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Abstract
The aim of this paper is to characterize several types of compactness on upper

bounded I, - Alexandroff spaces. We discuss the relations between these types

under certain conditions. It is mainly shown that an Upper Bounded I, -
Alexandroff space X is P~ closed if and only if it is quasi H-closed. In addition,
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it is semi-compact iff it is finite.

P —closed, QHC'.

1. Introduction:

An Alexandroff space [2] (briefly A-—space) (or a
smallest neighborhood space) X is a topological space in
which the arbitrary intersection of open sets is open. In
this space, each element X possesses a smallest open
neighborhood V (X) which is the intersection of all open

sets containing X. For every T, A—space (X,7), there
is a corresponding poset (X,<_) in one to one and onto

way, where each one of them is completely determined
by the other. If (X,7) isa T, A—space, we define the

corresponding partial order <_, called (Alexandroff)

specialization order, by: a<_b iff ae{b} iff beV(a).
On the other hand, if (X,<) is a poset, then the
collection B={Tx:xe X} forms a base for a T,
A—space on X, denoted by 7_. So throughout this
paper, we consider (X,7(5)) to be a T, A-—space
(X,7) together with its corresponding poset (X,<). A
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space is an upper bounded T, A—space (brieflya UB T,
A—space) (resp. a lower bounded T, A-—space (briefly
an LB T, A-—space)) if every chain of points in the

corresponding poset (X,<) is bounded above (resp.

bounded below). It is bibounded (briefly BB ) if it is both
UB and LB [22]. Given a poset (X,<), the set of all

maximal elements is denoted by M (X) (or simply by M
) and the set of all minimal elements is denoted by m(X)
(or simply by m). For xe X, Tx={ye X :x<y}, and
Ix={zeX:z<x}. We Max =M =m.

Moreover, for each X € X , we define X to be the set of

define

all maximal elements grater than or equal to X and X the
set of all minimal elements less than or equal to X. If X
isa UBT, A—space, then M = and X=J Vxe X.

LBT, A—spaces, m=J
X# Vxe X .Fora T, A-space (X,7(5)), we have

Similarly in an and
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the following: A set A is open (resp. closed) iff A is up
(resp. down) set in the corresponding poset. For each

xeX,VX) =Tx, =T xAM and X = x~m [11].

A subset A of a topological space (X,7) is called a
semi—open [10] (resp. a preopen [15], an « -open [18])
AcCl(Int(A)) Ac Int(CI(A)),
Ac Int(CI(Int(A)))). It is called a semi—closed [4]

set if (resp.

(resp. a preclosed [6], an « -closed [5] ) set if A° is semi-
open ( resp. preopen, « -open). The family of all semi-
open (resp. preopen, « -open) sets is denoted by SO(X)
(resp. PO(X), 7,). We have the following facts: The
collection 7, [18].
7, = PO(X)NSO(X) [19]. 7 <7, (resp. 7 < SO(X)
, 7 < PO(X)).

forms a topology on X

1. Preliminary Notes

Theorem 2.1 [12] Let (X,7(<)) bea UB T, A—space.

Then we have the following:

1. PO(X)=17,.

2. PO(X) < SO(X).

3. For Ac X, A is semi-open set if and only if
XNA=D VxeA

A topological space (X,7) is said to be extremally

disconnected if the closure of every open set is open. X is
submaximal [21] if each dense subset is open. It is

resolvable [9] if and only if X = DLJDC where both D

and D° are dense. A subset Ac X is resolvable if the
subspace (A,7,) is resolvable. X is irresolvable if it is

not resolvable and X is strongly irresolvable [8] if no

nonempty open set is resolvable.

Theorem 2.2 [12]Let X bea UB T, A-space, then

1. X isstrongly irresolvable.
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2. Thespace (X,7,) is submaximal.

3. X issubmaximaliff 7=17,.

Theorem 2.3 [12] Let X bea UB T, A—space, then
X is extermally disconnected iff | X|=1 for each x e X
iff 7, = SO(X).

Theorem 2.4 [11] Let (X,7(X)) be a T, A-space. Then

X is submaximal iff each element set in X is either open
or closed.

3. Compactness of T, — Alexandroff Spaces

Let (X,7) be a topological space then X is compact iff

each open cover of X has a finite subcover. X is
countably compact iff each countable open cover of X
has a finite subcover. X is Lindeldf iff each open cover of
X has a countable subcover. X is locally compact iff
each point in X has a nhood base consisting of compact
sets. A collection U of subsets of X is locally finite iff
each Xe X has a nhood meeting only finitely many
UeU.If Uand V arecoversof X,thenwesay U isa
refinment of V iff each U €U is contained in some
V eV. X is paracompact iff each open cover of X has
an open locally finite refinement. X is separable iff it
contains a countable dense subset. X is orthocompact iff
every open cover has an open refinment V such that for
all xe X,n{V e V:xeV}isopen.

Theorem 3.1 [13] Let (X,7(Z)) be a T, — Alexandroff

space. Then

1. X is compact iff X contains a finite subset N of
minimal elements such that TN = X .

2. X islocally compact.

3. If X contains a countable subset C of minimal

elements in which T C = X ,then X is Lindeléf ( but
not conversely ).
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Corollary 3.2 [22] Let (X, 7(Z)) be a T, A—space. Then

X is compact iff X is an LB and the set of all minimal
elements m is finite.

Corollary 3.3 Let (X,7(5)) be an LB T, A—space.

Then X s Lindeldf iff the set of minimal elements m is
countable.

Theorem 3.4 Let (X,7(X)) be an LB T, A-—space.

Then X is compact if and only if it is countably compact.

Proof. A compact space is countably compact. Conversely,
If X is not compact, then the set of minimal elements m

is infinite. Let X,X,,X;,--- be elements in M and let
m' =m—{x;, X,, X, }. Then
{V (x),V (X,),V (X),-- Fo{V (M)} is a countable open

cover without finite subcover.

Theorem 3.5 [7] If (X,7(<)) is a UB T, A-space, then the
space (X,7,) is an Alexandroff space (necessarily T).

Moreover, X<y in (X,<,) ifandonly if ¥ e{X}U)A(.

Corollary 3.6 Let (X,7(<)) bea UB T, A—space. Then
(X,z,) is compact (resp. Lindeldf) if and only if the set
X —Max is finite (resp. countable).

Proof. Using Theorem 3.5, each element in (X,<)) is
either minimal or maximal. So, the space (X,7,) isa BB
elements

T A—space with a set of minimal

0

m, = X —Max. Hence, the result follows directly from
Corollary 3.2 and Corollary 3.3.

Theorem 3.7 [3] Let X be a T, — Alexandroff space.

1. X isorthocompact.
2. X is paracompact if and only if for every Xe X,
V (X) meets only a finite number of V (Yy).
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Theorem 3.8 Let X be a T, — Alexandroff space. Then X
is paracompact iff Vxe X and Yz €V (X), both V(2)

and Z are finite.

Proof. If there exist infinite different numbers
Yir Y2, Yaroor in V(2), then y, eV(y,)cV(X) Vi.
Hence V(X) meets infinite numbers of V(y,). By
Theorem 3.7 X is not paracompact. In addition, if there
exist infinite different numbers z,,7,,7;,--- in E, then
z2eV(X)nV(z,) Vi.Hence a gain, V(X) meets infinite
number of V(z;). Conversely, suppose to contrary that
V(X)
V(W),i=1,2,---. Then there exists X, €V (X)NV(W,).
Set A={X,,X,, - }.If A isinfinite, then V(X) is infinite

there exists meets infinitely many

which is a contradiction. If A is finite, then there exist X;

and an infinite subset {ij 'k eN} of {w, :i eN} such
that X; eV(ij) VK . Equivalently, W ex_j. Hence,

X; €V (X) and x_J is infinite which is a contradiction.

4. Compactness Based on Generalized Open
Sets

Definitions 4.1 A topological space (X,7) is called:

1. p—closed [1] if every preopen cover of X has a

finite subfamily whose preclosures cover X,
2. quasi-H-closed (QHC) [20] if every open cover of X

has a finite subfamily whose closures cover X
(=every open cover of X has a finite subfamily whose
union is dense),

3. strongly compact [14] if every preopen cover of X
has a finite subcover,

4. a—compact [17] if every ¢ —open cover of X has a
finite subcover,

5. semi-compact [16] if every semi-open cover of X has
a finite subcover,

The following implications hold in general:
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strongly compact = p—closed

U U

o —compact = compact = QHC
)

semi-compact

Remark 4.2 There is no guarantee that the reverse of

these implications hold. Nevertheless, we have the

following:

6. If X is strongly irresolvable, then 7, = PO(X), and
hence o —compact < stronly compact.

7. If X issubmaximal, then 7 =7, and hence compact
& o —compact.

8. If X is extremally disconnected, then 7, = SO(X),

and hence ¢ —compact <> semi-compact.
As we mentioned above, if X is p—closed then it is

QHC. The following theorem provides a condition when

a QHC spaceis p—closed.

Theorem 4.3 [15] Let (X,7) be a strongly irresolvable
space, then (X,7) is p—closed if and only if it is QHC.

Theorem 4.4 Let X be a UBT, A—space. Then the
following implications hold for X :

strongly compact = p —closed

g 0

o —compact = compact = QHC
)

semi-compact
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Proof. By Theorem 2.2, X is strongly irresolvable. So,
using Remark 4.2 part 1 and Theorem 4.3 we get the
result.

Theorem 4.5 If X is a T, A—space such that each

element set {X} in X is either open or closed, then the

following statements are equivalent:

1. X is compact.
2. X is a—compact
3. X isstrongly compact.
4. The set of minimal elements M is finite.
Proof. By Theorem 2.4, X is submaximal. So X is

BB T, A—space. By Remark 4.2 part 2, (1< 2). From
Theorem 4.4, (2<3). Finally, (4<1) comes from
Theorem 3.2 part 1.

Theorem 4.6 Let X be a UBT, A—space. Then X is

strongly compact (= o -compact) iff X —Max is finite

set.

Proof. Equivalent form of Corollary 3.6.

Theorem 4.7 If X isa UBT, A—space such that | X|=1

for each Xe X, then the following statements are
equivalent:

1. X is semi-compact.
2. X is o —compact
3. X is strongly compact.
Proof. Direct from Theorem 2.3 and Remark 4.2 part 3.

Theorem 4.8 Let X be a UBT, A—space. Then X is semi-
compact if and only if X is finite.

Proof. Since X is a—compact, X —Max is finite.
Suppose to contrary that M is infinite. Let
X =M ={X,X%,,X;,--, X, }. Pick y,eX and set

S, ={X,,¥,}. Then by Theorem 2.1 part 3, S, is semi-

open set. Moreover,

A={5:1=12,--- nfu{{z}:zeMand zzy} is a
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collection of semi-open cover without finite subcover
which is a contradiction. Conversely, since the power set
P(X) is finite, any collection of semi-open cover is finite.

Theorem 4.9 Let (X,7(5)) be a UB T, A—space .

Then the following statements are equivalent:

1. X is p—closed.
2. X is QHC.
3. There exists a finite subset N
V(N)(=T N) is dense.
Proof. From Theorem 4.4, (1< 2)

such that

(2= 3) The family {V (x): x € X} has a finite subfamily
V)V (),V (x,)}
X=ULV(x)=uU_V(x).Set N={x,X,, -+, X,}, so

X =V(N).

such that

B3=2) N ={x,X,,---, X, }

X =V(N). Let U, :a € A} be an open cover of X.

Take U, U, ,---,U
1 2

Suppose  that and
to be such that X, €U, . Then
1

1=1,2,---,n.

n

V(x)cU, for each Therefore

X =V(N)=uUL V(x)=uULV(x)c U?:luai :
Corollary 4.10 If X is a compact BB T, A—space, then
X is QHC.

Proof. Take N =m.

Corollary 4.11 If X is a UBT, A—space such that M is
finite, then X is QHC.

Proof. Take N =M.

The reverse of the previous two corollaries need not be
true. Consider the space X ={T}UN where the order

on N is anti-chainand YneN, n<T.Then X is QHC.

Moreover, X is not compact since m=N is infinite.
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Consider the space Y ={1} N where the order on N is
anti-chain and YneN, n>_L. Then Y is compact and
hence QHC, while M =N is infinite.
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