and so f((gof)™*(U))
= f(f (g (U))) =g *(U) isopenin Y. 0
Theorem 4.15 Let (X,7,) and (Y,o,) be the semi-
regularization spaces of topological spaces (X,7) and
(Y, o), respectively. Then,

a) f:(X,r)—>(Y,o0) is r-min-continuous (resp. r-
max-continuous) if and only if f:(X,7) —>(Y,o0,)
is r-min-continuous (resp. r-max-continuous).

b) If f:(X,z,) > (Y,o) is r-min-continuous (resp. r-
max-continuous), then f:(X,7)—>(Y,o0) is r-

min-continuous (resp. r-max-continuous).
Proof. (a) Follows directly from Theorem 1.15.

(b) Follows from the fact that 7, c 7. 0

Theorem 4.16 Let A and B be two minimal regular
open setsin Y such that AUB=Y.If f: X >Y isr-

min-continuous, then X is disconnected.

Proof. Since A#B, by Lemma 1.9, AnB=¢. So,
f *(A) and f*(B) are two open sets in X . Since
ANB=¢ and AUB=Y, then f (A~ f ' (B)=¢
and f*(A)LUTf(B)=X. O

Theorem 4.17 Let M, and M, be two disjoint maximal

open sets in a space Y such that they are not dense. If
f: XY is r-max-continuous, then X is

disconnected.

Proof. By Theorem 1.13, M; and M, are two maximal
regular open sets. As f:X —Y is r-max-continuous,
f*(M,) and f*(M,) are two open sets in X . By
1.2, M, UM, =Y. Hence,

FLYM)UfYM,)=X and f (M)A FEM,)=¢.0

Lemma
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