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1. Introduction: 

  An Alexandroff space [2] (briefly A space) (or a 

smallest neighborhood space) X  is a topological space in 

which the arbitrary intersection of open sets is open. In 

this space, each element x  possesses a smallest open 

neighborhood )(xV  which is the intersection of all open 

sets containing x .  For every oT  A space ),( X , there 

is a corresponding poset ),( X  in one to one and onto 

way, where each one of them is completely determined 

by the other. If ),( X  is a 0T  A space, we define the 

corresponding partial order  , called (Alexandroff) 

specialization order, by: ba   iff }{ba  iff )(aVb . 

On the other hand, if ),( X  is a poset, then the 

collection }:{= Xxx B  forms a base for a 0T  

spaceA  on X , denoted by  . So throughout this 

paper, we consider ))(,( X  to be a oT  A space 

),( X  together with its corresponding poset ),( X . A 

space is an upper bounded 0T  A space (briefly a UB  0T  

A space) (resp. a lower bounded 0T  A space (briefly 

an LB  0T  A space)) if every chain of points in the 

corresponding poset ),( X  is bounded above (resp. 

bounded below). It is bibounded (briefly BB ) if it is both 

UB  and LB  [22]. Given a poset ),( X , the set of all 

maximal elements is denoted by )(XM  (or simply by M

) and the set of all minimal elements is denoted by )(Xm  

(or simply by m ). For Xx , }:{= yxXyx  , and 

}:{= xzXzx  . We define mMMax = . 

Moreover, for each Xx , we define x̂  to be the set of 

all maximal elements grater than or equal to x  and x


 the 

set of all minimal elements less than or equal to x . If X  

is a ATUB   0 space, then M  and Xxx    ˆ . 

Similarly in an ATLB   0 spaces, m  and 

Xxx    


. For a oT  A space ))(,( X , we have 
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the following: A set A  is open (resp. closed) iff A  is up 

(resp. down) set in the corresponding poset. For each 

Xx , xxV =)( , Mxx =ˆ  and mxx =


 [11]. 

  A subset A  of a topological space ),X(   is called a 

opensemi  [10] (resp. a preopen [15], an  -open [18]) 

set if ))(( AIntClA  (resp. ))(( AClIntA , 

)))((( AIntClIntA ). It is called a closedsemi  [4] 

(resp. a  preclosed [6], an  -closed [5] ) set if cA  is semi-

open ( resp. preopen,  -open).  The family of all semi-

open (resp. preopen,  -open) sets is denoted by )(XSO  

(resp. )(XPO ,  ). We have the following facts: The 

collection   forms a topology on X  [18]. 

)()(= XSOXPO   [19].     (resp. )(XSO

, )(XPO ). 

1. Preliminary Notes 
 

Theorem 2.1 [12] Let ))�(,( X  be a UB  0T  A space. 

Then we have the following:   

1. =)(XPO .  

2. )(XPO  )(XSO .  

3. For XA , A  is semi-open set if and only if 

Ax̂  .Ax   
 

  A topological space ),( X  is said to be extremally 

disconnected if the closure of every open set is open. X  is 

submaximal [21] if each dense subset is open. It is 

resolvable [9] if and only if cDDX =  where both D  

and cD  are dense. A subset XA  is resolvable if the 

subspace ),( AA   is resolvable. X  is irresolvable if it is 

not resolvable and X  is strongly irresolvable [8] if no 

nonempty open set is resolvable. 

Theorem 2.2  [12] Let X  be a  UB  0T  A space , then   

1. X  is strongly irresolvable.  

2. The space ),( X  is submaximal.  

3. X  is submaximal iff  = .  

Theorem 2.3  [12] Let X  be a  UB  0T  A space , then 

X  is extermally disconnected iff 1|=ˆ| x  for each Xx  

iff )(= XSO . 

Theorem 2.4  [11] Let ))(,( X  be a T  A-space. Then 

X  is submaximal iff each element set in X  is either open 

or closed.  

3. Compactness of  oT Alexandroff Spaces 

  Let ),( X  be a topological space then X  is compact iff 

each open cover of X  has a finite subcover. X  is 

countably compact iff each countable open cover of X  

has a finite subcover. X  is Lindelöf iff each open cover of 

X  has a countable subcover. X  is  locally compact iff 

each point in X  has a nhood base consisting of compact 

sets. A collection U  of subsets of X  is  locally finite iff 

each Xx  has a nhood meeting only finitely many 

UU . If U  and V  are covers of X , then we say U  is a 

refinment of V  iff each UU  is contained in some 

VV . X  is  paracompact iff each open cover of X  has 

an open locally finite refinement. X  is  separable iff it 

contains a countable dense subset. X is  orthocompact iff 

every open cover has an open refinment V  such that for 

all }:{ , VxVXx  V  is open.  

Theorem 3.1 [13] Let ))(,( X  be a oT Alexandroff 

space. Then   

1. X  is compact iff X  contains a finite subset N  of 

minimal elements such that XN = .  

2. X  is locally compact.  

3. If X  contains a countable subset C  of minimal 

elements in which XC = , then  X  is Lindelöf ( but 
not conversely ).   
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Corollary 3.2 [22] Let ))(,( X  be a oT  A space. Then 

X  is compact iff X  is an LB  and the set of all minimal 

elements m  is finite.  

Corollary 3.3  Let ))(,( X  be an LB  oT  A space. 

Then X  is Lindelöf iff the set of minimal elements m  is 

countable.  

Theorem 3.4  Let ))(,( X  be an LB  oT  A space. 

Then X  is compact if and only if it is countably compact.  

Proof. A compact space is countably compact. Conversely, 

If X  is not compact, then the set of minimal elements m  

is infinite. Let ,,, 321 xxx  be elements in m  and let 

},,,{= 321 xxxmm  . Then 

)}({}),(),(),({ 321 mVxVxVxV   is a countable open 

cover without finite subcover.  

Theorem 3.5 [7] If ))(,( X  is a UB T  A-space, then the 

space ),( X  is an Alexandroff space (necessarily T ). 

Moreover, yx   in ),( X  if and only if xxy ˆ}{  .  

Corollary 3.6  Let ))(,( X  be a UB  oT  A space. Then 

),( X  is compact (resp. Lindelöf) if and only if the set 

MaxX   is finite (resp. countable).  

Proof. Using Theorem 3.5, each element in ),( X  is 

either minimal or maximal. So, the space ),( X  is a BB  

oT  A space with a set of minimal elements 

MaxXm = . Hence, the result follows directly from 

Corollary 3.2 and Corollary 3.3.  

Theorem 3.7 [3] Let X  be a oT Alexandroff space.   

1. X  is orthocompact.  

2. X  is paracompact if and only if for every Xx , 

)(xV  meets only a finite number of )(yV .  
 

Theorem 3.8 Let X  be a oT Alexandroff space. Then X  

is paracompact iff Xx  and )(xVz , both )(zV  

and z  are finite. 

Proof. If there exist infinite different numbers 

,,, 321 yyy  in )(zV , then )()( xVyVy ii   i . 

Hence )(xV  meets infinite numbers of )( iyV . By 

Theorem 3.7 X  is not paracompact. In addition, if there 

exist infinite different numbers ,,, 321 zzz  in z , then 

)()( izVxVz   i . Hence a gain, )(xV  meets infinite 

number of )( izV . Conversely, suppose to contrary that 

there exists )(xV  meets infinitely many 

1,2,= ),( iwV i . Then there exists )()( ii wVxVx  . 

Set },,{= 21 xxA . If A  is infinite, then )(xV  is infinite 

which is a contradiction. If A  is finite, then there exist jx  

and an infinite subset }:{ Nkw
k

j  of }:{ Niwi  such 

that )(
k

jj wVx   k . Equivalently, j
k

j xw  . Hence, 

)(xVx j   and jx  is infinite which is a contradiction.   

4. Compactness Based on Generalized Open 
Sets 

 

Definitions 4.1  A topological space ),( X  is called:   

1. p closed [1] if every preopen cover of X  has a 

finite subfamily whose preclosures cover X .  

2. quasi-H-closed )(QHC  [20] if every open cover of X  

has a finite subfamily whose closures cover X  

(=every open cover of X  has a finite subfamily whose 
union is dense),  

3. strongly compact [14] if every preopen cover of X  
has a finite subcover,  

4.  compact [17] if every  open cover of X  has a 
finite subcover,  

5. semi-compact [16] if every semi-open cover of X  has 
a finite subcover,  

 

   The following implications hold in general: 
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Remark 4.2  There is no guarantee that the reverse of 

these implications hold. Nevertheless, we have the 

following:   

6. If X  is strongly irresolvable, then )(= XPO , and 

hence  compact  stronly compact.  

7. If X  is submaximal, then  = , and hence  compact 

   compact.  

8. If X  is extremally disconnected, then )(= XSO , 

and hence  compact   semi-compact.  

  As we mentioned above, if X  is p closed then it is 

QHC . The following theorem provides a condition when 

a QHC  space is p closed.  

Theorem 4.3 [15] Let ),( X  be a strongly irresolvable 

space, then ),( X  is p closed if and only if it is QHC .  

Theorem 4.4  Let X  be a UB oT A space. Then the 

following implications hold for X :   

 

 

 

 

 

 

Proof. By Theorem 2.2, X  is strongly irresolvable. So, 

using Remark 4.2 part 1 and Theorem 4.3 we get the 

result.  

Theorem 4.5 If X  is a oT  A space such that each 

element set }{x  in X  is either open or closed, then the 

following statements are equivalent:   

1. X  is compact.  

2. X  is  compact  

3. X  is strongly compact.  

4. The set of minimal elements m  is finite.  

Proof. By Theorem 2.4, X  is submaximal. So X  is 

ATBB   0 space. By Remark 4.2 part 2, 2)(1 . From 

Theorem 4.4, 3)(2 . Finally, 1)(4  comes from 

Theorem 3.2 part 1.   

Theorem 4.6 Let X  be a oTUB A space. Then X  is 

strongly compact (   -compact) iff MaxX   is finite 

set.  

Proof. Equivalent form of Corollary 3.6.  

Theorem 4.7 If X  is a oTUB  A space such that 1|=ˆ| x  

for each Xx , then the following statements are 

equivalent:   

1. X  is semi-compact.  

2. X  is  compact  

3. X  is strongly compact.  
Proof. Direct from Theorem 2.3 and Remark 4.2 part 3.  

Theorem 4.8 Let X be a oTUB A space. Then X is semi-

compact if and only if X is finite.  

Proof. Since X  is  compact, MaxX   is finite. 

Suppose to contrary that M  is infinite. Let 

},,,,{= 321 nxxxxMX  . Pick ii xy ˆ  and set 

},{= iii yxS . Then by Theorem 2.1 part 3, iS  is semi-

open set. Moreover, 

}  :}{{},1,2,=:{= ii yzandMzzniS A  is a 

strongly compact      closed 

                                             

 compact  compact    

                          

                  semi-compact  

 

strongly compact              closed 

                                                  

  compact  compact       

                      

             semi-compact    
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collection of semi-open cover without finite subcover 

which is a contradiction. Conversely, since the power set 

)(XP  is finite, any collection of semi-open cover is finite.  

Theorem 4.9  Let ))(,( X  be a  UB  0T  A space . 

Then the following statements are equivalent:   

1. X  is p closed.  

2. X  is QHC .  

3. There exists a finite subset N  such that 

))(=( NNV   is dense.   

Proof. From Theorem 4.4, 2)(1  

3)(2  The family }:)({ XxxV   has a finite subfamily 

)}(,),(),({ 21 nxVxVxV   such that 

)(=)(= 1=1= i

n

ii

n

i xVxVX  . Set },,,{= 21 nxxxN  , so 

)(= NVX . 

2)(3  Suppose that },,,{= 21 nxxxN   and 

)(= NVX . Let }:{ U  be an open cover of X . 

Take 
n

UUU  ,,,
21
  to be such that 

i
i Ux  . Then 

i
i UxV )(  for each ni ,1,2,=  . Therefore 

i

n

ii

n

ii

n

i UxVxVNVX 1=1=1= )(=)(=)(=  .  

Corollary 4.10 If X  is a compact ATBB   0 space, then 

X  is QHC . 

Proof.  Take mN = .  

Corollary 4.11  If X  is a ATUB   0 space such that M  is 

finite, then X  is QHC .  

Proof.  Take MN = .  

  The reverse of the previous two corollaries need not be 

true. Consider the space N}{=X  where the order 

on N  is anti-chain and  <  , nn N . Then X  is QHC . 

Moreover, X  is not compact since N=m  is infinite. 

Consider the space N}{=Y  where the order on N  is 

anti-chain and  >  , nn N . Then Y  is compact and 

hence QHC , while N=M  is infinite. 
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