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Abstract

In this article, we obtain sufficient conditions for existence and uniqueness
of Hadamard fractional sequential nonlinear differential equations of
orders 1 <a <2, and 2 < a < 3. The obtained results are based on
Banach and Schauder's fixed point theorems. Some examples are
introduced to explain the applicability of the theorems.
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1. Introduction:

The amazing results of applying the fractional
order derivatives in the models of many underlying
phenomena attracted the researchers to investigate
indepth work about various directions of fractional
calculus (see [1], [2], [3] and the references cited
therein). Among these investigations, the existence
theory of solutions for fractional differential models
has gained attentions of many authors. Most of them
have focused on using Riemann-Liouville and Caputo
derivatives in representing the underlying fractional
differential equation (see [5]-[8]). Another kind of
fractional derivative is Hadamard type which was
introduced in 1892 [9]. This derivative differs from
various derivatives in the sense that the kernel of
the integral in the definition of Hadamard derivative
contains logarithmic function of arbitrary exponent.
A detailed description of Hadamard fractional
derivative and integral can be found in ([10], [11]).
Recently, the existence and uniqueness of solution
for fractional differential equations in Hadamard
sense was introduced in many faces by several
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authors (see [12], [13] and references therein). We
add in this article a new idea concerning the
sequential definition of Hadamard fractional
operator with constant coefficients of order less
than three.

More precisely, we consider the nonlinear
Hadamard fractional differential equations given by

(D& +y D& )x(t) = f(t,x(®)),1<a <2,
(1.1)
x(a) =x'(a) =0,
and
( H Hpa-1 22 —1 Hpa-2
( Dg +A"Dg™ + D& )x(t) = g(t,x(®)),
* (1.2)

L x(a) =x"(a) =x"(a) =0,

where2<a <3, t€]J=[aT],1<a<T, f,g:] X
R — Rare given continuous functions, and y and 4
are real numbers.
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2. Hadamard Fractional Linear Differential
Equations:
The fractional derivative due to Hadamard,

introduced in 1892 [9], differs from the aforementioned
derivatives in the sense that the kernel of the integral in
the dentition of Hadamard derivative contains
logarithmic function of arbitrary exponent. A detailed
description of Hadamard fractional derivative and
integral can be found in ([10],[11]).

We firstly, present the definitions and some properties
of the Hadamard fractional integrals and derivatives.

Definition 2.1 The Hadamard fractional integral of
order «a for a continuous function f is defined as

J1© = s [ (i)

Definition 2.2 The Hadamard derivative of fractional
order a¢ > 0 for a continuous function f : [a,©) — Ris
defined as

()

—ds,a>0.
s

d
"DEf() = 8MEf (), 8 = top

for n—1<a<n, n=|[a] +1, here [a] denotes the
integer part of a.

Let C(J,R) denotes the Banach space of all real valued
continuous functions endowed with the norm
lx]l = sup{|x(t)|:t € J}. The Banach spaceCs(J,R)
denotes all real valued functions x such that
6"x € C(J,R). It is obvious that if f € C(J,R), then
J¢f € C(J,R),and if x € C§(J,R) then “D%x € C(J,R).
Lemma 2.3 [10]

1. The equality “D&x(t) = 0 is valid if, and only

if,
n t a'—j
x(t) = Z ¢ (ln—) ,
{ a
j=1
wherec; €R, (j =1,2,...,n), are arbitrary constants,
and x € C(J, R).
2. J2JPx = %Py x € C(J,R),
3. J§(crx(®) + cy (1)) =
Cl]gx(t) + Czng(t); x:y € C(]) R):
c1,C; ER,

&I
4. JE"Dgx(t) = x(0) — X1 ¢ (logs) ', G ER,
(G=12,..,n), x €C{(J,R).

and

The first result is obtaining the solution of the
corresponding linear equation of (1.1).
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Theorem 2.4 Let f € C(J,R), and x € C4(J,R). The
Hadamard fractional linear differential equation

(#Dg + "D M)x(t) = f(t),1<a<2,

(2.1)
x(a) =x"(a) =0,
has a solution given by
t
x(t) = t_Vf sY1Ja=1f(s)ds. (2.2)

a

Proof. Taking the Hadamard fractional integral J to
both sides of equation (2.1), we obtain

JE(D& () +vJ& U§DE (x (1)) = JE(f(©)-

Using Lemma 2.3, implies that

<x(t) — by (ln g)a—l — b, (ln é)a_2>

a-—2
+ y/a <x(t) —d, (ln%) ) = J¥(f(®),

-1 2

which implies that
x(t) — by (ln g)a — b, (1n£>a_
y t

+ o %(x(s) - d (lng)a_2> ds

=J&(F®).

The initial condition x(a) = 0,leads to b, = 0. Now,
taking the first ordinary derivative for equation (2.3),

x'(t) + y&tt) =

(2.3)

1 t a—2
ibl (€= 1D +yd) 7 (m E)
+ ?]g_lf(f)-

The condition x'(a) =0, implies that b;(a—1) +
yd, = 0. Let x(t) = t7Yu(t), then x'(t) = t7Yu'(t) —
vyt~ 1u(t), hence

1
() =< @,

accordingly,
w(t) =e"YEH (). (2.4)
Integrating equation (2.4), it follows that
t
u(t) =u(a) + j sY=ja-1£(s) ds.
a
condition x(a) =0, implies u(a)=0, hence
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x(t) =t~ f tsV‘ljg‘l £(s)ds.

This finishes the proof. m
Next result is obtaining a solution for the
corresponding linear equation of (1.2).

Theorem 2.5 Let f € C(J,R), and x € C3(J,R). The
Hadamard fractional linear differential equation

2

e -1
(”D”‘ +Aflpg-14—___Hpa- 2)x(t) gi),2<a<3,

(2.5)
x(a) =x'(a) =x"(a) =0,

has a solution given by

-a+n [t a+n_,
x(t)=t = f(t—s)s 2 “J92g(s) ds. (2.6)

a
Proof. Taking the Hadamard fractional integral J¢ to
both sides of equation (2.5), we obtain

J&(Dg(x(t) + Aa (]3‘10“‘1(X(t)))
AZ
]a(] 2DE(x () = JE(9 ().

Lemmas 2.3 would imply,

(x(t) — by (ln é)a_l — b, (ln%)a_2 — b (ln 2)0[_3)
+ A (x(t) —d, (mé)a_z —d, (m%)H)

2

+ A 4_ 1]5 (x(t) - wy (lné)a_3>

= J&(g(®),

that implies
x(£) = by (m%)a_l — b, <1n 2)
+ Af:%(x(s) —d, (m%)
~d, (In E)H) ds
22 () 5

—w; (logg)a_3> ds = ],‘j‘(g(t)).

a-2

t a-3

a-2

The condition x(a) = 0, implies that b; = 0. Taking the
first ordinary derivative, we obtain
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R
x(t) dy/ t\*?% d,s t\*3
l(T‘TO“E) - () )
+ A 4_t 1f %(x(s) -w (lnz)a_3) ds
1 a
= ;lg_l(y(t))-
Since x'(a) =x(a) =0, thenby,(a —2)+ Ad, =0.

Multiplying equation (2.7) by t, and then taking the
derivative again, we have

R0

2.7)

tx'(t) + (1 + Dx '(t)+< Z ,

2 -1 1(1 t)“‘3
4 W1 t na

(2.8)

= <b1(a -D(a—-2)+2Ady(a—2)+

~J& (g ®).

Since x"'(a) = x'(a) = x(a) = 0, it follows that
2_

by(a — 1)@ — 2) + Ady (@ = 2) + = w,; = 0.

Multiplying equation (2.8) by t, we obtain

2 _

A 1
2x"(t) + (1 + Dex'(t) + < >x(t) =J22(g®). (2.9)

Now, we substitute the transformation

x(t) = t 12 u(t)
) =t 3 ’(t)—(1+/1) t_(sz”)u(t)
() = () — (14 D3 ()
a er DG erz) R

into equation (2.9), and then simplify, we obtain
—(14+1

() = J&2(g(®).

Therefore,
(1+/1)_2
u'(t)=t 2

(9 ®).

Twice integration and then changing the variables in
the double integral will lead to

u(t) — u'(a)(t —a) —u(a)

¢ a+n_,
=f (t—s)s 2
a

The conditions x(a)=x'(a)=0
u(a) =u'(a) =0. Hence, after
transformation, we obtain

42(g(s)) ds.

imply  that
reversing  the
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-(1+21)

x(t) =t 2 ft(t - s)s@_2 272(g(s)) ds.

This finishes the proof. m
3. Existence Theorems:

The fixed point theorems are the basic tools for
dealing with the nonlinear differential equations. The
idea is to convert the corresponding integral equation
into operator equation and then proving this equation
has fixed point, which is then the required solution. We
shall focus on two fixed point theorems, the Banach and
Schauder's fixed point theorems [14].

In view of Theorem 2.4, and Theorem 2.5, we define
the operators ® and ¥ on C(J, R), as

t
dx(t) = t‘Vf sY=1ja=1¢(s, x(s))ds, (3.1)

—(1+2)

Px(t) =t 2 ft(t - s)s(l%l)_2 22(g(s,x(s)))ds. (3.2)

Theorem 3.1. The operators ® and ¥ are completely
continuous.

Proof. The continuity of the operators @ and W follows
respectively by the continuity of the functions f and g.
Let B be a bounded proper subset of C(J, R),then, there
exist positive real numbers A and Agsuch that

If(t,x)| <Af, and |g(t,x)| < Ayfor any order pair

(t,x) €] xB. Therefore
a-1 y
Ar(In2) [1-(2
|Px(t)] < (F(;z V(t) Yy # 0,
and
R2403] o
1+ -1
a—2 a a\ 2
1y (|- (-® ")
< = WENE
T TI'(a—-1) @-1)
2

Taking the maximum over J, we deduce that the
operators ® and W are bounded on C(J, R). Next,
we show the equicontinuity of ® and W. For this,
leta <t; <t, <T,then

|Px(tz) — Px(ty)]
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4 ()" (6" - @
< @7 - @7 |ﬁ
(7 -
I(a) | v |

and

[Wx (t;) — Wx(ty)|

-(1+2) 2 a+n_,
Sty z |t—ty| | sz
a

a-2 (g(s,x(s)))| ds

~(1+4) —a+| (b @a+a)
+‘t2 Pl f (b —s)s 5 2 &= (g(s,x(s)))| as
a
—a+n [tz @a+a)
4t | (b —s)s &2 & (g(s,x(s)))|ds
" a2 ! a CLEONE
t. 2
A (n2) | - @)
Ira-1) t, @-1)
2
a-2 a+n)_ )
Ag (ln%) (t1—a)| -awn —(142) (tl : '—a 1)
+ F(a — 1) tz 2 - tl 2 M
2
. a+n_,
¢ a-2 (4 2
Ag (lnt—j) | t (1 (tz) )
Ira-1) t, a-1 '
2
As |t, —t;] = 0, then |®Px(t,)— Px(t;)| >0, and

|Wx(t,) — Wx(t;)| — 0. These imply that ® and ¥ are
equicontinuous on J. In consequence, it follows by the
Arzela-Ascoli theorem that the operators @ and W are
completely continuous. This finishes the proof. m
We state next the so-called Schauder's fixed point
theorem.
Theorem 3.2.[14]If F is a closed , bounded, convex
subset of a Banach space X and the mapping 4: U — U is
completely continuous, then 4 has a fixed pointin F.
Accordingly, if we define a closed , bounded, convex
subset F of C(J, R) on which the operators ® and ¥, as
defined by (3.1)-(3.2), are completely continuous, then
the problems (1.1)-(1.2) have the respective solution.
Theorem 3.3. Let Bf and B, be positive constants such
that
L f@x)
im

x—0 X

t,
and limg( %)

< Bf < 0o,
x—0 X

< Bg < oo,
then, each problem of (1.1) and (1.2) has a solution.
Proof. The given conditions imply that there exist
positive constants ps and pg such that |f (¢, x(t))]| <
(1 + Bs)py and |g(t,x())| < (1 + By) pg- Therefore,
define the subsets Fr and F; of C(J, R) as
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F; = {x € C(,R): [x(0)| < py,t €],
and

= {x € CU,R): x(D)] < pg L €]},

Hence,Fy and F; are closed, bounded, and convex
subsets of C(J, R). By Theorem 3.1, the operators @ and
Y are completely continuous, then by Schauder's fixed
point Theorem 3.2, each problem of (1.1) and (1.2) has
a solution. This finishes the proof.m

Next result, we show the existence and uniqueness of
solution for each problem of (1.1) and (1.2) by using
the contraction principle and the so-called Banach fixed
point Theorem.

Theorem 3.4. Let f and g be Lipschitzian functions
that satisfying the conditions

{If(t,x) —f& < Crlx—yl,
lg(t,x) — gty < Cylx —yl,

where t€],x,y €R, and C(; C;> 0. Then, each
problem of (1.1) and (1.2) has a unique solution

whenever
ma-1
9r = M ‘1 — _ y| <1
T Ty ’
and
(ln Z)a_z @D 4
9, = a x[1-(3) * |<1
9 IN=-1'(a=1) tE] t '

Proof. The continuity of f and g implies that there exist
positive constants Dy andDgsuch that max{|f(t,0)|:t €
J} < Dy and max{|g(t,0)|:t € J} < D,. We show firstly
that CDﬁBrf C ‘Brf, and ‘PiBrg C ‘Brg, where ‘Brfand

‘Brgare defined by %rf = {x ECU,R): |x]|| < rf}, and

= {x e CU,R): |Ix]| < 7}, such that 7; and rjare
given by
a—1
Df (ln g) -1
erWtE] ‘1—(? (1—19f) ,
(an)“_ JNCEEII
a (¢ 2 _ -1
Ty = A—1|l'(@—1) e X[t (t) (1-19,)
For doing this, let x € ‘Brf, then
t
@x@] < ¢ [ 7 (f(5.460) - 5,0
a
+ If (s, 0)|)ds
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G+ o) () |1 - ('
B r'(a) Y
D 1nZ “ y
< %1&3}( 1- (%) + rf
<r.

For x € %r , we have

W) <¢ e f (=) 7 e (|g(s,x() ~ 9(5,0)

+19(s,0)I[) ds

(Gllxll + D) (10 )"
= Fa—1)

<(1-Yy)r+9,r=r.

Next step, is showing the contraction principle. For
doing this, let x, y € C(J, R), then

|Dx(t) — Py (t)] ,
<tV f 771 J21(|f (5, %(5))

~ G y(D]ds

Cr (lng)“ ary

e max| 1= () [ -y
< 9yllx -yl

and
—(1+1)

I‘Px(t) ‘Py(t)|<t > X
$2(lg(s,x()) = g(s,¥(s))) ds

o (0 70-D(-0")

I'a-1) @-1
2

(t —s)s 2

a

X lx =yl < Igllx = yll.

As 9¢,94 < 1, the contraction principles are satisfied.
By Banach fixed point Theorem, there exists a unique
solution for each problem of (1.1) and (1.2). The proof
is completed.m

Remark 3.5 If y = 0 in equation (1.1), then, instead of
(2.2), the solution will be

x(t) = J§f (£, x(D)).
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Hence, all the above result will be simpler. The other
particular value is A =1, the problem (1.2) has the
following solution

x(t) = %f: (2 - 1) 4=2(g(s,x(s))) ds,

T a—-2
. . Ag(ln;) T-a
which has a maximum——%—(—-

r'(a-1) a?
simple to consider. Therefore, we omit these particular
cases.

We close this article by the following examples.
Example 3.6 Consider the following fractional
Hadamard differential equation

("D&5 — "DY%)x(t) = Ct sinx(t),t € [1, €],

), and is again

(3.3)
x(D)=x'(1)=0.
Here « = 1.5, y = —1, and f(t,x(t)) = Ct sinx(t). We

notice that
Ctsinx

lim =(Ct < Ce,
x—-0 X

and

9 = r(1]T5) max|1 — t] = 1.9526C.
Therefore, choosing any real number 0 < € < 0.5, the
Theorems 3.3 and 3.4 can be applied, hence the
problem (3.3) has a unique solution in C([1, e], R).
Example 3.6 Consider the following fractional
Hadamard differential equation

Bt|x(t)|
Hp2.8 Hp1.8 Hpo.8 ___ _~7
{( D28 +3fpl8 4+ 2HpO )x(t)—1+|x(t)|, <t<e, G
() = x'(1) =x"(1) = 0,
_ _ _ Btlx@®)l
Here a =28, A=3, and g(t,x(t)) = Ol
lim =Bt < Be,
Ix[->01 + |x]
and
9, = 0 1 1‘ < 1.85B
97T T T =

Therefore, choosing any real number 0 < B < 0.54, the
Theorems 3.3 and 3.4 can be applied, hence the
problem (3.4) has a unique solution in C([1, e], R).
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